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Introduction:

This paper considers the length minimizing curves as
per Euler—-Langrage motion on those curves to satisfy a
geodesic connection that proves a suitable classifier for the
non-connectivity between Finsler manifold and Clifton-Pohl
Torus by means of geodesic completeness. This in turn
generates the notion of a punctured manifold where the
guotient space or the concerned disc makes the Torus which
is not the case of the Finsler manifold as the plane is
punctured for the associated generators. A modified form of
Riemann metric is taken for the Finsler manifold giving a
strongly positive norm throughout the curves which makes a
non-connectivity to the Clifton-Pohl Torus through the use of
Hopf-Rinow Theorem where the applications of Cauchy
Series is shown for the purpose of the proof.

Methodology:

Considering a smooth manifold S having a metric
signature (S,g) where this S is a differentiable manifold
having a continuously differentiable curve y of length [J such
that there exists the function J(y) having the infimum of
length between the continuously piecewise differentiable
curves [X,y] which exists for y: [x,y] — S where the
distance D(m, n) is measured by,

{V(f) =m
Yy =n
There exists the length J(y) and energy functional €(y)

where for the Riemannian manifold M € S the length can be
given by,

y
I = j \/gm)(y'(t),m) ) dt

If one considers a gauge function for G of a complex vector
space V then this can be determined for every seminorm s
on G there exists for G € V for the interval sG : G — [0, o0]
then for the relation®*),
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For the arbitrary subset O one can define the relation,
{GeG:s(G)<1}cvec{Gei:s) <1}

Thus, defining the Finsler metric (F, §) such that F € S one
can modify the length of the curve of Riemannian manifold
M where the analogy holds for F for the same y : [X,y] —
S such that,

1
F =~ (gyw)?

Jp(y)Ef (f () dt,]'/(t)>dt

Where for J(y) the energy functional in case of M € S is
given by,

y

) =3 [ 90 ©.1©) dr

Whereas previously shown,

1
F =~ (gyw)?ind¥)

Thus, this can reduce to,

F? = g, ine(y)

y(x) =
Yy =
one can easily define the energy functional for Finsler
manifold in case of F € S is,

Therefore, for y : [X,y] — S having endpoints {

y
€rfy] = %f F? ((f y(t) dt),)'/(t)) dt

The representations of the curve being positive and the
length minimising nature with homogeneity assumes the
parameterization of the manifold geometry where the length

of the curve takes the form for Jg[y] yielding the relation®
10]
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sz( fy(t) dt,)'/(t)) dt

y
Ygm—S:v[l1=ym] .
l Jrlyl EJ (Jy(t) dt,y(t)>dt
X

The length minimising equations of motions for functional
€(y) as the geodesic completeness in a local coordinate can
be provided via the Christoffel symbol I‘(:b,

d?x> dx® dxP

Ty ———— =

dtz2 = %P dt dt
Where for the manifold M in the C® atlas one can get smooth
functions A for two limits 5; and 3, for C®[(By, B,)] for k"
limit on A; dependent on nt"

variable on x; there exists,

k n

dependable on
j

=1 j=1

For a coefficient of span §; such that this satisfies,

n
j=1

To determine the equation,

> T o)

j= 065..,_ i

Where for gz and the function A where if we define for the
strongly convex parameter ¢ > 0 : this can be justified for all
the x such that the equation satisfies,

c
x - Ax —EIIxII2 A" (x) =c>0

To satisfy the equation,

d
dx™m

0
, 0x™

)

Imm(x,2) = g, <



Then for the curve y : [X,y] — S the geodesic parameter
satisfies through a tangent curve y' : [x,y] — TS\{0} the
geodesic equation can be given for the manifold F in [F,S]
via,

B2

S[A] = j (JF o Aﬁt) () dt avt
B1

A
€ [B1, B2] in neighbourhood At (t)

- on_. doJp
V frame (x%, X*) 3i : o X

A i
A_t(t) X

A
A_t(t)

For the length minimising curve as taken in [F,S] the
geodesic will satisfy the Euler—Langrage motion on curves
€ry] Where ¥ : [X,¥] — S where for the norm x = Ax —
%IIXII2 JA" (x) = ¢ > 0 as taken in strongly convex form for
the metric gmm which can be defined by F? in F? ~
9y in €(y) formalism as described in the above equations;
then for the space of the symmetric tensors on ht" order of
a vector space V®" one can define the bilinear form for the
symmetric tensor T € V8" where a bilinear mapping
parameter V can give a map of V X V to the field H such that
if one defined the dimension of the symmetric form o one
can define a direct sum taking its dimensions,

deg(o +n _1)=@Symm
h h=0

Where the geodesic complete manifold T* having the
geodesic N for which the tangent space can be defined taking

the exponential map at point ﬁ= it is easy to show that for
tangent T and the tangent manifold TET* such that on the

Riemannian manifold M for the metric (M, g) the bilinear
symmetric form of tensor can be defined over the summation

agl11-13]
(ee] 2 )
D sym(N\ )
h=0

The geodesic over the manifold is complete for,
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n: (px — M)
Where,

\/Pk

k=—o00
Where p defines the coefficient of a specific operand that

defines the Euler—Lagrange equations in a matrix form with
the operand having the parameter as!**#],

oL AN AN
i~ 2w () - o
K oL ca (oL
P |:\/ Al] = a_AZ B ]ZG_ <6A2J> = 0
i=1 .
oL c 0 (oL
aa, ]Za_ (aAk,,) Ok

Where if we take the scheme ny(ﬁ) then for the curves along

y which when converge to the initial point y(i) having a
conjugate form y(7) one can define shorter curves such that
i > 1 to proceed towards y (1) from y(7) in the F? norms
there exists the geodesics [F, M] taking the tangent vector
V®" provides a scheme of being symmetric bilinear for the
Hessian taking the projection,

P, en(X,Y) = P°

vey®h
v+0

Giving,
2

d
2 aa=(Fv +(X)2+@)H)Vi=1=0

Considering the Riemannian manifold M having a metric form
(M, g) where, as we have considered taking two points in the



geodesic curve y for the geodesic completeness scheme
ny(ﬁ) such that i,T € § when those two points are the length

minimising geodesic for a complete metric space having
closed and bounded subsets of that metric space such that
for a notion of i, € M for the metric (M, g) apart from the
entire space being a tangent space T;(M,g) Vi € M there
exists a converging Cauchy series to make it geodetically
complete. This is the essence of the Hopf-Rinow Theorem
that can’t be determined in case of the Clifton—Pohl Torus for
the fact that if we determine a Cauchy series ¢, taking the

points i, points and i,, points for the metric space (1\71,5)
where one if determines the distance between i, and i,
where for a positive real number of points in the Cauchy

series the parameterization should be Ne, where k,n € Ne,

giving the relations!”#,

n=1
If we determine the Cauchy sequence for Ne, > 0 having the
distance g (i, ip) < N, for k,n > 7 37, denotes positive
integer while Nc, is positive real number. This, thus defines

the completeness of the manifold (1\71,5) which is the case of
Finsler Manifold.

Thereby getting,
Hopf-Rinow Theorem =
Geodesic complete Finsler Manifold
Hopf-Rinow Theorem %
Non — Geodesic Complete Clifton — Pohl Torus

This can easily be defined for R™ while for the punctured
place the concept of geodesic completeness like R™ doesn’t
hold giving it as R™\{0} where in the former case for the

concerned manifold having metric norm (1\71,5) for Ne, > 0

and a specific point p € M a function can be defined being a

semicontinuous functional on M and not identically equal to
+Oo[19,20]



&ﬁHRUHM

Where, if one denote ¢ := /Uc,, then for £ > 0 and an

arbitrary point p € M for the existence of,

A(p) < A(p) ford(p,p) < &

Where in the manifold M for a discontinuous group action for
a group @ acts giving the structure a quotient space which is

atorusT = 1\7/117 when the isometry group @ action referred
the quotient as Clifton—Pohl Torus provided the parent group
is & and this suffice,

wcCcé

Thus, the curve y (1) for the manifold M forms a null geodesic
that is incomplete for y(l) := (+%,0) if [=1 in the
equation,

y@:=01-D7"0

Conclusion:

The discontinuity of the group action of the resulting
guotient space where there lies a punctured notion for the
Clifton-Pohl Torus uniquely determines the non-connectivity
of geodesic completeness using Hopf-Rinow theorem
differing from modified Riemann or Finsler metric via Euler-
Lagrange equations of motion through the norms of strongly
positive parameterization.
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