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Although the shell correction has been studied for years, calculating shell correction values is still
complicated. Strutinsky suggested a simple method for calculating shell correction energy. However,
this method still require numerical calculations. Since shell correction values are widely used, here
linear relationships are presented to reproduce the shell correction energy values of fission fragments.
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The first model to describe the properties of the nu-
cleus was the liquid drop model. When Haxel [1] and
Mayer [2] introduced the spin-orbit force that could pre-
dict the increase in the binding energy of the magic nu-
clei, the shell model became the basis of discussion on
the properties of the excited nucleus states. The slow
development of the calculation of shell correction energy
was at first due to the limited power of computers and
recently due to the complexity of the theoretical mod-
els. This complexity, together with the large volume of
computations required, demonstrates the importance of
a simple relationship.

Of course, the simplification expression for nuclear pa-
rameters is presented from the beginning of the discovery
of fission. The first approximate relationship is the semi-
empire formula of mass in the Liquid drop model (LDM).
Although this approximate relation does not have good
results for magic nuclei, it can be used for most nu-
clei. Also, the mass distribution of fission fragments can
be presented as a Gaussian form despite minor differ-
ences with the experimental results [3–5]. Viola [6] de-
clared the systematic relationship for fission fragment to-

tal kinetic energy release (< TKE >= 0.1189
Z2

cn

A
1/3
cn

+ 7.3

MeV). Terrel [7] presented the deformability parameter

as the mass and atomic numbers (α = 4.86− 0.063 Zi
2

Ai
).

The average total prompt gamma emission energy and
total prompt fission energy release for neutron-induced
of isotopes uranium is presented by Madland [8] (eg.
T total
f = 170.93 − 0.1544En for neutron fission of 235U).

Recently the amounts of energy released in the reac-
tion (< Q >= 90.2398 + 1.0127TKE − 0.0017TKE2)
and the average neutron separation energy (< Bn >=
16.2275− 0.1221TKE +0.0003TKE2 for 252Cf(SF)) are
expressed in terms of the average total kinetic energy
[9]. Also, the ratio of the neutron multiplicity of heavy
fragment on the total neutron multiplicity (νH/ν) is pre-
sented by Ref. [10]. For example, it is formulated for
252Cf(SF) as
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νH/ν =


−0.1AH + 13.1 for 126 ≤ AH < 130
0.0286AH − 3.6143 for 130 ≤ AH ≤ 144
0.5 for 144 ≤ AH ≤ 145
0.0163AH − 1.8563for 145 ≤ AH ≤ 176.

(1)

The first shell correction energy approximation was
performed with the Strutinsky method. With the in-
troduction of the Strutinsky method, the methods of
calculation for the shell correction made a major leap
[11, 12]. Although the Strutinsky model simplifies calcu-
lations of shell correction, this method still requires in-
tricate and usually numerical calculations. In the Struti-
nsky method, the shell correction is a difference between
the sum of single-particle energies of occupied states and
the averaged of those energies. The occupied states are
always calculated numerically and the averaged energy
is obtained with the single-particle levels. Despite these
complex calculations, the Strutinsky method has been
widely used [13–19]. On the other hand, the shell correc-
tion energy can be calculated in the semi-classical meth-
ods by the WignerKirkwood expansion [20–25]. They
has claimed that Strutinsky shell correction method is
essentially a semi-classical approximation [26, 27]. This
is clear that the semi-classical method and Hartree-Fock-
Bogoliubov method are inherently complex calculations.

On the other hand, the shell correction energy is sim-
ply defined as the difference between the experimental
mass and the calculated mass with Liquid drop model
(LDM) [28]. According to this definition, Myers [29] pre-
sented the different between the calculated values of the
Finite-Range liquid drop model (FRLDM) [30] and ex-
perimental data. The shell correction values for all nuclei
are presented in Ref. [29], from which the shell correction
energy values are taken in the present study.

On the other hand, shell correction values are widely
used in nuclear calculations and calculating these values
is complex. This prompted us to systematically present
the easiest way to obtain these values for the fission frag-
ment. The initial idea comes from an phenomenological
method in which the values of shell correction energy of
fission fragments at zero excitation energy are plotted
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over the fission fragments. It can be seen from these
plots that these values do not change much except for
magic fragments. Therefore, the shell correction energy
values of fission fragments can be approximated with a
simple linear relationship for each reaction. Also, using
the values of shell correction for each model (eg FRDL or
HFB models), a linear relationship can be provided for
the same model, which have a minimum error.

Simple relationships for shell correction not only re-
duce the volume of nuclear calculations but can also lead
to the formation of systematic methods for calculating
mass and energy distributions. For example, the mass
yield of cold and spontaneous fission of 252Cf and 238U
are calculated using the systematic scission point [31–
33] by these approximated relationships. Also, the total
kinetic energy of actinides is evaluated by this approxi-
mated [34].

I. METHOD

Ruben plotted phenomenologically the shell correction
energy values of some reactions over the mass numbers
of fission fragments (figure 2 of Ref.[35]). Manailescu [10]
also plotted the same plotting. The shell correction en-
ergy does not depend on the mass number of fragments
and the atomic number of fission fragments, but this plot-
ting can present the approximation relationship to obtain
shell correction energy values of fragments for some re-
actions.

Also, the atomic numbers of the fission fragments are
calculated by the most probable charge based on the un-
changed charge-density distribution as [10, 36]

ZUCD =
Zcn (A+ ν)

Acn
, (2)

where ν is the post-scission neutrons [37, 38]. Compar-
ing the fission fragments for photofission of 238U (Table
1 from [39]) and neutron fission of 238U (Tables 1-4 from
[40]), it can be seen that the fission fragments of these
reactions are generally the same. For example, the frag-
ments 84Br, 85,87,88Kr, and 92,93Sr are found in the neu-
tron fission and photofission of 238U. However, fragments
such as 101Mo and 104Tc are only found in photofission
experimental data, which may depend on the experiment
process. Of course, the method of measuring these refer-
ences is the same, but similar results have been obtained
with another measurement method [41].

On the other hand, the damping of the shell correc-
tions with increasing the excitation energy is presented
by Ignatyuk [42] as

Eshell(T ) = Eshell(0)(
(e−E1/E0 − 1)(
e(E−E1)/E0 − 1

) +

TS0 (τ cosh(τ)− 1)

sinh(τ)
), (3)
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FIG. 1: Mass-dependent shell correction energy for 232Th fis-
sion.

where Eshell(0) is the shell correction energy at zero exci-
tation energy, S0 = 2.5MeV −1, τ = 2π2A1/3T/41, E1 =-
18.54 MeV, E0=42.28 MeV.

II. LINEAR RELATIONSHIPS

The values of shell correction energy are plotted over
mass number of fragments in Figs. 1-5. From these Fig-
ures, the linear approximate relationships are presented
for several reactions.

The shell correction energy of fission fragments is plot-
ted over mass number of fragments for 232Th fission in
FIG. 1. According to FIG. 1, the shell correction energy
of fission fragments could be approximated as a linear
relationship for fission of 232Th as

Eshell(MeV ) =



1.89 + 0.65(A− 80) for A < 83
0.1 for 83 ≤ A ≤ 88
0.3 + 3.1(A− 88)/6

for 88 ≤ A ≤ 96
3.5 for 96 ≤ A ≤ 110
4.16− 7.86(A− 110)/30

for 110 < A < 140
0.86 + 0.45(A− 150)

for 140 < A < 150
0.5 for A > 150,

where A is mass number of fission fragments.

The shell correction energy of fission fragments is plot-
ted over mass number of fragments for 235U fission in
FIG. 2. According to FIG. 2, the shell correction energy
of fission fragments could be approximated as a linear
relationship for fission of 235U as
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FIG. 2: Mass-dependent shell correction energy for 235U fis-
sion.

Eshell(MeV ) =


0 for A < 100
0.2(A− 100) for 100 ≤ A ≤ 110
4− 11(A− 110)/20 for 110 < A < 130
3 + 10(A− 165)/35 for A > 130.

(4)

This multifunction relation is similar to the ratio of
νH/ν formalisms in appendix A of Ref. [10] (Eq. 1).

The shell correction energy of fission fragments is plot-
ted over mass number of fragments for 238U fission in
FIG. 3. According to FIG. 3, the shell correction energy
of fission fragments could be approximated as a linear
relationship for fission of 238U as

Eshell(MeV ) =



2− 0.35(A− 80) for A < 90
A− 91.5 for 90 ≤ A ≤ 95
3.5 for 95 ≤ A ≤ 110
3.5− 3.5(A− 110)/15 for 110 < A < 125
−4.5(A− 125)/15 for 125 < A < 140
−4.5 + 5.5(A− 140)/8 for 140 < A < 148
1 for A > 148.

(5)

These relations are also used in [31] to evaluate mass
yield of spontaneous fission of 238U.

The shell correction energy of fission fragments is plot-
ted over mass number of fragments for 239−240Pu fission
in FIG. 4. According to FIG. 4, the shell correction en-
ergy of fission fragments could be approximated as a lin-
ear relationship for fission of 239−240Pu as
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FIG. 3: Mass-dependent shell correction energy for 238U fis-
sion.
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FIG. 4: Mass-dependent shell correction energy for 239Pu fis-
sion.

Eshell(MeV ) =


1− (A− 100)/15 for A < 100
1 + 0.3(A− 100) for 97 ≤ A ≤ 111
−4(A− 125)/15 for 110 < A < 125
−4(A− 125)/5 for 125 < A < 130
4 + 8(A− 155)/25 for A > 147.

(6)

The shell correction energy of fission fragments is plot-
ted over fragments for fission of 252Cf in FIG. 5. Ac-
cording to FIG. 5, the shell correction energy of fission
fragments could be approximated as a linear relationship
for fission of 252Cf as



4

80 90 100 110 120 130 140 150 160

-7

-6

-5

-4

-3

-2

-1

0

1

2

3

4

5
S

he
ll-

C
or

re
ct

io
n 

E
ne

rg
y 

(M
eV

)

Fragment Mass

FIG. 5: Mass-dependent shell correction energy for 252Cf fis-
sion.

Eshell(MeV ) =



−1.86 + 2(A− 81)/12 for A < 97
3.3 for 97 ≤ A ≤ 111
4.02− 10.16(A− 111)/19

for 111 < A < 130
0.38 + 8.52(A− 147)/17

for 130 < A < 147
0.36− 0.025(A− 148) for A > 147.

Also, for cold and Spontaneous fission of 252Cf, mass
yield are investigated by the same relations using statis-
tical scission point model [33].

Of course, for more accuracy, all relationships can be
divided into more sections.

III. SUMMARY

The shell correction values of fission fragments is plot-
ted for different reactions of actinides at zero excitation
energy. Approximate linear relationships are presented
for fission of 232Th, 235U, 238U, 239−240Pu, and 252Cf.

The shell correction values of fission fragments could
be systematically obtained without complication calcu-
lation at zero excitation energy, so the damping of the
shell corrections must be used to estimate its values for
excitation energy E.

The results of these relationships are not accurate for a
few fission fragments with magic numbers, but they can
be estimated well for a large numbers of fission fragments.
Also, the presented relationships may be the first order
of approximation, so in the future they can be developed
for more accuracy and other models.



5

[1] O. Haxel, et al 1949 Phy. Rev. 75 1766.
[2] M. G. Mayer, 1949, Phys. Rev. 75 1969.
[3] B. D. Wilkins, E.P. Steinberg, and R.R. Chasman, Phys.

Rev. C. 14. 1832 (1976).
[4] A. C. Wahl, ”Systematics of nuclear charge distribution

in fission the Z P model.” Journal of Radioanalytical
Chemistry 55, 1 (1980) 111-123.

[5] P. Mehdipour Kaldiani. ”The Perusal of Photofission
Fragments Mass Yields for Actinide Isotopes by System-
atics Neutron Models.” Phys. Atom. Nucl. volume 82,
issue 5 (2019).

[6] V. E. Viola, K. Kwiatkowski, M. Walker, Phys. Rev. C.
31 1550 (1985).

[7] Terrel J 1965 Proc. IAEA Symp. on Physics and Chem-
istry of Fission (Salzburg) vol II p 3

[8] Madland, D. G. ”Total prompt energy release in the
neutron-induced fission of 235U, 238U, and 239Pu.” Nu-
clear Physics A 772, no. 3-4 (2006): 113-137.

[9] Tudora, Anabella. ”Point-by-Point model description of
experimental average prompt neutron multiplicity as a
function of total kinetic energy of fission fragments.” An-
nals of Nuclear Energy 53 (2013): 507-518.

[10] C. Manailescu, A. Tudora, F.-J.Hambsch, C. Morariu,
and S. Oberstedt, ”Possible reference method of total
excitation energy partition between complementary fis-
sion fragments.” Nucl. Phys. A, Vol. 867, No. 1, P. 12
(2011).

[11] V.M. Strutinsky, ”Influence of nucleon shells on the en-
ergy of a nucleus.” Sov. J. Nucl. Phys. 3, 449 (Or Yadern.
Fiz. 3 ) (1966).

[12] V.M. Strutinsky, ”Shell effects in nuclear masses and de-
formation energies.” Nucl. Phys. A 95, 420 (1967).

[13] V.M. Strutinsky, Shells in deformed nuclei.” Nucl. Phys.
A 122, 1 (1968).

[14] M. Brack, J. Damgaard, A.S. Jensen, H.C. Pauli, V.M.
Strutinsky and C. Y. Wong. ”Funny hills: The shell-
correction approach to nuclear shell effects and its ap-
plications to the fission process.” Rev. Mod. Phys. 44,
320 (1972).

[15] F. A. Ivanyuk, C. Ishizuka, M. D. Usang, And S. Chiba,
”Temperature dependence of shell corrections.” Phys.
Rev. C 97, 054331 (2018).

[16] Qing-Zhen Chai, Wei-Juan Zhao, Min-Liang Liu And
Hua-Lei Wang , ”Calculation of multidimensional poten-
tial energy surfaces for even-even transuranium nuclei:
systematic investigation of the triaxiality effect on the
fission barrier.” Chinese Physics C, Volume 42, Number
5 (2018).

[17] A. Dobrowolski, K. Mazurek, And A. G A , ”Rotational
bands in the quadrupole-octupole collective model.”
Phys. Rev. C 97, 024321 (2018).

[18] Qing-Zhen ChaiWei-Juan Zhao Hua-LeiWangmin-Liang
Liu Fu-Rong Xu, The triaxiality and Coriolis effects on
the fission barrier in isovolumic nuclei with mass num-
ber A = 256 based on multidimensional total Routhian
surface calculations, Progress Of Theoretical And Exper-
imental Physics, Volume 2018, Issue 5 (2018) 053d02.

[19] W.D. Myers, W.J. Swi atecki, ”Nuclear masses and de-
formations” Nucl. Phys. 81, 1 (1966).

[20] K. Pomorski, ”Particle number conserving shell-
correction method.” Phys. Rev. C 70, 044306 (2004)

[21] K. Pomorski a and B. Nerlo-Pomorska, ”Remarks on the
nuclear shell-correction method.” Eur. Phys. J. A 52: 144
(2016).

[22] B. Mohammed-Azizi and D. E. Medjadi, ”Connection be-
tween the Strutinsky level density and the semiclassical
level density.” Phys. Rev. C, 2006, v. 74, 054302 (2006).

[23] J. G. Kirkwood, ”Quantum statistics of almost classical
assemblies. Phys. Rev. 44, 31 (1933).

[24] E. P. Wigner, ”On the interaction of electrons in metals.”
Phys. Rev. 46, 1002 (1934).

[25] B. K. Jennings, ”Strutinsky smoothing and the partition
function approach.” Nucl. Phys. A 207, 538 (1973).

[26] D. Ullmo, T. Nagano, S. Tomsovic, and H. U. Baranger,
”Semiclassical density functional theory: Strutinsky en-
ergy corrections in quantum dots.” Phys. Rev. B, v. 63,
125339 (2001).

[27] B. Mohammed-Azizi, ”Better insight into the Strutinsky
method.” Phys. Rev. C 100, 034319 (2019).
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