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Our study reveals electron spin in a cavity as a stable circulating current density, characterized
by a torus topology. This current density circulates concentrically beyond the cavity boundary,
illustrating the concept of evanescent wave spin. While the interaction with a uniform magnetic field
aligns with established spin-field observations, our analysis of regional contributions deviates from
particle-based spin predictions. The integration of charge and spin properties into a single Lorentz
covariant entity suggests that the electron wave constitutes the fundamental and deterministic reality
of the electron.

I. ELECTRON WAVE SPIN

This paper constitutes a continuous investigation of the electron wave spin picture [1–4], which interprets electron
spin as circulating current or momentum densities derived as observable quantities from the Dirac theorem. The
combination of current density with charge density yields a Lorentz covariant and charge-conserved electron wave,
inherently aligning with special relativity. Notably, this view mirrors the four-current description of electricity in
classical electromagnetism [5], presenting a Lorentz covariant and charge-conserved electromagnetic entity.

Recent investigations [6] of electron spin in quantum wells have revealed wealth of topological information encoded
within the electron wave spin that are absent in the conventional particle spin picture. The interaction of this current
density with a magnetic field unveils an intrinsic electron spin value of ℏ/2, influenced by boundary geometry and
quantum numbers. Furthermore, our studies [7] show that tunnelled electron waves outside quantum wells exhibit
spin behavior alongside the wave spin inside the well. These findings underscore the non-local and global nature
inherent to the electron wave, extending across its entirety.

Electron spin, a fundamental property of electrons,plays a pivotal role in the advancement of quantum physics [8–
12] and related technologies [13, 14]. Initially conceptualized as the rotation of an electron particle around its
axis [15], the conventional understanding of electron spin faced challenges in reconciling with the principles of special
relativity. This discrepancy led to the consideration of spin as an abstract two-valued property devoid of tangible
physical significance. Nonetheless, electron spin has traditionally been perceived as a local property inherent to the
electron particle. This particle spin view is fundamentally tied to the conventional wave-particle interpretation of
quantum mechanics, where the electron particle is considered as the fundamental entity, with its presence described
by the square of the wavefunction as a probability map or ”electron cloud”. Here, the electron wave, or ”electron
cloud”, represents a statistical abstraction, not a real entity. However, this duality interpretation poses challenges in
reconciling with special relativity and causality, particularly in the single electron presence of distant regions of an
arbitrary wave and in entangled electrons exchanging spin information over distance.

Conversely, the wave spin picture illustrates that the electron wave, or the ”electron cloud” itself, spins. The
integration of the charge and spin properties into a single Lorentz covariant entity compels us to propose that the
electron wave constitutes the fundamental reality of the electron, rather than a mere statistical abstraction. In this
wave entity view, an electron always exists in alignment with special relativity, and entangled electrons require no
”spooky” action to exchange spin information between the globally existent and overlapping waves.

This shift in viewpoint holds implications for understanding quantum mechanics and exploring novel spin effects.
However, our previous studies have predominantly focused on the two-dimensional confinement of Dirac electrons, as-
suming weak or negligible third-dimensional confinement. To more accurately simulate scenarios akin to molecules [16]
or quantum dots [17], our forthcoming research will delve into exploring wave spin in a three-dimensional cavity. This
approach will enable a more accurate representation of real-world conditions and facilitate experimental validation of
the distinctions between competing views on electron spin.
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II. ELECTRON WAVE SPIN IN A CAVITY

To investigate the electron wave spin within a cavity, we begin with solving the Dirac equation [9]:

iℏ(∂/∂t)Ψ(rrr, t) =
[
−iℏcααα · ∇∇∇+ γ0mc2 + U(rrr)

]
Ψ(rrr, t) (1)

where m and c are the electron mass and the speed of light, respectively. ℏ denotes the reduced Planck constant.
The operator in the cylindrical coordinate is expressed as:

ααα · ∇∇∇ = αρ
∂

∂ρ
+ αϕ

1

ρ

∂

∂ϕ
+ αz

∂

∂z
, (2)

where (ρ, ϕ, z) represent polar, azimuthal angle and z coordinate, respectively. The α−matrix in the cylindrical
coordinate follows the normalization and commuting properties:

σ2
ρ = σ2

ϕ = σ2
z = 1,

[σρ, σϕ] = 2iαz,

{σρ, σϕ} = 0.

(3)

The potential U(rrr) in the Dirac equation represents a cylindrical cavity with radius R and height 2d,

U(rrr) =

{
0, 0 < ρ < R;−d < z < d Region I
U, ρ > R;−d < z < d Region II
∞, z < −d; z > d Region III

(4)

where U corresponds to a finite potential, typically on the order of a few or a fraction of an electronvolt (eV).
Within this system, the electron is completely confined within the Regions I and II due to an infinite potential

barrier along z-axis. However, in the radial direction within the planar structure, the electron wave is not fully isolated.
Consequently, the electron wave can tunnel beyond the finite radial barrier, making it a subject of investigations.
Although this potential model effectively describes planar quantum devices, it has been employed only for solving the
Schrödinger equation [18]. Rigorous solution of the Dirac equation in this potential becomes our central objective in
order to investigate the wave spin.

In this section, we present only the main results of our solution, reserving the detailed derivation procedures for the
Appendix. This arrangement allows us to focus the discussion on the wave spin topology and interaction behaviour
in the main text.

Before obtaining wavefunction solutions in the cavity, we assume the wavefunction in Region III to be zero. However,
in reality, the potential cannot be infinite, resulting in the existence of an evanescent electron wave in Region III, as
previously discussed [7]. Remarkably, even for an infinitely large potential, we have demonstrated that the evanescent
wave persists within the skin-depth range at the boundary. Meanwhile, the wavefunction inside Regions I and II can
be accurately solved by imposing a zero wavefunction boundary condition for the large component wavefunction.

The wavefunction within Regions I and II can be expressed as follows:

Ψ(rrr, t) = e−iEt/ℏψ(ρ, ϕ, z), (5)

where E represents the eigenenergy, given that the potential within the cavity is time-independent.
After following the detailed procedures outlined in the Appendix, we present the wavefunction expression for the

spin-up Dirac electron within the cavity:

ψnlm↑(ρ, ϕ, z) =


eilϕN


Jl(ζnlmρ) cos(kmz)

0
−iηIkmJl(ζnlmρ) sin(kmz)

ieiϕηI{ ζnlm

2 [Jl−1(ζnlmρ)− Jl+1(ζnlmρ)]− l
ρJl(ζnlmρ)} cos(kmz)

 Region I

κeilϕN


Kl(ξnlmρ) cos(kmz)

0
−iηIIkmKl(ξnlmρ) sin(kmz)

ieiϕηII{ ξnlm

2 [−Kl−1(ξnlmρ)−Kl+1(ξnlmρ)]− l
ρKl(ξnlmρ)} cos(kmz)

 Region 1I

(6)
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where N is the normalization constant. κ is a constant associated with the wavefunction in Region II, which is
state-specific to ensure satisfaction of the boundary conditions.

In Eq. 6, the term eilϕ represents the azimuthal wavefunction with azimuthal quantum number l = 0, 1, 2.... The
z-coordinate wavefunction corresponds to a standing wave with the wave vector km = mπ

2d , where m = 1, 3, 5... denotes
the z-axis quantum number. The radial wavefunctions are described by the Bessel functions of the first and second
kinds, denoted as Jl(ζnlmρ) and Kl(ξnlmρ), respectively. Here, n = 1, 2, 3... represents the radial quantum number.
The corresponding wave vectors ζnlm and ξnlm depend on the azimuthal and z-axis quantum numbers l and m, while
their implicit dependence on the radial quantum number n arises from the boundary condition. Notably, ζnlm and
ξnlm are related to the eigenenergy Enlm by:

ζ2nlm =
E2
nlm −m2c4 − ℏ2c2k2m

ℏ2c2
;

ξ2nlm =
(Enlm − U)2 −m2c4 − ℏ2c2k2m

ℏ2c2
.

(7)

Other factors ηI and ηII in Eq. 6 are defined by:

ηI =
ℏc

E +mc2
;

ηII =
ℏc

E − U +mc2
, (8)

which converge to a common value:

ηI ≈ ηII ≈ η =
ℏc

2mc2
=

ℏ
2mc

, (9)

due to the fact that the energy E closely approximates the electron rest energy: E ≈ mc2, for electrons in the cavity
of our interest.

As an example, we focus our study on the lowest quantum state of l = 0 and m = 1. The eigenwavefunction for
the spin-up electron is now expressed as:

ψn01↑(ρ, ϕ, z) =


N

 J0(ζn01ρ) cos(kz)
0

−iηkJ0(ζn01ρ) sin(kz)
−ieiϕηζn01J1(ζn01ρ)J1(ζn01ρ) cos(kz)

 Region I

κN

 K0(ξn01ρ) cos(kz)
0

−iηkK0(ξn01ρ) sin(kz)
−ieiϕηξn01K1(ξn01ρ)Kl(ξn01ρ) cos(kz)

 Region 1I

(10)

where we set k1 = k = π
2d .

We now apply boundary conditions at ρ = R for all components of the bispinor wavefunction in Eq. 10:

J0(ζn01R) = κK0(ξn01R);

ζn01J1(ζn01R) = κξn01K1(ξn01R). (11)

which determine the eigenenergy En01 and κ by using the expressions from Eqs. 7.
Up to this point, we have derived the full eigen solution for the Dirac electron in the cavity. This result will facilitate

scientific investigations and support engineering exploration of wave spin behavior in confined environments.

III. TORUS TOPOLOGY OF ELECTRON WAVE SPIN IN A CAVITY

In classic electromagnetism, the electric four-current density-comprising both charge density q(rrr) and current density
jjj(rrr)-plays a fundamental role in determining nearly all electromagnetic phenomena [5]. This four-current is Lorentz
covariant, represents a unified electromagnetic entity. Investigating the four-current for quantum objects is both
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natural and necessary, as none of the principles of quantum mechanics contradict the basic laws of electromagnetism
and relativity.

In quantum mechanics, the Lorentz covariant four current of charge and current density are observables that can
be calculated from the wavefunctions derived in Sec. II:

q(ρ, ϕ, z) = eψ†
n01↑(ρ, ϕ, z)ψn01↑(ρ, ϕ, z);

jjj(ρ, ϕ, z) = ecψ†
n01↑(ρ, ϕ, z)αααψn01↑(ρ, ϕ, z), (12)

where e = 1.602 × 10−19C represents the elementary charge. The charge and current densities adhere to charge
conservation principles throughout.

Utilizing the wavefunction expression in Eq. 10, we arrive at the following explicit expressions:

q(ρ, z) =

{
eN2J0(ζn01ρ)

2 cos2(kz),Region I

eN2κ2K0(ξn01ρ)
2 cos2(kz),Region II

;

jϕ(ρ, z) =

{ −2N2ecηζn01J0(ζn01ρ)J1(ζn01ρ) cos
2(kz),Region I

−2N2κ2ecηξn01K0(ξn01ρ)K1(ξn01ρ) cos
2(kz),Region II

.

jρ(ρ, z) = 0, everywhere

jz(ρ, z) = 0, everywhere

(13)

Here, we drop the η2 term in the charge expression. This is justified by the fact that η is on the order of the
Compton wavelength, which is significantly smaller than the cavity size of interest.

The presence of a solitary azimuthal current density underscores the wave-like nature of the electron spin. This
current exists globally and circulates concentrically both within and beyond the cavity, confirming the evanescent
wave spin previously disclosed in the two-dimensional confinement.

We now calculate the normalization factor by integrating the charge density across all regions to yield unit electron
charge:

e =

∫ ∞

0

∫ 2π

0

∫ d

−d

q(ρ, z)ρdρdϕdz

= eN22πd

[∫ R

0

J0(ζn01ρ)
2ρdρ+ κ2

∫ ∞

R

K0(ξn01ρ)
2ρdρ

]
(14)

which gives

N2 =
1

2πd
[∫ R

0
J0(ζn01ρ)2ρdρ+ κ2

∫∞
R
K0(ξn01ρ)2ρdρ

] . (15)

While an analytical expression for the integral in Eq. 15 exists, we intentionally retain the integral form to elaborate
on the contributions from both the confined and evanescent regions.

To gain insight into the electron wave spin behavior, let us consider a realistic quantum dot cavity with the following
dimensions: R = 8nm (radius) and d = 4nm (height). The potential is set to U = 10meV.

Applying the boundary condition from Eq. 11, we determine the ground state eigenenergy as E101−mc2 = 8.06meV
and the wavefunction coupling constant κ = 15.9. Subsequently, we calculate the wave vectors ζ101 = 2.40× 108m−1

and ξ101 = 4.53× 108m−1 using Eqs. 7. These parameters allow us to fully describe the charge and current densities
numerically and graphically.

We now choose to employ a three-dimensional contour plot to visualize the current density in Fig. 1. The electron
wave spin exhibits a ring torus topology, which remains entirely confined within the cavity at 2/3 contour peak
level. The torus topology complements the donut topology in the two-dimensional quantum well, with the additional
confinement along the z-axis. The torus topology of the electron wave spin fundamentally differs from that of particle
spin. We thus anticipate that this alternative perspective on electron spin will stimulate discussions across various
scientific domains, considering that topological features are often well-represented and preserved.
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FIG. 1. Figure (a) illustrates the particle spin representation of a rotating corpuscular electron. In contrast, Figure (b) depicts
the wave spin view of an electron in the ground state (101), with an eigenenergy of E101 − mc2 = 8.06meV . This electron is
confined within a cavity characterized by a radius R = 8nm, height 2d = 8nm, and potential energy U = 10meV. The ring
torus topology emerges from the three-dimensional contour plot of the current density at the 2/3 contour peak level.

IV. ELECTRON WAVE SPIN INTERACTION WITH A FIELD

The wave spin picture, characterized by the current density, offers a conceptually and topologically distinct per-
spective on electron spin. Explicitly derived expressions for current density serve as a testing ground for experimental
verification and exploration of new spin effects. In this section, we investigate the interaction of wave spin with an
external field, since the spin is fundamentally observed and measured through the interaction jjj(rrr) ·AAA(rrr), where AAA(rrr)
represents the vector potential associated with the external field.

To compare with existing experimental results, we choose a magnetic vector potential AAA(rrr) = (0, Aϕ, 0), where

Aϕ(ρ) =
B

2
ρ, (16)

to produce a uniform magnetic field B along the z-axis, as governed by the relation BBB = ∇×AAA.

We proceed to calculate the interaction energy for the ground state electron (101) illustrated in Fig. 1 by integrating
jjj ·AAA across all relevant regions:



6

Ewav
int =

∫ ∞

0

∫ 2π

0

∫ d

−d

jϕ(ρ, z)Aϕ(ρ)ρdρdϕdz

= N2ecηB2πd

[∫ R

0

ζ101J0(ζ101ρ)J1(ζ101ρ)ρ
2 dρ+ κ2

∫ ∞

R

ξ101K0(ξ101ρ)K1(ξ101ρ)ρ
2 dρ

]

=
eℏ
2m

B

∫ R

0
ζ101J0(ζ101ρ)J1(ζ101ρ)ρ

2 dρ+ κ2
∫∞
R
ξ101K0(ξ101ρ)K1(ξ101ρ)ρ

2 dρ∫ R

0
J0(ζ101ρ)2ρdρ+ κ2

∫∞
R
K0(ξ101ρ)2ρdρ

= µBB (17)

where we use the definition of the Bohr magnetic moment:

µB =
eℏ
2m

, (18)

and the relation ∫ R

0
ζ101J0(ζ101ρ)J1(ζ101ρ)ρ

2 dρ+ κ2
∫∞
R
ξ101K0(ξ101ρ)K1(ξ101ρ)ρ

2 dρ∫ R

0
J0(ζ101ρ)2ρdρ+ κ2

∫∞
R
K0(ξ101ρ)2ρdρ

= 1 (19)

under the boundary condition specified by Eqs. 11.
The interaction energy Ewav

int = µBB aligns with experimental observations, and predictions based on the particle
spin model, where a free electron possesses an intrinsic magnetic moment µB . While the same result is obtained from
different perspectives, it is essential to recognize that the assumption of a uniform magnetic field tends to obscure
the differences between these viewpoints, since the uniform magnetic field is infinitely larger than either the cavity
and the point-like particle. When the field size becomes comparable to the cavity, the regional contributions to the
interaction diverge.

To highlight the differences in the regional interaction contribution, we separately calculate the interactions for
Regions I and II from the wave spin perspective:

Ewav
int =

{ µBB
∫ R
0

ζ101J0(ζ101ρ)J1(ζ101ρ)ρ
2 dρ∫ R

0
J0(ζ101ρ)2ρdρ+κ2

∫ ∞
R

K0(ξ101ρ)2ρdρ
= 0.71µBB,Region I

µBB
κ2

∫ ∞
R

ξ101K0(ξ101ρ)K1(ξ101ρ)ρ
2 dρ∫ R

0
J0(ζ101ρ)2ρdρ+κ2

∫ ∞
R

K0(ξ101ρ)2ρdρ
= 0.29µBB,Region II

(20)

The result indicates that if we confine the uniform magnetic field exclusively into the interior of the cavity, only a
fraction of 71% spin can be observed and 29% spin arises from the evanescent wave that lies outside the cavity.

By contrast, we calculate the regional interactions for Regions I and II from the particle spin perspective. In the
particle spin view, the presence of the electron is described by the probability distribution:

P (ρ, z) = ψ†
n01↑(ρ, ϕ, z)ψn01↑(ρ, ϕ, z) = q(ρ, z)/e

=

{
N2J0(ζ101ρ)

2 cos2(kz),Region I

N2κ2K0(ξ101ρ)
2 cos2(kz).Region II

(21)

Integrating this probability density across all relevant regions yields the total interaction energy:

Epar
int =

∫ ∞

0

∫ 2π

0

∫ d

−d

µBBP (ρ, z)ρdρdϕdz

= µBB

∫ R

0
J0(ζ101ρ)

2ρdρ+ κ2
∫∞
R
K0(ξ101ρ)

2ρdρ∫ R

0
J0(ζ101ρ)2ρdρ+ κ2

∫∞
R
K0(ξ101ρ)2ρdρ

= µBB. (22)

Similarly, we calculate the regional contribution to the interaction from the particle spin perspective:

Epar
int =

{ µBB
∫ R
0

J0(ζ101ρ)
2ρdρ∫ R

0
J0(ζ101ρ)2ρdρ+κ2

∫ ∞
R

K0(ξ101ρ)2ρdρ
= 0.85µBB,Region I

µBB
κ2

∫ ∞
R

K0(ξ101ρ)
2ρdρ∫ R

0
J0(ζ101ρ)2ρdρ+κ2

∫ ∞
R

K0(ξ101ρ)2ρdρ
= 0.15µBB,Region II

(23)
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FIG. 2. Figure (a) shows the sliced charge density of the ground state (101) electron, which is concentrated at the center of
the cavity with a radius of R = 8nm, a height of 2d = 8nm and a potential of U = 10meV. The particle spin model is inserted
to illustrate the conventional probabilistic wave-particle view of the electron spin. In Figure (b), the sliced current density of
the same ground state (101) electron is displayed, aligning with the ring torus topology illustrated in Fig. 1. The combined
charge and current densities describe a Lorentz covariant and charge-conserved electron wave entity.

Our analysis reveals that the wave spin perspective yields almost twice the contribution to the spin-field interaction
from the wave outside the cavity compared to the particle spin perspective. This phenomenon arises due to the
more extended distribution of current density relative to charge density, as visually depicted in Fig. 2. In the wave
spin picture, spin is a global property of the electron wave, and the distribution of spin-field interaction depends
on the current density. Conversely, in the particle spin picture, spin is a local property of the electron particle and
the interaction distribution aligns with the probability density-an analogy to the charge density. Figure 2 presents
a three-dimensional density plot illustrating both charge and current densities. Notably, the density plot of current
density is topologically consistent with the contour plot in Fig. 1.

The analysis reveals that the two fundamentally distinct viewpoints regarding electron spin can be quantitatively
distinguished. If the magnetic field were predominantly confined either inside or outside the cavity, discrepancies
in interaction values would arise between the contrasting wave and particle perspectives. Leveraging advancements
in microelectronic technology to engineer confined fields comparable in size to the cavity in this study allows us to
experimentally validate our predictions.

V. DETERMINISTIC ELECTRON WAVE ENTITY

Our investigation into wave spin in a cavity reveals a ring torus topology of stable current density circulating
concentrically both inside and outside the cavity. Analysing the regional spin interaction with a uniform magnetic
field shows numerical discrepancies between the wave spin and particle spin predictions, providing a measurable and
quantifiable means to differentiate between competing views on electron spin.
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The characterization of electron spin through current density, combined with charge density, provides a unified
and Lorentz covariant description of the electron wave. We propose that the electron wave, rather than the electron
particle, constitutes the fundamental reality of the electron. In this perspective, the electron ”particle” is understood
solely as the quantized properties of the wave in charge, spin, and mass, while the corpuscular interpretation of the
electron is only recognized by the wave interaction cross-section. Meanwhile, the charge and current characterizations
of the wave entity are determined by wavefunctions, which are deterministic vectors in Hilbert space. Consequently,
the electron wave emerges as a unified, deterministic entity for the electron, fully described by the Dirac equation and
requiring no unknown parameters such as the electron radius.

Recognizing the electron wave as the true essence of the electron has significant implications for quantum science
and technology. This perspective affirms that at the fundamental level, a quantum device or quantum computer
operates on deterministic waves with definitive geometries and topologies, rather than on probabilistic particles with
elusive parameters.
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Appendix A: Derivation of an electron wavefunction in a cylindrical cavity

To investigate the electron wave spin in a cavity, we begin with solving the Dirac equation:

iℏ(∂/∂t)Ψ(rrr, t) =
[
−iℏcααα · ∇∇∇+ γ0mc2 + U(rrr)

]
Ψ(rrr, t) (A1)

where m and c are the electron mass and the speed of light, respectively. ℏ denotes the reduced Planck constant.
The operator in the cylindrical coordinate is expressed as:

ααα · ∇∇∇ = αρ
∂

∂ρ
+ αϕ

1

ρ

∂

∂ϕ
+ αz

∂

∂z
, (A2)

where (ρ, ϕ, z) represent polar, azimuthal angle and z coordinate, respectively. The α−matrices in the cylindrical
coordinate are expressed as:

αρ =


0 0 0 e−iϕ

0 0 eiϕ 0
0 e−iϕ 0 0
eiϕ 0 0 0

 ;

αϕ =


0 0 0 −ie−iϕ

0 0 ieiϕ 0
0 −ie−iϕ 0 0
ieiϕ 0 0 0

 ;

αz =

 0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

 , (A3)

and follow the normalization and commuting properties:

σ2
ρ = σ2

ϕ = σ2
z = 1,

[σρ, σϕ] = 2iαz,

{σρ, σϕ} = 0.

(A4)

The potential U(rrr) in the Dirac equation represents a cylindrical cavity with radius R and height 2d,

U(rrr) =

{
0, 0 < ρ < R;−d < z < d Region I
U, ρ > R;−d < z < d Region II
∞, z < −d; z > d Region III

(A5)
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where U corresponds to a finite potential, typically on the order of a few or a fraction of an electronvolt (eV).
Before obtaining the wavefunction solutions within the cavity, it is important to acknowledge that we assume the

wavefunction in Region III to be zero. In reality, the potential cannot be infinite, leading to the existence of an
evanescent electron wave in Region III, as previously discussed [7]. Remarkably, even for an infinitely large potential,
we have shown that the evanescent wavefunction persists within the skin-depth range at the boundary. Meanwhile,
the wavefunction inside Regions I and II can be correctly solved by imposing a zero wavefunction boundary condition
for the large component wavefunction.

The wavefunction within Regions I and II can now be expressed as follows:

Ψ(rrr, t) = e−iEt/ℏψ(ρ, ϕ, z), (A6)

where E represents the eigenenergy, given that the potential within the cavity is time-independent.
The time-independent wavefunction ψ(ρ, ϕ, z) in Eq. A6 is then expressed as:

ψ(ρ, ϕ, z) =

(
µA(ρ, ϕ, z)
µB(ρ, ϕ, z)

)
, (A7)

where µA(ρ, ϕ, z) and µB(ρ, ϕ, z) are spinor wavefunctions known as the large and small components of the Dirac
wavefunctions.

It is important to note that the small component wavefunction µB(ρ, ϕ, z) is usually neglected, leading to the
reduction of the Dirac equation to the Schrödinger equation. In our study, we will derive analytical expressions for
both µA(ρ, ϕ, z) and µB(ρ, ϕ, z).
We can derive the equations for µA(ρ, ϕ, z) and µB(ρ, ϕ, z) inside Regions I and II by substituting Eq. A6 into the

Dirac equation Eq. A1

−iE − U(rrr)−mc2

ℏc
µA(ρ, ϕ, z) =

(
∂
∂z e−iϕ ∂

∂ρ − ie−iϕ 1
ρ

∂
∂ϕ

eiϕ ∂
∂ρ + ieiϕ 1

ρ
∂
∂ϕ − ∂

∂z

)
µB(ρ, ϕ, z);

−iE − U(rrr) +mc2

ℏc
µB(ρ, ϕ, z) =

(
∂
∂z e−iϕ ∂

∂ρ − ie−iϕ 1
ρ

∂
∂ϕ

eiϕ ∂
∂ρ + ieiϕ 1

ρ
∂
∂ϕ − ∂

∂z

)
uA(ρ, ϕ, z).

(A8)

Combining the Eqs. A8, we obtain the equation for µA(ρ, ϕ, z)

−E2 −m2c4

ℏ2c2
uA(ρ, ϕ, z) = −

(
∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2
∂2

∂ϕ2
+

∂2

∂z2

)
uA(ρ, ϕ, z),Region I;

− (E − U)2 −m2c4

ℏ2c2
uA(ρ, ϕ, z) = −

(
∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2
∂2

∂ϕ2
+

∂2

∂z2

)
uA(ρ, ϕ, z),Region II.

(A9)

We now perform separation of variables for µA(ρ, ϕ, z) to let:

uA(ρ, ϕ, z) = uA(ρ)e
ilϕ cos(kmz), (A10)

where the wavefunction eilϕ represents a travelling wave along the azimuthal coordinate due to the natural periodic
boundary condition. The wavefunction cos(kmz) corresponds to a standing wave along the z-coordinate due to the
strong confinement. Here, l = 0, 1, 2... represents the quantum number of the azimuthal angle and m = 1, 3, 5...
corresponds to the quantum number along the z-axis for the wave vector:

km =
mπ

2d
. (A11)

The radial wavefunction uA(ρ) for the spin-up electron can be expressed as:

uA(ρ) = u(ρ)

(
1
0

)
, (A12)

We now derive the ordinary differential equations for u(ρ) by substituting Eqs. A16 and A12 into Eq. A9:
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−E2 −m2c4

ℏ2c2
u(ρ) = −

(
k2m +

∂2

∂ρ2
+

1

ρ

∂

∂ρ
− l2

ρ2

)
u(ρ),Region I;

− (E − U)2 −m2c4

ℏ2c2
u(ρ) = −

(
k2m +

∂2

∂ρ2
+

1

ρ

∂

∂ρ
− l2

ρ2

)
u(ρ),Region II.

(A13)

The analytical solution for u(ρ) is obtained from the above equations:

u(ρ) =

{
Jl(ζnlmρ),Region I

Kl(ξnlmρ),Region II.
(A14)

where the functions Jl(ζnlmρ) andKl(ξnlmρ) correspond to the Bessel function of the first kind and the modified Bessel
function of the second kind, respectively. The corresponding wave vectors ζnlm and ξnlm are explicitly dependent on
the azimuthal and z-axis quantum numbers l and m due to the expressions in Eq. A14, but implicitly dependent on
the radial quantum number n to be determined by the boundary condition. ζnlm and ξnlm are also related to the
eigenenergy Enlm:

ζ2nlm =
E2
nlm −m2c4 − ℏ2c2k2m

ℏ2c2
;

ξ2nlm =
(Enlm − U)2 −m2c4 − ℏ2c2k2m

ℏ2c2
.

(A15)

The large component wave function uA(ρ, ϕ, z) is obtained by combining the solutions:

uA(ρ, ϕ, z) =

{ eilϕ
(
Jl(ζnlmρ) cos(kmz)

0

)
,Region I

κeilϕ
(
Kl(ξnlmρ) cos(kmz)

0

)
,Region II

, (A16)

where κ is the coupling factor for the wavefunction in Region II.
The small component wavefunction uB(ρ, ϕ, z) is subsequently obtained by applying the equations from Eqs. A8:

uB(ρ, ϕ, z) =

{ eilϕ
(

−iηIkmJl(ζnlmρ) sin(kmz)
ieiϕηI{ ζnlm

2 [Jl−1(ζnlmρ)− Jl+1(ζnlmρ)]− l
ρJl(ζnlmρ)} cos(kmz)

)
,Region I

κeilϕ
(

−iηIIkmKl(ξnlmρ) sin(kmz)

ieiϕηII{ ξnlm

2 [−Kl−1(ξnlmρ)−Kl+1(ξnlmρ)]− l
ρKl(ξnlmρ)} cos(kmz)

)
,Region II

(A17)

where ηI and ηII represent the geometric factors:

ηI =
ℏc

E +mc2
;

ηII =
ℏc

E − U +mc2
, (A18)

which approximately become:

ηI ≈ ηII ≈ η =
ℏc

2mc2
=

ℏ
2mc

, (A19)

due to the eigenenergy E ≈ mc2 for the confined electron within the quantum well of our concern.
We have now obtained the eigenwavefunction solution for the spin-up electron within the cylindrical cavity:
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ψnlm↑(ρ, ϕ, z) =


eilϕN


Jl(ζnlmρ) cos(kmz)

0
−iηkmJl(ζnlmρ) sin(kmz)

ieiϕη{ ζnlm

2 [Jl−1(ζnlmρ)− Jl+1(ζnlmρ)]− l
ρJl(ζnlmρ)} cos(kmz)

 , Region I

κeilϕN


Kl(ξnlmρ) cos(kmz)

0
−iηkmKl(ξnlmρ) sin(kmz)

ieiϕη{ ξnlm

2 [−Kl−1(ξnlmρ)−Kl+1(ξnlmρ)]− l
ρKl(ξnlmρ)} cos(kmz)

 , Region 1I

(A20)
As an example, we focus our study on the lowest quantum state with l = 0 and m = 1. The eigenwavefunction for

the spin-up electron is now expressed as:

ψn01↑(ρ, ϕ, z) =


N

 J0(ζn01ρ) cos(kz)
0

−iηkJ0(ζn01ρ) sin(kz)
−ieiϕηζn01J1(ζn01ρ)J1(ζn01ρ) cos(kz)

 Region I

κN

 K0(ξn01ρ) cos(kz)
0

−iηkK0(ξn01ρ) sin(kz)
−ieiϕηξn01K1(ξn01ρ)Kl(ξn01ρ) cos(kz)

 Region 1I

(A21)

where we set k1 = k = π
2d .

We now apply boundary conditions at ρ = R:

J0(ζn01R) = κK0(ξn01R);

ζn01J1(ζn01R) = κξn01K1(ξn01R). (A22)

By combining the equations from Eqs. 11, we obtain the following equations for the eigenenergy and the corre-
sponding coupling constant:

ζn01K0(ξn01R)J1(ζn01R) = ξn01J0(ζn01R)K1(ξn01R);

κ = K0(ξn01R)/J0(ζn01R), (A23)

which gives the eigenenergy En01 by using the expressions from Eqs. A15.
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