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Communication reliability, as defined by 3GPP, refers to the probability of providing a desired

quality of service (QoS). This metric is typically quantified for wireless networks by averaging the

QoS success indicator over spatial and temporal random variables. Recently, the meta distribution

(MD) has emerged as a two-level performance analysis tool for wireless networks, offering a

detailed examination of the outer level (i.e., system-level) reliability assessment versus the inner

level (i.e., link-level) reliability thresholds. Most existing studies focus on first-order

spatiotemporal MD reliability analyses, and the benefits of leveraging MD reliability for applications

beyond this structure remain unexplored, a gap addressed in this paper. We present wireless

application examples that can benefit the higher-order MD reliability analysis. Specifically, we

provide the analysis and numerical results for a second-order spatial-spectral-temporal MD

reliability of ultra-wideband THz communication. The results demonstrate the value of the

hierarchical representation of MD reliability across three domains and the impact of the inner-layer

target reliability on the overall MD reliability measure.

I. Introduction

Traditional reliability analyses of wireless networks often rely on calculating the success probability

across all random variables involved in the performance measure using techniques such as stochastic

geometry. This can be mathematically formulated as    where    is the quality-of-service

(QoS) function,   is the desired threshold value, and   is the collection of all random elements of the

system. This approach, while straightforward, is limited in its ability to capture the intricate
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dependencies and uncertainties inherent in complex wireless environments. By considering the

calculation of success probabilities in a hierarchical scheme, the meta distribution (MD) provides

insights into the variability and uncertainty associated with the network performance[1][2]. Splitting

the collection of random elements into ordered classes of   and  , the (first-order) MD reliability

calculates the overall reliability measure as    where    is a given target

reliability value. The inner and outer probabilities can be interpreted as link-level and system-level

reliability measures in wireless networks[3]. This provides information about the distribution of the

conditional success probability of the typical link which is an important parameter to be evaluated for

mobile network operators (MNOs)[4]. Therefore, the MD reliability allows for a more comprehensive

understanding of how inner-layer reliability measures contribute to the overall network performance.

MD-based analyses have been leveraged for wireless networks in many of the existing works. In the

context of performance evaluation and reliability analysis, several works have investigated the

characterization and calculation of signal-to-interference (SIR) or signal-to-interference-plus-noise

(SINR) meta distribution. The MD of SIR for Poisson network models was initially introduced and

evaluated in[5]. Subsequent research extended the results to various device-to-device (D2D) and

cellular networks[6][7][8]. In addition to SIR, several studies have investigated the MD of SINR and rate

for Poisson network models. For example, in[9], the MD of the secrecy rate of a single node in the

presence of randomly located eavesdroppers was investigated. In[10]  the MD of the downlink rate of

the typical UAV under base station (BS) cooperation in a cellular-connected UAV network was studied

using a standard beta distribution approximation. The authors of[11] have investigated the rate MD in

ultra-reliable low-latency communication (URLLC) D2D networks considering the errors due to the

misalignment of radiated beams. In[12], the energy and rate MD have been leveraged to quantify a

performance metric termed wirelessly powered spatial transmission efficiency for D2D networks. By

formally characterizing the link and spatial reliability concepts and utilizing MD reliability analysis,

the authors of[13]  have derived closed-form formulations for bandwidth requirements needed for

guaranteeing target values of link and spatial reliability in URLLC networks.

The study of MD is not limited to SIR, SINR, and rate in Poisson network models. Given the difficulty

in analyzing non-Poisson network models, especially MD distributions, the authors of[4] proposed a

simplified scheme called ASAPPP (“Approximate SIR Analysis Based on the Poisson Point Process”) to

approximate the SIR MD for non-Poisson networks. Considering a clustering strategy for wireless

devices around the access points (APs), the authors of[14] derived expressions for the MD of wireless
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energy transfer and wireless information transfer to investigate the average proportion of the wireless

devices in one cluster that achieves successful performance while satisfying the reliability constraint.

To the best of our knowledge, all existing related works in the literature investigating the MDs in

wireless networks have focused on first-order spatiotemporal MD analysis, considering the random

spatial distribution of the wireless nodes and the temporal characteristics of the per-link small-scale

fading channels. In this work, characterize and analyze higher-order MD reliabilities and provide

application examples wherein the first-order or second-order MD reliability extends beyond

traditional spatiotemporal domains. The main contributions of this work are listed as follows:

We formally express the zeroth-order (non-MD) and first-order MD reliability representation and

provide examples of wireless applications where MD reliability characterization extends beyond

the conventional spatiotemporal domain that has been widely explored and discussed in the

literature.

Building on the strengths of first-order MD analyses of the reliability, we present the higher-order

MD reliability representation wherein the random variables are partitioned into multiple ordered

classes and the reliability analysis is conducted hierarchically across several domains. Wireless

application examples are presented that leverage higher-order MD analyses to conduct a multi-

level study of the system’s reliability.

We study the second-order temporal-spectral-spatial MD reliability in wideband frequency-hopping

spread spectrum (FHSS) THz networks. Our approach incorporates the statistics of small-scale

fading channels, the spectral characteristics of FHSS carriers, and the spatial distribution of

wireless nodes into a unified MD reliability framework. This is the first application of a higher-

order MD analysis. It gives important understanding about the interplay between target threshold

values on the MD reliability and provides insight into balancing spectrum allocation to achieve

optimal spatial MD reliability while meeting temporal and spectral reliability targets.

The remainder of the paper is structured as follows. Section II investigates the conventional (non-MD)

and first-order MD reliability analysis and provides examples in wireless applications where first-

order spatiotemporal and non-spatiotemporal MD reliability analysis can be leveraged. Section III

extends the MD reliability characterization for higher-order MDs and provides a related application

example. Section IV investigates the analysis of the second-order temporal-spectral-spatial MD

reliability for ultra-wideband THz networks. Finally, the paper is concluded in Section V.
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II. Non-MD and First-Order MD-based Reliability Analysis

In this section, we study the conventional non-MD reliability as well as first-order MD reliability in

wireless networks. We provide 3 spatiotemporal examples (Examples 1-3 shown in Fig. 1), which will

be extended in the next section for beyond first-order spatiotemporal MD reliability applications

(Examples 4-6 shown in Fig. 1).

A. Conventional (non-MD) Reliability

The communication reliability, as defined by 3GPP[15], refers to the success probability of delivering 

 bits with a time delay lower than a user-plane deadline threshold  . Although primarily introduced

for low-latency services (such as URLLC), it applies to different network services including URLLC,

enhanced mobile broadband (eMBB), and massive machine-type communication (mMTC). This

definition can further be generalized as follows to encompass a broader range of applications:

Definition 1. The reliability measure    is the probability that the QoS measure function   be higher

than a minimum required threshold  , i.e.,

where   is the collection of random elements including temporal random variables (e.g., small-scale

fading), spatial random variables (if any, such as the stochastic point process corresponding to the

positions of users/BSs), or any additional random variables across different dimensions. The QoS

function   may be formulated in various forms depending on the service type and system model.

Example 1. Conventional stochastic geometry based reliability analysis for URLLC services: Consider a

downlink communication scenario where a set of users and BSs are randomly scattered in the network

region according to a stationary Poisson point process (PPP). Each user is provided with URLLC service

through the nearest BS with packets of   bits at time duration   obtained from the Shannon-Hartley

capacity. We have  , where    and    are the random

variables corresponding to small-scale fading channels and the point process relating to the

users’/BSs’ locations respectively, and    is the bandwidth. The reliability is obtained as 

. For the simple case of orthogonal frequency carriers where the

interference is negligible relative to noise through coordinating the frequency resources in nearby

cells, and considering that all links follow same channel fading statistics, the function 

 can be replaced by the simpler signal-to-noise-ratio (SNR) function   where 
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 is the scalar small-scale fading of the typical link and   is the length of the typical link. Considering

the independence of the spatial and temporal distributions, the reliability is then obtained as 

, where    is the probability density function (pdf) of the fading channel

for each of the users,   is the pdf of the distance  ,   is the intensity of the PPP, and

finally    is the region of interest characterized as  . Here, the

SNR function can be modeled as  , where   is the speed of light,   is the

frequency,    is the path loss exponent,    is the bandwidth,    is the spectral density of the noise, 

 is the transmit power, and   and   are the transmit and receive antenna gains, respectively.

B. First-Order Spatiotemporal MD Reliability

To provide a hierarchical reliability analysis, the first-order MD reliability is defined as follows:

Definition 2. Assume that the collection of random variables   is partitioned into the ordered classes 

  and  . Given the two parameters    and  , the (first-order) MD reliability measure is

defined as1

where   is the first-level target reliability value.

From (2) it is seen that   measures the probability of achieving the desired QoS conditioned

on   be higher than a threshold value  . For now, consider that   and   correspond to temporal

and spatial random variables, respectively. Assuming   to be an ergodic process, the MD reliability 

  captures the overall spatial reliability over the service region by guaranteeing the link

reliability threshold of   over all realizations of spatial variables (e.g., locations of the users or BSs).

The following example introduces a foundational system model that serves as the basis for reliability

analysis conducted in many studies investigating the reliability of wireless communications following

the meta distribution approach.

Example 2. First-order MD Reliability for URLLC services[13]: Consider the URLLC network service

expressed in Example 1. Letting    and  , the MD reliability    results in the

spatial reliability over a point process by considering that the link-level success probability of    is

satisfied over all realizations of the corresponding point process.

The study of MD reliability in the spatiotemporal domains is not limited to delay-tolerant (e.g.,

URLLC) and rate-tolerant (e.g., eMBB) services, as exemplified in the following.

H R
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Example 3. First-order MD reliability for the harvested energy analysis[12]: Consider a collection of D2D

devices scattered in the network with a spatial distribution described by some point process. The QoS

function can be considered as the amount of harvested energy during each time slot, denoted by  ,

which can be formulated as a function of fading channels    and users’ positions corresponding to 

 [12]. The energy harvesting MD reliability   is obtained as the meta distribution of the harvested

energy    guaranteeing the link energy success probability higher than the threshold 

 conditioned on spatial positions of users and RF transmitters which follows a spatiotemporal MD

analysis similar to Example 2.

Figure 1. Example scenarios presented in this work for the non-MD, first-order MD, and second-order MD

reliability analyses.

C. First-Order Non-Spatiotemporal MD Reliability

As previously mentioned, similar to Example 2, the majority of existing studies in the field formulate

and scrutinize the first-order MD reliability, taking into account that the inner and outer layers

correspond to the time and space domains, respectively. However, in practical scenarios, a multitude

of system models and problem formulations exist where MD reliability can be utilized in a different

domain configuration. The subsequent example presents such a case.

Example 4. End-to-end link reliability leveraging the MD of radio-link and Fronthaul/Backhaul

Connections: Consider a URLLC network service wherein an end-to-end connection is set between a

E
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fixed user and the associated access point. The end-to-end delay can be modeled as 

, where    is the radio link delay corresponding to the transmission of the

packet of    bits from the user to the access point (e.g., gNodeB),    is the set of locations of the

network nodes, which are assumed to be fixed, and   denotes the small-scale fading channel of the

links, and   is the additional delay due to queuing, routing, processing, etc. in the fronthaul/backhaul

of the network, relating to the connection from the access point to the final destination (e.g., user

plane function (UPF)). By considering the radio link reliability of  , and assuming a statistical model

for  , the overall MD reliability is calculated according to (2) where  , in which 

  and  . For the case of orthogonal multiple access where no interference is imposed

from other links, similar to Example 1, the function    reduces to    where 

 is the scalar small-scale fading of the intended communication link, and   is the distance of

the link which is assumed to be a fixed here. Given   and  , the MD reliability can be obtained as

where    and    denotes the complementary cumulative

distribution function (ccdf) of  . Note that the small-scale fading random variable   and the random

delay process    corresponding to the fronthaul/backhaul transmission are both temporal random

variables. Note that   and   can be considered uncorrelated in most practical scenarios.

III. Beyond First-Order MD Reliability Analyses

Most studies in the literature use a first-order MD reliability framework with spatiotemporal

decomposition as exemplified in Examples 2 and 3. However, the MD’s applicability in wireless

network reliability extends beyond this. Building on the strengths of first-order MD analyses of the

reliability over space and time domains, we extend this to a broader, higher-order MD reliability

analysis over various domains. This allows for a more nuanced understanding of reliability across

different dimensions. For instance, higher-order MD analyses can capture complex interactions

between factors like signal strength variations, delay jitter, fading, frequency statistics, and packet

loss variations. By analyzing these dependencies in a hierarchical structure, we can gain valuable

insights into resource allocation strategies and improve network performance prediction, leading to

more robust and reliable wireless networks, in the sense that the impact of a change in the reliability

t = (SINR(H, )) + Ttl Φ0 tl
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H
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measure at each dimension can be accurately monitored and explored in the overall reliability of the

system.

Formally, higher-order MDs are defined as follows:

Definition 3. Let    be a function of random elements  , which are partitioned into the ordered

classes  . Let the random variables   iteratively be

The  -th order MD is defined as

where  . Besides, we call   (equivalently denoted by  ) the

( -th order) MD reliability measure, which can be expressed compactly as

Remark 1: The  -th order MD for    is effectively only based on a partition of size    since 

 are lumped together and expected over in the last step of calculating  . Hence the

partition is  , where  .

Remark 2: Since   the MDs are related as

Remark 3: Note that removing the outermost layer of    in (6) which results in 

  does not yield the  -th order MD since it is a

function of  .

Remark 4: A compact form of higher-order MD representation was introduced in[2]. However, that

definition does not establish a relationship between the MDs of different order. In this paper, we have

extended that representation in the context of MD reliability and presented a hierarchical form of MDs

in (4) and (5), where MDs are iteratively related according to (7). This approach enhances the

understanding of how the MD at each domain influences MDs in other domains and provides an easier

Q X

, … ,X0 Xn , … ,P1 Pn
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⋮
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n
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way to tract corresponding mathematical calculations for obtaining the overall MD reliability, as

evidenced in Appendix I.

Next we give two examples wherein a second-order MD reliability analysis can be beneficial.

Example 5: Application of MD to assess mobility-aware system reliability: Mobility can significantly

impact system reliability by introducing challenges like Doppler shifts and handoff delays. In practice,

different users might have different velocities at different snapshots of time and spatial realizations of

the point process, and thus the mobility can be modeled as a spatiotemporal random variable whose

distribution may be uniform or Gaussian[16]. Consider a network scenario similar to Example 1, where

we model the velocity of users as random variables denoted by  . The QoS function can be expressed

as  , where    captures the capacity reduction due to

mobility-related issues, such as Doppler spread and the reduction of the channel coherence time. With

the    function and the information about the models and corresponding parameters of the random

variables, the MD reliability is obtained using (6). Here, as shown in Fig. 1, we have  ,  ,

and  , where the corresponding random variables are represented in temporal, spatiotemporal

and spatial domains, respectively.

IV. Application of Spatial-Spectral-Temporal MD Reliability for

THz Communication

In this section, we analyze the second-order MD reliability for ultra-wideband THz communication.

The statistics of the carrier frequency might influence the overall reliability measure of a

communication link. Incorporating the spectral domain in the reliability analysis is more significant

when dealing with ultra-wideband (UWB) communications. For example, consider a UWB

communication through frequency hopping spread spectrum (FHSS) where carriers assigned to users

may vary over time according to a pseudorandom policy, spanning the entire available spectrum. This

provides benefits such as security and robustness making the communication more resilient against

interference and jamming. While the impact of frequency might be negligible in the reliability

measure in applications requiring a low amount of spectrum, this is not the case for UWB applications.

V

Q(V, H, Φ) = δ(V)/ (SINR(H, Φ))tl δ(V) ≤ 1

Q

≡ HX0 ≡ VX1

≡ ΦX2
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Parameter Description Value

Frequency range in Scenario 1  GHz

Frequency range in Scenario 2  GHz

Intensity of the PPP

Transmit and receive antenna gains  dB

Bandwidth 1 GHz

No. of bits to be received in time 

User-plane deadline threshold s

Rician shape factor

Transmit power 0.1 W

Molecular absorption coefficient See Fig. 1 in [9]

Table 1. Parameters used for Numerical Results

Consider an FHSS UWB network of randomly located nodes communicating in THz band where each

user is assigned a carrier frequency, selected deterministically from a pseudorandom sequence

generated for that user. While the sequence generation process is deterministic, the resulting

frequency hopping pattern appears stochastic to an external observer, where the corresponding pdf is

determined by the carrier assignment algorithm. Here the statistics of the varying carrier frequency

can highly affect the reliability. This is because, the large-scale path loss is a function of the

frequency, especially at THz bands where the molecular absorption is a frequency-dependent factor

that highly affects the signal attenuation. Following Example 1, considering that co-channel

interference is negligible and all links follow same channel fading statistics, we can express the MD

reliability according to (6), where  , in which the ordered collections of

random variable are  ,   and  . These are scalars corresponding to the small-scale

fading, carrier frequency, and the distance between some user in the network and its nearest BS. For

each user, the carrier frequency is a pseudorandom variable selected according to some pdf

( , )f
––

(2) f̄ (340, 375)

( , )f
––

(1) f̄ (325, 375)

λ 1.5 × 10−3 1

m2

( , )GT GR (25, 25)

W

l tth 1000

tth 10μ

K 2

PT

k(f)

Q = 1/ (SNR(H, F , R)tl

≡ HX0 ≡ FX1 ≡ RX2

qeios.com doi.org/10.32388/BSDN79 10

https://www.qeios.com/
https://doi.org/10.32388/BSDN79


determined by the carrier assignment algorithm. Similar to Example 1 and considering the line-of-

sight (LoS) THz channel model[17] as well as the simple case of orthogonal carrier allocation, we can

formulate the user-plane latency   corresponding to   data bits at frequency   as

where    is the distance,    is the molecular absorption coefficient at frequency  , and    is the the

small-scale fading coefficient. We aim to calculate the MD reliability of delivering   bits with a time

delay lower than a user-plane deadline threshold  , given the target temporal reliability   and

target spectral reliability  .

Figure 2. The 3-level calculation and illustration of the MD reliability   versus   and 

We consider a THz network wherein BSs are scattered according to PPP with density  , and each user

is assigned to the nearest BS. Accordingly, the pdf of the distance is  . We

have adopted the molecular absorption coefficient according to Fig. 1 in[17]  for the frequency range

from   GHz to   GHz, where the corresponding coefficient   is depicted in Fig. 2. We

assume that each user is assigned a carrier frequency at each time step where the carrier is selected

according to some pdf    supported on  . The pseudorandom carrier assignment is commonly

considered to have uniform distribution    to allow effective spreading of the signal across the

available bandwidth. To investigate the impact of frequency domain pseudorandom carrier

assignment in the overall MD reliability measure, we adopt the more general model

tl l f

= ,tl
l

W log(1 + × )PT GTGRc
2

(4πf)2
hr−2e−k(f)r

WN0

(8)

r k(f) f h

l

tth ≡p1 ph

≡p1 pf

Rϕ pf ph

λ

(r) = 2πλr exp(−λπ )fR r2

= 275f
––

= 325f
¯̄̄

k(f)

fF [ , ]f
––

f
¯̄̄

U( , )f
––

f
¯̄̄

(x) = c ,fF [( − x)(x − )]f¯̄̄ f
––

m

(9)
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where   is the shape factor and   in which   is the beta function. As

seen in Fig. 2, adjusting the shape factor   results in different pdf models. For  , it is the uniform

distribution, and as  , it approaches the Dirac delta function at  .

Finally in the temporal domain, noting that THz communication is mostly achieved in LoS for short

regions, a Rician fading channel model with pdf   having shape factor   is assumed. For the sake of

simplicity, we are not including a blockage model for communication between the BS and user, as

considered in some works in the literature[18][19]. As depicted in Fig. 2 and considering (4), the MD

reliability calculations can be achieved in three steps. In the first step, we formulate the temporal

reliability as  . Considering the Rician fading channel model and the

representation of    for THz channels expressed in (8), after some mathematical manipulations (see

Appendix I-A1),   can be obtained as

where    and    is the first-order Marcum Q-function. In the second step,

given   and the target temporal-domain reliability  , and considering the adopted models for

molecular absorption coefficient   as well as the pdf for carrier assignment  , we can formulate 

. Finally, considering the pdf of    obtained from PPP where    is the distance

between the user and the nearest BS, in the third step we can obtain    corresponding to a

target spectral reliability    by solving  . The 3D MD reliability diagram for 

 versus   and    is depicted in Fig. 2. 2D representations of the MD reliability versus  ,  , and

bandwidth (BW) are also presented in Figs. 3, 4, and 5, respectively. The parameter values used for the

numerical results are listed in Table I. We have considered two scenarios. In Scenario 1, corresponding

to Figs. 3 and 4, we explore the MD reliability analysis for a fixed bandwidth of 

  corresponding to a monotonically increasing part of    in the frequency range 

. In Scenario 2, we investigate the MD reliability analysis for a variable frequency range of 

, where    lies within a more general non-monotonic part of  .

The corresponding values considered for  ,   and   are shown in Fig. 2 and Table I. An analytical

closed-form solution for Scenario 1 and a low-complexity numerical solution scheme for Scenario 2

has been presented in Appendix I-A and Appendix I-B respectively. Several points are observed from

the numerical results:
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m m = 0

m → ∞ ( + )/2f
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First, it is seen how the spatial MD reliability measure is a monotonically decreasing function of

both temporal and spectral reliability measures. For example, it is observed in Fig. 3 that for 

 and  , increasing   from 0.9 to 0.99 decreases the spatial MD reliability 

 from 0.8 to 0.74. The monotonically decreasing property is justified by noting that guaranteeing

higher reliability measures in the temporal and spectral domains is achievable in a smaller portion

of the network area, corresponding to a smaller spatial MD reliability.

Given   (i.e.,  ), there exists a limited variation between the minimum and maximum target MD

reliability of the system. For example, considering    in Fig. 4, the MD reliability

can only change between 0.94 to 0.98 for all values of the spectral target reliability  . Besides, for

any given  , there exists a maximum target reliability value  , where selecting any   higher than

this threshold does not deteriorate the overall reliability    anymore. For example, as seen in

Fig. 4, considering   and  , we have  .

The higher-order MD reliability analysis can give insights into the impact level of the target

reliability of each dimension on the overall MD reliability measure. For example, as seen in Fig. 4,

going toward higher values of the spectral pdf shape factor (e.g.,  ) increases the MD

reliability at the cost of not effectively spreading the signal over the whole spectrum, leading to

lower resiliency and higher risk of jamming.

Fig. 5 shows another feature of the MD reliability of wideband THz communications. For any given

spectral target reliability   in Scenario 2 wherein   is not a monotonically increasing function

in the available frequency range  , the overall MD reliability is potentially optimal at some

certain bandwidth value shown as filled circles, below and after which the MD reliability measure is

smaller. The reason behind this relates to the mathematical formulation of   presented in (29) in

Appendix I-B2. It is seen that given  , for low values of the bandwidth,   in (29)

is potentially decreasing in terms of  . This is because the non-linearly decreasing term 

 for frequency range close to   is potentially the dominant term compared to the

linearly increasing term  , leading to this function be finally decreasing in terms of    for low

bandwidth values. This increases the probability of    in (29), leading to a higher MD reliability.

However, as the bandwidth increases, the function    becomes an increasing

function of    after some point    since finally both exponential and

linear terms will be monotonically increasing for frequencies higher than  ,

m = 0 = 1 − 7 ×ph 10−8 pf
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ph p1

= 1 − 5 ×ph 10−8

pf

ph p̄̄̄
f

pf
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pf k(f)
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––
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leading to lower success probability in (29) at such frequencies compared to that in  , as shown

in the Fig. 5.

Figure 3. Spatial MD reliability   versus temporal ( ) and spectral ( ) target reliabilities

for  .

F
∗

Rϕ ph pf

m = 0
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Figure 4. Spatial MD reliability   versus temporal ( ) and spectral ( ) target

reliabilities for different values of  .

Rϕ ph pf

m
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Figure 5. Spatial MD reliability   versus bandwidth for different values of   and spectral

target reliability  .

V. Conclusions

In this paper, we extended the meta distribution (MD) reliability analysis beyond conventional first-

order spatiotemporal schemes. By structuring MD reliability in a hierarchical framework, we

introduced the mathematical representation for higher-order MD reliability characterization, where

the overall MD reliability is formulated in terms of target reliability thresholds in multiple domains.

We also investigated various practical scenarios in wireless networks that benefit from this approach.

Specifically, we conducted a second-order spatial-spectral-temporal MD reliability analysis for an

ultra-wideband frequency-hopping spread spectrum THz network. Our analysis revealed how target

reliabilities in the temporal and spectral domains influence the overall spatial MD reliability,

providing nuanced insights into system performance that go beyond the capabilities of non-MD or

first-order MD reliability analyses. For example, given desired success probability thresholds in the

temporal and spectral domains, we showed that the spatial MD reliability is not a monotonically

increasing function of the available bandwidth in THz frequencies. Instead, there exists an optimal

Rϕ m

pf
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bandwidth, beyond which the spatial MD reliability deteriorates. This underscores the importance of

balancing bandwidth allocation to achieve optimal spatial reliability while meeting target temporal

and spectral reliability requirements in THz wideband applications.

Appendix I. Analytical Solution to the Case Study

In what follows, we present an analytical solution for calculating the MD reliability of the problem

stated in Section IV. Considering the presented problem statement, from (4), we can formulate the

MDs as follows:

In the first subsection, we present the solution for the case where the available spectrum is within a

monotonically increasing portion of  . Considering that many practical THz applications exploit

the lower path loss associated with frequency bands near molecular absorption minima, in the second

subsection we elaborate on the solution for the more general case where   is non-monotonic. Box 2

of Fig. 2 illustrates the frequency range corresponding to these two scenarios, wherein 

 and   correspond to the first and second scenarios respectively.

A. Scenario 1: Solution Scheme if   is Monotonically Increasing

In this case, we consider that the available bandwidth corresponds to a frequency range 

 wherein   is monotonically increasing.

1. Calculation of  : From (8) and (11a) we can write   as follows:

where

The pdf of the small-scale fading is that of the Rician distribution with shape factor   as follows:

P1

P2

P3

= P( < |R, F )tl tth
= P( > |R)P1 p1

= P( > )P2 p2

(11a)
(11b)
(11c)

k(f)

k(f)

f ∈ [ , ]f
––

(2) f
¯̄̄

f ∈ [ , ]f
––

(1) f
¯̄̄

k(f)

( , )f
––

f
¯̄̄

k(f)

P1 P1

P1 = P(log(1 + ) > ∣ R, F)
Hc0 e−k(F)R

R
2
F

2

l

Wtth

= P(H > ∣ R, F) ,c1R
2
F

2e−k(F)R (12)

= , = ( − 1) .c0
PTGTGRc

2

(4π W)2N0
c1 c−1

0 2
l

Wtth (13)

K

(x;K) = (K + 1) ( )fH e−K−(K+1)x I0 4K(K + 1)x
− −−−−−−−−−

√ (14)
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From (12) and (14),    can be obtained by calculating the ccdf of  . Following  [20], this can be

represented as follows:

where   is the first-order Marcum Q-function.

2. Calculation of  : Noting that the Marcum Q-function is represented in the form of the integral of

the modified Bessel function, following more analytical results in calculating   and   according to

(11b) and (11c) involves the computation of multiple integrations of the modified Bessel function

which is intractable using the original representation of the Marcum Q-function. To handle this, we

use the exponential approximation of   represented as follows[21]:

where    and  . Noting that    is a fixed argument in the

represented Marcum Q-function, we can choose coefficients   and   in

a way that the least square (LS) error function    is minimized. For

instance, considering    (corresponding to  ), the following coefficients have

shown to result in a very tight approximation[21]:    and 

. For  , corresponding to   as considered in the

numerical results, this leads to    and  . Although choosing the given

values minimizes the error   over the whole range of  , such values might not be optimal

in practice for calculating the MD reliability. This is attributed to the fact that we require a highly

accurate approximation of the Marcum Q-function at certain points rather than the whole possible

range of parameter  . To highlight this, note that we have  .

Therefore, it is highly important to have a highly accurate approximation at the argument value of 

 where   as this is the border argument value at which the value of  (.) switches

between 0 and 1. Noting that the desired temporal target reliability    is generally a value very

close to unity, we have obtained the optimal values as    and    for the

values of    employed in our numerical results. Leveraging the approximate representation of  ,

from (11b), (15) and (16), we can write   as

P1 H

= (x;K)dx = ( , ),P1 ∫
∞

c1R
2

F
2e−k(F)R

fH Q1 2K−−−√
  

a

F R 2 (K + 1) exp(k(F )R)c1
− −−−−−−−−−−−−−−−−−−

√
  

b

(15)

Q1

P2

P2 P3

(a, b)Q1

(a, b) = exp(− ) = exp(− ),Q
~

1 e ( ln b+ )∑M
n=0 μn νn an eν(a) bμ(a) (16)

μ(a) = ∑M
n=0 μna

n ν(a) = ∑M
n=0 νna

n a = 2K−−−√

μ = [ , … , ]μ0 μM ν = [ , … , ]ν0 νM

E(a) = ( (a, b) − (a, b) db∫ ∞
0 Q1 Q

~
1 )2

a ∈ [1, 5] K ∈ [0.5, 12]

μ = [2.174, −0.592, 0.593, −0.092, 0.005]
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where 

Considering (17), given  , let define   as follows:

Noting the monotonically increasing assumption of    for  , it can be easily verified that

there exists a maximum number of one solution corresponding to    in the desired spectrum

region. We will show later that there exists exactly one solution corresponding to each desired given

value of  .

Due to the non-linear representation of (17) as well as the non-linearity of the molecular absorption

coefficient  , it is not generally possible to write a closed-form representation of   in terms of  .

However, we will show that we may solve the problem without requiring the closed-form

representation of  . Noting that we are studying a portion of the spectrum where    is a

monotonically increasing function, it can be verified from (19) that for a given   we have

Considering this, together with the pdf expression of   in (9),   can be written as the cumulative

distribution function (cdf) of   with input argument  , which can be formulated as follows:

where    is the coefficient of    in the binomial expansion of (9), and    is

obtained by noting  . For the simple case of  , corresponding to the uniform

distribution of  , (21) simplifies as follows:

We note that the expression of   in (21) and even in the simple case of (22) is still not completely

characterized, as the closed form solution of   is still not available.

P2 = P( > ∣ R)P1 p1
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3. Calculation of  : First, consider the uniform distribution of   (i.e.,  ). In this case, From (11c)

and (22) we have

where  . From (19) it is seen that   is a monotonically decreasing function of  .

Therefore (23) results in

One can verify that (24) also holds for all  , however for this more general case,   can be found

as the solution of the following equation:

Noting that the left side of the equality corresponds to a cdf which is a monotonically increasing

function, there is a unique solution to    which can easily be obtained using numerical

methods. Once    is calculated, we can compute    from (19) by putting    and

finding   as the closed form solution of

Noting that the solution to the equation   can be represented as  , where   is the

principal branch of Lambert    function, after some mathematical manipulations, we obtain    as

follows:

Finally, the MD reliability is obtained as follows:

B. Scenario 2: Solution Scheme if   is not Monotonic:

Given that many practical THz applications exploit lower path loss associated with frequency bands

near molecular absorption minima, here we consider a scenario where the channel gain   is non-
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monotonic within the frequency range  . Specifically, we consider the case   illustrated in

Fig. 2, where   contains a local minimum in the spanning frequency range.

1. Calculation of  :  This is achieved using (15) as described in Appendix I-A1.

2. Calculation of  : Similar to the steps taken in Appendix I-A2,    is obtained from the following

equation:

where    is given in (18). To solve (29), first we investigate the solutions of (19) denoted by 

 where   indexes the solutions in ascending order of magnitude. Considering the behavior of 

 for   where   can initially follow a monotonically decreasing and then a monotonically

increasing behavior, one can verify that we may have (a) zero, (b) one, or (c) two solution values. In

what follows we investigate each case:

Case (a): If there exists no solution to (19), the event   in (29) holds the same true/false value

for all  . Therefore, we may represent the frequency range where the corresponding event

holds true as  , where

Case (b): If there exists one solution to (19), namely  , the event   in (29) holds same value

for    and the complemented value for  . Therefore, we may represent the

frequency range where the corresponding event holds true as  , where

Case (c): Finally, for the case where there exist two solutions to (19), namely    and    where 

, the event    in (29) holds false for any frequency    due to the behavior of 

  corresponding to Scenario 2. Therefore, the frequency range where the corresponding event

holds true is  , where

After obtaining the minimum and maximum thresholds   and  ,   is formulated from

(21) as
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For the simple case of uniform distribution ( ), this reduces to 

.

C. Calculation of 

Once    and    are calculated considering any of the corresponding cases of (a), (b) and (c)

elaborated in the previous part, the MD reliability can be calculated as follows:

Noting that (34) can not be solved in a closed-form scheme, we present the numerical procedure for

obtaining the MD reliability in Algorithm 1.
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Footnotes

1 While the subscripts of   in (2) are technically redundant, we retain them for enhanced clarity. This

holds for the subscript of   in (1) as well.
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