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The first step in investigating fractional difference maps, which do not have periodic points except
fixed points, is to find asymptotically periodic points and bifurcation points and draw asymptotic
bifurcation diagrams. Recently derived equations that allow calculations of asymptotically periodic
and bifurcation points contain coefficients defined as slowly converging infinite sums. In this paper
we derive analytic expressions for coefficients of the equations that allow calculations of

asymptotically periodic and bifurcation points in fractional difference maps.
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1. Introduction

Fractional difference maps are maps with power-law-like memory. They are used to model biological
(see, e.g.m) and socio-economic (see, e.g.BlL‘*l) systems, memristors (see, e.g.[—'ﬂ), in image and

signal encryption (see, e.g.lg]ﬂ]), to control systems (see, e.g.[&i‘?-l), etc.

It is known that continuous and discrete fractional systems may not have periodic solutions except
fixed points (see, for examplew). All bifurcation diagrams based on the finite time calculations on
single trajectories are only approximations of the asymptotic bifurcation diagrams. These
approximations depend on the initial conditions and the number of iterations. But the asymptotically
periodic solutions of fractional difference equations do exist, and the equations for finding these
points in generalized fractional maps were derived in[12113104] These equations contain coefficients
Sy (lis a period and 1 < p < I) which are slowly converging series. The numerical evaluation of these

series, in the case fractional and fractional difference maps, requires calculations of finite sums of

tens of thousands of terms and calculations of the Riemann {-function. It is also known, from the
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stability analysis of the discrete fractional systems (seel3l), that, in the case of fractional difference
maps, the corresponding series may be summable (see, e.g.mﬂ[ﬁm’ﬂ). The equations that define

bifurcation points of fractional difference maps22l also depend on the same coefficients (sums).

Following this introduction, in the preliminaries (Section 2), based on well-known results, we show
that all aspects of the asymptotic theory of generalized fractional maps, such as periodic points,
bifurcation points, and conditions of stability, strongly depend on the values of S, ; (see also a recent
reviewﬁl). Then, in Section 3, using a recently derived combinatorial identity (see@l), we derive
analytic expressions for the coefficients (sums) of the equations defining asymptotically periodic and
bifurcation points in the case of fractional difference maps. In Section 4, we discuss the validity of our
results, their fundamental significance, computational aspects of calculations of asymptotically
periodic and bifurcation points of fractional difference maps, and possible applications. The
concluding remarks are presented in Section 5. The Appendix contains C-codes for calculations of
sums Sp,; based the analytic formulae derived in this paper and on the numerical algorithm proposed

inl12l (Eq. (35) in that paper).

2. Preliminaries

For 0 < a < 1, the generalized universal a.-family of maps is defined as (seel121(13]).

T, = To — iGO(wk)Ua(n — k), (1)
k=0

where G°(z) = h*Gk (z)/T(a), zo is the initial condition, h is the time step of the map, « is the order
of the map, Gk (z) is a nonlinear function depending on the parameter K, U,(n) = 0 for n < 0, and

Ua(n) € D°(N;). The space (N, ) is defined as (seel13])

D) = {f: IS AHR > NN NN AR =0 CeR),  (2)
=1 =1

where A is a forward difference operator defined as

Af(n) = f(n+1) = f(n). (3)
In the case Caputo fractional difference maps, which are defined as solutions of the Caputo h-

difference equation[2311241(25]

0A%,2(t) = =Gk (z(t + (= 1)h)), (4)
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where t € (hN),,, with the initial conditions
0AFz(0) = er, k= 0,1,...,m — 1,m = [a], (5)
the kernel U, (n) is the falling factorial function:
Ua(n) = (n+a =2, U,(1) = (a-1)*Y =T(a). (6)
The definition of the falling factorial ¢(*) is

I't+1
(@) — ¥, t#£-1,-2,-3.... (7)
F't+1—-a)

The falling factorial is asymptotically a power function:

rit+1
1m#:1, acR. (8)
t=oo It +1— a)t®
The h-falling factorial t;_f‘) is defined as
r(+f+1 (@)
tga) — Rhe (h ) _ha<i) , i 3,é_l’_Q’_3,”” (9)
r(t+1-a) h h

Majority of the introduced, investigated, and used in applications maps are Caputo fractional

difference maps.

The following equations define period-! points in generalized fractional maps of the orders 0 < a < 1

121,
m—1
Thimmt1 — Thimm =S11G° (Tlimm) + Z 811G (Trimm—j)
=
-1
+ ZSjJrl,lGO(wlim,mfjJrl% 0<m< la (10)
j=m
!
D G (@img) = 0, (11)
=
where
S :Z[Ua(lkJrj)*Ua(lkJrjﬂLl)], 0<ji<l (12)
k=0

It is easy to see that
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In the case of p-dimensional maps (1 < i < p) (seellt]y

n—1

Tig = Tio — Y G (@1, @ops - Tp)Uni(n = k), (14)
k=0

the periodic points are defined as solutions of the system of (I — 1) x p equations:

m—1
Tigmi1 — Tigm = Y Sijr1 G @11 m—j> T2 i m—js -+ +> Tplm—j)
=0
-1
+ Z S i+10GY (Tt fn— 1> To g s - - - Tplmjtl)s
J:m

0<m<l, 0<i<p (15)

and additional p equations

l
D G @iigatgse s Tpr) =0, 0<i<p.  (16)
=1

Bifurcation points in the maps of the order 0 < a < 1 are defined by the Theorem 1 from[20l:

Theorem 2.1. The T = 2"~' — T = 2" bifurcation points, 2"~" values of xyu-1,;;; with 0 < i < 2"~! and
the value of the nonlinear parameter K, 1, of a fractional generalization of a nonlinear one-dimensional

map x,1 = Fx(z,) written as the Volterra difference equations of convolution type
n—1
oo =20 — »_ G(@)Ua(n— k),  (17)
k=0

where G°(z) = h*Gk(z)/T (), zo is the initial condition, h is the time step of the map, « is the order of

the map, G (x) = = — Fg(z), Ua(n) = 0forn < 0, Uy (n) € D°(N;), and

o0

> N,

DY(N;) = {f:

VN,N € N,Y A f(k)| = C,C € m} . (18)
k=1

are defined by the system of 2"~ + 1 equations
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_ 0
Ton-1pifmr1 — Lon-lpifm = 51,2"*1(; (x2"4bif,m)
m—1
0
+ E: Sii121G (g 1hig )
=1

PU |

0
+ Z SjJrl’zn—lG (mZ"’lbif,mfjJrQ"*l)’ (19)

j=m
0<m<2v L,
271—1

Z G° (mgnflbif,j) =0, (20)

J=1

det(4) =0,  (21)

where

Sivra = Ua(lk+3) = Ua(lk+j+1)],
k=0

0<j5< Si,l = Si+l,l? i € Z, (22)
and the elements of the 2"~ ' -dimensional matrix A are

i+2n 11

dG(z
@) Z Sm—jr12n + i (23)

i T T
dx Ton—1bif; m=i

0<i,j<2m L

3. Sums S, ; for [-cycles of fractional difference maps

As one may see from Section 2, all aspects of the asymptotic theory of fractional difference maps
depend on the values of the slowly converging sums S, ;. As it is shown inl25l the stability conditions
of the map’s fixed points also depend on S, ». This is why obtaining analytic expressions for S is an

important part of the asymptotic theory of the fractional difference maps.

The definition of S}, from{22l for fractional difference maps may be rewritten using the following

chain of transformations:

0 o0 (lk+p+a-2)
Sp1 = (k+p+a—3) Y —(lk+p+a-— {
! ;{ } z; L(lk+p—1)
I‘(lk+p+a—1)] a il"lkﬂ—p—l—a— il"lk+p+a—2)
— —a)
T(lk + p) £ T(lk + p) “~ T'(a—1)I'(lk+p)
N (lk+p+a—3 = l-a
@3 (“ R ?) =r@e e <1k+p_1) (21)

Using absolute convergence of series and the following identity (see[22])

00 1 s—1
Z <t+ks) T s Zwﬁt L+w)! (25)
j=0
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where w = ¢2™/5 | for the even and odd periods we obtain

°° - r Il .
Span = I(a pz ( 1 @ ) = ﬂ(fl)p Z e mPD/n(q 4 gimi/nyl-a

= 2nj+p—1 2n =
T n—1
_ 2((1) p 21 @y ( —imj(p—1)/n z7r](1 a)/(2n)(2005(71_.7/(271)))17&
n
j=1

+ei7rj(p71)/n e*iﬂj(lfa)/(Zn) (2 COS(?’[’j/(2n)))17Q):|

) w(_l)p - 2§(cos(ﬂ']’/(2n)))lia cos(’ﬂ'j(Zp +oa— 3)/(271))] ) (26)
=

= l1—-a
Spann =T(@)(-17 3 (-1 <2n+1)j+p1)

7=0
@S (o ) i( )
T \2@2n+1)j+p-1 o \2@2n+1)j+p+2n
I'(c) ™ (p—1)/(2n+1) i/(2n+1) ™ 2n)/(2n+1)
=7 (=1 efiwj p— n+1)(1 + ¢ inj/(2n+1) efmj (p+2n)/(2n+ 1
RS P ( -2 (
. B I'(a) n o L

el (1) )1 a} =—2 _(-1ry { (e imj(p-1)/(2n+1) _ m(p+2n>/(2n+1)) (1

2(2n +1) ~

e/ Cni) yl-a 4 (eiwj(p—l)/(2n+1) _ eiwj(p+2n)/(2n+1)) 1+ e—irrj/(2n+1))1—a}

2 . 1— .
_ I'(a) (_1)1,2.2": (2 cos ™ > * sin I <efiﬂ'j(2p+2n72+a)/2(2n+l)
on + 1 — 22n + 1) 2

2—a 2n . -« .
_ ei7rj(2p+2n—2+a)/2(2n+1)> _ 2°°T(a) (—1y Z (COS ) ) sin 2T
2n +1 2( )

mj(2p +2n — 2+ @)
2(2n + 1)

~ 22°T(a) 1 m(2j+ 1) ;
T Tont1 Z<COS 2n—|—1)) (=1)

w2+ 1)(2p+2n—2+a)
X sin . (27)
2(2n+1)

X sin

4. Numerical simulations and discussion

Although in22] Eq. (25) is proven for integer values of v € Ny, it is valid for any real values 0 < v < 1.
To verify this, we calculated the values of S; 4 (1 <+ < 4) using Eq. (26) for o = 0.5 and o = 0.99. A

C-code used in our calculations is the second code presented in the Appendix.
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This is the output of the C-code utilizing Eq. (26) for & = 0.5:

-1.600340512580117, 1.029969956588537, 0.347026375264616, 0.223344180726962, 5.000000e-01,

-0.000000000000001
and for o = 0.99:

-0.757883584649114, 0.257180815994029, 0.251449398374527, 0.249253370280558, 9.900000€-01,

-0.000000000000000.

The first four values of the output are S1 4, S2.4, S34, and S44, the fifth value is the value of the order
o, and the last one is the total S14 + S24 + S34 + S44, which theoretical value is equal to zero. The
results are compared to the corresponding values obtained using the expression which allows a fast
calculation of the series using tens of thousands of operations (see Eq. (35) in@l). The corresponding

C-code is the first code presented in the Appendix.
The output of the code based on the summation algorithm Eq. (35) from22l for o = 0.5:

-1.600340512580117, 1.029969956588546, 0.347026375264620, 0.223344180726963, 5.000000e-01,

0.000000000000012
and for o = 0.99:

-0.757883584649062, 0.257180815994081, 0.251449398374580, 0.249253370280609, 9.900000e-

01, 0.000000000000208.

The computational time on a single processor of the one of the Courant’s computers is less than 10~3s
for both codes. The relative accuracy of the calculations in the former case is 1076 and in the latter
case it is 10714, The lower accuracy of the calculations using the summation algorithm apparently is a
result of hundreds of thousands of operations required to complete calculations. It is obvious that both

algorithms provide sufficient speed and accuracy for most practical cases.

The computation of the coefficients S;; is a part of the algorithm of the computation of periodic and
bifurcation points used in[121[201 where it was applied to investigate the fractional logistic maps
(fractional extensions of the map z,;1 = Kz,(1 — z,)). It took less than a second to calculate
numerically all §;; values. Computations of the periodic points were significantly more time-
consuming. They required solving systems of the thousands of second order equations using standard

Mathematica and Matlab algorithms. These algorithms converge only when the initial approximations

to the solutions are very close to the real solutions. To draw the bifurcation diagrams, the calculations
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were performed with a small step in the nonlinear parameter K using the solutions from the previous
step as the initial conditions for the next step. An additional time-consuming task was the separation
of the stable periodic points from unstable lower-period points. It took a couple of months to calculate
the data for the bifurcation diagram Fig. 1 and Table 1 from[29l. So, one may see that the analytic

formulae for S;; are important but they do not play a critical role in drawing the bifurcation diagrams.

The analytic expressions for S;; obtained in this paper may be used to obtain analytic expressions for
low-period periodic and bifurcation points where it is possible. This may be important for the analysis

of the low-period behavior of various discrete systems.

Another area of application of the results obtained in this paper is the analysis of the universality in
fractional dynamics (for the universality in regular dynamics see, e.g.,fz—f’ﬂlu). The results of the
computations presented in Tables 1 and 2 from{22] show that the ratios of the parameter intervals
between the consecutive asymptotic bifurcations in fractional maps converge to the Feigenbaum’s
constant 61281 but much slower than in the integer case. The proof of universality in fractional case is
more complicated for the following reasons: a) the periodicity in fractional case exists only in the
asymptotic sense, and the universality should be only the asymptotic universality; b) fractional maps
are maps with memory, and their Poincaré plots (graphs z,,; vs. x,) used by Feigenbaum in his
analysis of universality have a limited value. Obtaining analytic expressions for the coefficients of the
equations defining asymptotic bifurcation points is a small but important step in the proof of the
asymptotic universality in fractional difference maps (discrete systems with the falling factorial

memory).

5. Conclusion

In this paper we derived the analytic expressions for the coefficients of the equations that define
periodic and bifurcation points in fractional difference maps of the orders
0 < a <1 (Egs. (26) and (27)). The purpose of this publication was not to investigate any particular
fractional difference map, but rather to provide the framework which will enable researchers to
investigate any maps with fractional factorial memory. Our results will allow researchers to draw
asymptotic bifurcation diagrams of fractional difference maps by solving Egs. (10) and (11) in the case
of maps of the orders 0 < a < 1, or Egs. (15) and (16) in the case of multidimensional fractional maps.
Calculations of coefficients (sums) S,; of these equations should be a part of the corresponding

numerical algorithms.
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Using analytic expressions derived in this paper instead of adding tens of thousands of terms based on
Eq. (35) from{22] will make calculations of the coefficients thousands of times faster, more accurate,
and will make it unnecessary to use Tables 2 and 4 from[12] for finding S,,,.

We should note two outstanding problems related to this paper to be addressed in further

publications:

1.In this paper, the validity of the identity Eq. (25) for fractional values of v is demonstrated
numerically, but the theoretical proof is still due.

2. Based on the results of numerical simulations, in@, the authors made a conjecture that the
Feigenbaum number ¢ exists in fractional difference maps and has the same value as in regular

maps. Derivation of the analytic expression for S,; in this paper is a small step which, in

conjunction with Theorem 1 from[22l defining bifurcation points, may lead to a theoretical proof

of this conjecture.

Appendix

C-codes used to calculate S, 4 based on Eq. (35) from[12l:
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#include <stdio.h>
#include <math.h>
#include <stdlib.h>
#define NIter 19999.1
#definel 4
double Zeta(double s);
double gamma(double xx);
main(int argc, char *argv(])
{
double x, sum, S[1], SZ[1], St, S1, S2, S3, alp, beta, Z2, Z3, Z4, g1, Ssum;
intj, k, m;
FILE *in, *out;
if(arge >2) {
if( (in = fopen(argv[1],”’r”)) == NULL) {
printf(”Can’t open file %s\n”, argv(1]);
exit(1); }
fscanf(in, ”%le”, &alp);
fclose(in); }
if( (out = fopen(argv([2],”w”)) == NULL) {
printf(”Can’t open file %s\n”, argv(2]);
exit(1); }
k=o0;
Ssum=0;
$1=52=S3=0,;
while(k<NIter)
{
k++;
S1+=exp((alp-2.)*log(k));
S2+=exp((alp-3.)*log(k));
S3+=exp((alp-4.)*log(k));
}
Z2=Zeta(2-alp)-S1;
Z3=Zeta(3-alp)-S2;

ZL.=Zeta(4-alp)-S3;
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beta=1.-alp;
gl=gamma(alp-1.);
for(j=0; j<l; j++)
{
St=g1;
for(k=0; k<j; k++)
St=St*(alp+k-1)/(k+1);
S[jl=St;
k=0
while(k<NIter)
{
k++;
for(m=0; m<1; m++)
St=St*(I*(k-1)+j+alp-1+m)/(1*(k-1)+j+1+m);
S[jl+=St;
}
S[jl=beta*(S[j]+ exp((alp-2.)*log(l))*(Z2 +0.5*(alp-2.)/1*((2*j+alp-1.)*Z3+
(alp-3.)*(3.*(2*j+alp-1)*(2*j+alp-1)-alp+1.)¥*Z4/(12.*1))));
fprintf(out, ”%17.15f \n”, S[j1);
Ssum=Ssum+S[j];
}
fprintf(out, ”%le, %17.15f \n”, alp, Ssum);
fclose(out);

}

and on Eq. (26) derived in this paper:
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#include <stdio.h>
#include <math.h>
#include <stdlib.h>
#tdefine n 2
double gamma(double xx);
main(int argc, char *argv(])
{
double x, sum, S[2*n], alp, g1, Ssum;
inti,j, m;
FILE *in, *out;
if(argc >2) {
if( (in = fopen(argv{1],”r”)) == NULL) {
printf(”Can’t open file %s\n”, argv(1]);
exit(1); }
fscanf(in, ”%le”, &alp);
fclose(in); }
if( (out = fopen(argv{2],”w”)) == NULL) {
printf(”’Can’t open file %s\n”, argv([2]);
exit(1); }
gl=gamma(alp)* exp((-alp)*log(2.))/n;
=1
Ssum=0;
for(i=z0; i<2*n;i++)
{
=3
S[i]=1;
for(m=1; m<n; m++)
{
S[i]=S[i]+2.0*exp((1.-alp)*log(cos(3.141592653589793*m/2.0/n)))
*c0s8(3.141592653589793*m*(2.0*(i+1)+alp-3)/2.0/n);
}
Slil=g1*j*Slil;
fprintf(out, ’%17.15f \n”, S[i]);

}
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Ssum=Ssum+S[i];
fprintf(out, ”%]le, %17.15f \n”, alp, Ssum);
fclose(out);

}

Here Zeta(double s) and gamma(double xx) are some standard algorithms for calculations of the
Riemann (-function and the Gamma function freely available on the Internet. They are also available

on request from the author.
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