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Abstract: Prevision bundles identifying expected returns on risky assets are studied. A probability 1

space associated with risky assets is defined. In this research work, the optimization principle is 2

based on the notion of distance. This is because problems of an economic nature are not handled in 3

an axiomatic or intrinsic way, but they are investigated with regard to a given coordinate system. The 4

latter is shown to be invariant. The notion of mathematical expectation applied to summarizing both 5

monetary values and utilities is treated. Such a notion is extended to study portfolios of financial 6

assets. Objective conditions of coherence connected with the notion of mathematical expectation 7

are extended. Rational behaviors towards risk are based on them. A model representing diagrams 8

considered inside the same coordinate system is shown. Such a model identifies as many optimal 9

choices as pair comparisons it is possible to take into account in order to obtain a multilinear measure. 10

The latter is the expected return on a specific portfolio of financial assets. 11

Keywords: moral expectation; optimization principle; behavior towards risk; Fréchet class; prevision 12

bundle; multilinear index; Mathematics Subject Classification (MSC): 60A05, 60B05, 91B24, 91B16, 13

91B06, 91B08 14

0. Introduction 15

This paper focuses on the point of view that goes back to Daniel Bernoulli. It leads to
consider rational a specific behavior towards risk when there exists a function that behaves
additively. Whenever the right to having uncertain situations denoted by P1, P2, . . . , Pn,
where their probabilities are expressed by p1, p2, . . . , pn, is considered to be equivalent to
the right to having the certain situation denoted by P, the following weighted average

u(P) =
n

∑
h=1

u(Ph) ph (1)

takes place. One of the utility indices for a given decision-maker is denoted by u. Their 16

number is infinite. One of the utility indices for him or her is uniquely determined by (1), 17

where changes of origin and unit of measurement are inessential. Any increasing function of 18

one of them can subjectively be taken into account. A linear or concave or convex function 19

can then be taken into account. Uncertain situations denoted by P1, P2, . . . , Pn are the 20

possible values for a single random quantity. Such values, together with their probabilities, 21

give rise to nonparametric distributions of probability, whose number is infinite in the 22

first stage. One of them is chosen in the second stage based on a further hypothesis of an 23

empirical nature. It is the mathematical expectation of the single random quantity into 24

account such that P can be less than or greater than it or equal to it. P is intrinsically 25

connected to a specific utility function. In this paper, two random quantities at a time 26

are studied inside the budget set of the decision-maker. They give rise to nonparametric 27

joint distributions of probability, whose number is infinite in the first stage. One of them 28

is chosen in the second stage based on a further hypothesis of an empirical nature. An 29

aggregate measure is obtained by considering four ordered pairs of random quantities. 30
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Four nonparametric joint distributions of probability arise. Their events are exchangeable. 31

Their evaluations of probability are symmetrical or invariant with respect to permutations. 32

The notion of α-product deals with them. The mathematical expectation of a multiple 33

random quantity of order 2 is an aggregate measure obtained by considering four ordered 34

pairs of random quantities. If the mathematical expectation of a multiple random quantity 35

of order 2 is coherent, then it is a point belonging to the union of convex sets (see [1]). The 36

properties of the barycenter of masses are extended in this way, as well as the ones of the 37

notion of expected utility given by (1). With regard to a multiple random quantity of order 38

2, the certain situation can be less than or greater than its mathematical expectation or equal 39

to it. These are objective conditions of coherence. Analogous conditions are established 40

with regard to a multiple random quantity of order m, with m > 2 which is an integer (see 41

[2]). The criteria of coherent decision-making under uncertainty and riskiness also consist 42

in fixing as their goal the maximization of the expected utility. A unique value cannot be 43

provided a priori. If a unique value is provided by means of the introduction of arbitrary 44

mathematical conventions without reference to the objective conditions of coherence, then 45

this is unjustified and inadmissible. What will be said in this paper is agree with existing 46

research works in the field of economics, probability, and statistics (see [3], [4], [5], [6], 47

and [7]). The subjective opinion is not directly observable. Nevertheless, it is something 48

objective. This is because it is something known by a given decision-maker. For this reason, 49

the subjective opinion can be a reasonable object of an accurate study (see [8], [9]). We do 50

not agree with the proliferation of research works characterized by partial views. We would 51

prefer the increase in number of research works like this one characterized by unitary 52

and enlarged views. Problems of an economic nature contemplating infinite outcomes 53

in number are illusory. Only a part of such outcomes is observable to establish if each 54

explicit outcome is true or false, so their main goal is to underlying mathematical methods 55

permitting the derivation of a uniquely determined answer to an issue even when it is 56

indeterminate between given limits. 57

0.1. The Objectives of the Paper 58

In this paper, m risky assets are m random goods studied inside the budget set of 59

the investor. The components of an m-risky asset portfolio, where the latter is a multiple 60

random good of order m, are m risky assets. We use a quadratic metric, so we do not study 61

more than two goods at a time. Any two risky assets identify two nonparametric marginal 62

distributions of mass. Also, they always identify a nonparametric joint distribution of mass. 63

The budget set of the investor is a subset of R×R, where R×R is a linear space over R. 64

The space where a given investor rationally chooses has an infinite number of points. Each 65

point of it is a prevision bundle. A given investor chooses one of infinite prevision bundles 66

existing inside his or her budget set. He or she chooses that prevision bundle maximizing 67

his or her subjective utility. This research work focuses on how to maximize the utility of 68

the expected return on an m-risky asset portfolio. The notion of ordinal utility is shown to 69

be a distance. The notion of risk is validated to be of a subjective nature. 70

In section 1, a probability space associated with a risky asset is defined. Problems of 71

an economic nature are studied by using the notion of utility. In section 2, after focusing 72

on the properties of the notion of mathematical expectation, revealed preference theory is 73

applied to studying prevision bundles. In section 3, the optimization principle is treated 74

by using the notion of distance. Section 4 focuses on the study of two scales. They are the 75

monetary scale and the one of utility. In section 5, a specific utility function is considered 76

inside the budget set of the investor in the case of his or her rigidity in the face of risk. An 77

enlargement of the notion of moral expectation is shown. Section 6 studies some indices of 78

a multilinear nature. Section 7 outlines future perspectives. 79
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1. Problems of an Economic Nature Treated By Means of Subjective Tools 80

1.1. Outcomes Underlying a Random Process and Their Probabilities 81

With regard to a random process, the basic thing that is being chosen by a given 82

decision-maker is a probability distribution. The latter consists of a list of different objects 83

of decision-maker choice and the probability associated with each object. Different objects of 84

decision-maker choice are different outcomes underlying a random process. Each outcome 85

is an event. Its meaning is not collective, but it is atomistic. Since it is possible to allude 86

to a specific result in a single and well-defined case, an event is a proposition susceptible 87

of being true or false at the right time. The right time is when uncertainty characterizing 88

any random process whatsoever ceases (see [10]). Uncertainty about an event has to be 89

meant as ignorance by a given individual (see [11]). In this paper, events are not studied 90

without reference to the space in which their set is naturally embedded. Accordingly, a 91

finite number of possible events identifies the possible values for a random good. A random 92

good is a random quantity which is studied inside a Euclidean space, so all the outcomes 93

underlying a random process are real numbers in the space of random quantities. All the 94

outcomes are the components of a vector belonging to a linear space over R provided with 95

a specific dimension. The probability of an outcome depends on what a given individual 96

feels (see [12]). The notion of probability is not undefined within this context. Its nature 97

is not objective. It does not exist on its own, independently of the evaluations a given 98

individual makes of it, but it is subjective (see [13]). Probability evaluations can be based 99

on a priori probabilities characterizing a random process of a symmetric nature. They can 100

also be based on statistical probabilities. Nevertheless, they always exist according to a 101

subjective judgment being made by a given individual. Probability evaluations being made 102

by a given individual have only to be reasonable (see [14]). All reasonable evaluations 103

are admissible. This characterizes nonparametric distributions of probability (see [15]). 104

Reasonable evaluations express conditions of coherence. They are conditions of rationality 105

underlying the decision-maker’s choice behavior. Conditions of coherence also concern 106

subjective preferences described by the notion of utility. Such conditions never depend on 107

subjective opinions. They never depend on subjective judgments. They are of a normative 108

nature. Conditions of coherence are the weakest because it is appropriate to want that they 109

are the strongest in terms of absolute validity. For this reason, only absolutely inadmissible 110

choices have to be excluded in the first stage. A choice is absolutely inadmissible if it does 111

not belong to a convex set containing all admissible choices, whose number is infinite. 112

1.2. A Risky Asset and Its Probability Space 113

A risky asset is a random good. A random good is a random entity such that if
uncertainty ceases then its true value is unique. Nevertheless, since a given investor does
not know it at present time, he or she is in doubt between at least two possible values. A
random good is a random variable X. The latter is a function. We write

X : Ω → R, (2)

so its domain is a sample space denoted by Ω. Its codomain is R. An assignment of
numerical values meant as real numbers to the points in Ω = I(X) = {x1, x2, . . . , xn}
identifies X. For this reason, each point in Ω is a one-point set. Given an orthonormal basis
of En, where the latter is an n-dimensional linear space over R with a Euclidean structure, a
random good is an ordered pair of two n-dimensional vectors. The components of the first
one are the points of I(X) = Ω identifying a finite partition into elementary events. Such
points are later transferred on a one-dimensional straight line, so a reduction of dimension
happens. Since I(X) denotes what is not sure, I(X) with the assignment of probabilities is
a probability triple expressed by

(Ω, F, P). (3)

In our approach, Ω is embedded in a linear space over R provided with a specific dimension. 114

We write F = {∅, Ω} to denote an algebra of events. P is a function of probability. 115
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In this paper, we study m risky assets, where each of them is characterized by n 116

possible values. They coincide with n possible outcomes underlying a random process of 117

an economic nature. If we have n > m, where m risky assets are logically independent, then 118

there are nm possible outcomes for them. In particular, given any two risky assets, there are 119

n2 possible outcomes for them. They coincide with the Cartesian product of two sets. Let Xi, 120

i = 1, . . . , m, be a risky asset whose possible values are given by I(Xi) = {xi1, xi2, . . . , xin}. 121

We write xi1 < xi2 < . . . < xin. This is because we handle a finite partition of mutually 122

exclusive events. Since we observe inf I(Xi) = xi1 and sup I(Xi) = xin, Xi is bounded from 123

above and below. It is possible to think of Xi, i = 1, . . . , m, as being m investments in mutual 124

funds that buy stocks. If the stock markets do well, then these investments will do well. 125

Conversely, if the stock markets do poorly, then these investments will do poorly. Hence, 126

with regard to each investment, there is uncertainty, as well as riskiness. This is because 127

there is no fixed return. Each risky asset is identified with two n-dimensional vectors 128

belonging to En. While the components of the first vector represent n objective outcomes 129

underlying a random process of an economic nature, the components of the second one 130

represent n nonnegative masses. Two different aspects of uncertainty are considered in this 131

way. They are an objective aspect and a subjective one (see [16]). In this paper, we always 132

distinguish two stages. In the first stage, all the weighted averages of n values given by 133

xi1, xi2, . . . , xin are handled. Their number is infinite. They give rise to a convex set. In the 134

second stage, one of them is chosen based on a further hypothesis of an empirical nature. 135

We refer ourselves to Bayes’ theorem in this way. It is always characterized by two stages. 136

In the first stage, all the subjective opinions are admissible. They have to be coherent. If 137

they are not in contradiction among themselves, then they give rise to a convex set. In the 138

second stage, they converge towards a specific point belonging to the same set. From the 139

first stage to the second one, a further hypothesis of an empirical nature appears. Finally, in 140

order to obtain a formulation of a choice problem which is economically satisfactory, it is 141

necessary to consider the notion of utility. 142

1.3. The Expected Return On a Risky Asset Viewed As a Subjective Price: Its Connection With a 143

Particular Investor’s Scale of Preference 144

Given a risky asset denoted by X whose possible values are expressed by I(X) =
{x1, x2, . . . , xn}, with x1 < x2 < . . . < xn, the price of X for a given investor is denoted by
P(X), where P(X) is the expected return on X. It is the prevision or mathematical expec-
tation of X. In the first stage, all the weighted averages of n values given by x1, x2, . . . , xn
are handled. Their number is infinite. They are fair evaluations or estimations of X. They
give rise to a convex set. In the second stage, one of them is chosen based on a further
hypothesis of an empirical nature. Picking up on what Bruno de Finetti said, P(X) is called
the price of X for a given investor (see [17]). This is because P(X) represents the certainty
equivalent to X according to a given individual whenever his or her subjective scale of
preference is a linear utility function. This function is the 45-degree line, whose nature is
cardinal. The size of the utility difference between two different wealth levels has then a
specific meaning. This will be seen by us more in detail in other sections of this paper. We
write

P(X) = x1 p1 + . . . + xn pn, (4)

where we have
0 ≤ pi ≤ 1, (5)

as well as
n

∑
i=1

pi = 1. (6)

In general, we denote by x the certainty equivalent to X with regard to a specific u(x) 145

associated with a given investor, where u(x) is a cardinal utility function living in the 146

Cartesian plane. Since we observe x = P(X) on the subjective investor’s scale of preference, 147

we deal with a risk-neutral investor. In this case, the monetary scale characterizing I(X) = 148
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{x1, x2, . . . , xn} coincides with the one of utility. Among those decisions under uncertainty 149

and riskiness leading to different risky assets, a given investor makes that decision leading 150

to the risky asset with the highest subjective price denoted by P. This is because he or she 151

is only interested in the criterion of mathematical expectation. We note the following: 152

Remark 1. Let X be a random good. Its possible values are given by I(X) = {x1, . . . , xn}. The 153

elements of I(X) are of a monetary nature. The expected return on X coincides with the certainty 154

equivalent to X according to a given individual. It is expressed by P(X). If this happens, then 155

the scale of utility is given by the 45-degree line. Such a scale coincides with the monetary one. 156

Similarly, the certainty equivalent to a unit gain depending on the occurrence of an event denoted 157

by Ei, i = 1, . . . , n, is expressed by P(Ei) = pi, with 0 ≤ pi ≤ 1. It is the probability of Ei for a 158

given individual. The notion of prevision is unique. The symbol P serves for it. In the case of events, 159

the prevision of one of them coincides with the notion of probability. 160

Remark 2. Let |E| be the indicator of E. It is a random quantity. Whenever uncertainty ceases, it
takes 1 according as E is true, whereas it takes 0 according as E is false. Given a finite partition of
mutually exclusive events, we write

X = x1|E1|+ . . . + xn|En|, (7)

where X is a random quantity being bounded from above and below. 161

By definition, any subjective price whatsoever denoted by P is always additive (see
[18]). We write

P(X′
1 + X′′

1 ) = P(X′
1) + P(X′′

1 ), (8)

where X′
1 and X′′

1 are two random goods. Each mass associated with a possible value for X′
1 162

belonging to I(X′
1) = {x′1, x′2, . . . , x′n} is the same as the one associated with a possible value 163

for X′′
1 belonging to I(X′′

1 ) = {x′′1 , x′′2 , . . . , x′′n}. Otherwise, (8) does not work. Whenever P is 164

additive, if one buys a random good denoted by X′
1 at the price P(X′

1) and a random good 165

denoted by X′′
2 at the price P(X′′

2 ), then one buys both of them at the price P(X′
1) + P(X′′

1 ). 166

The purchase of one of them does not affect the desirability of the other. Nevertheless, this 167

is not always true. Additivity property of P is then a simplifying hypothesis with respect 168

to decision-theoretic criteria of an economic nature. Such a hypothesis coincides with the 169

rigidity in the face of risk by a given decision-maker. Anyway, additivity property of P is 170

admissible in problems of an economic nature whenever the monetary sums into account 171

are not too large in relation to the global wealth possessed by a given decision-maker. If the 172

possible values for a random good X are not of a monetary nature, then talking about price 173

is no longer appropriate. P(X) is then the mean value of X. 174

1.4. Other Scales of Preference 175

Let u(x) be a cardinal utility function living in the Cartesian plane. Thus, u(x) can 176

identify a risk-averse investor or a risk-loving one. Let X be a random good. Its possible 177

values are of a monetary nature, so X is a random gain. Given a subjective investor’s scale 178

of preference expressed by u(x), X is preferred to the certain gain denoted by x if and 179

only if x is greater than P(X). This means that we deal with a risk-loving investor, whose 180

cardinal utility function u(x) is a convex utility function. Its slope gets steeper as his or her 181

wealth increases. Given another subjective investor’s scale of preference expressed by u(x), 182

the certain gain denoted by x is preferred to X if and only if x is less than P(X) (see [19]). 183

This means that we deal with a risk-averse investor, whose cardinal utility function u(x) 184

is a concave utility function. Its slope gets flatter as his or her wealth increases. For every 185

individual, in any given choice problem under uncertainty and riskiness, the desirability of 186

a random gain X is included into his or her subjective scale of the certain gains denoted 187

by u(x). This is a necessary condition of all economic decision-making criteria under 188

uncertainty and riskiness (see [20]). 189
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2. Coherence Properties of the Notion of Expected Return On Risky Assets Studied 190

Inside the Budget Set of the Investor 191

Additivity, convexity, and linearity of P are coherence properties of the notion of 192

expected return on risky assets. An evaluation or estimation of a risky asset is fair if and 193

only if P is coherent. Let X1 and X2 be two risky assets. The possible values for X1 are 194

found on the horizontal axis, whereas the possible values for X2 are found on the vertical 195

one. This is because a reduction of dimension happens. We note the following: 196

Remark 3. Let X1 and X2 be two risky assets. Their possible values are finite in number. Since 197

we can write X1 = Y1 − Z1, with Y1 = X1 (X1 ≥ 0) and Z1 = −X1 (X1 ≤ 0), as well as 198

X2 = Y2 − Z2, with Y2 = X2 (X2 ≥ 0) and Z2 = −X2 (X2 ≤ 0), the possible values for Y1 and 199

Z1 are nonnegative. This is because we have Y1 = X1, if X1 > 0 and zero otherwise, as well as 200

Z1 = −X1, if X1 < 0 and zero otherwise. The same is true with regard to Y2 and Z2, where we 201

have X2 = Y2 − Z2. 202

Since it is always possible to handle nonnegative values for X1 and X2, we write

P(aX1) = aP(X1), (9)

as well as
P(aX2) = aP(X2), (10)

where a is any real number. It follows that P is linear. X1 and X2 are two random goods
studied inside the budget set of the investor, so two half-lines are handled. If two perpen-
dicular half-lines are handled, then the space where a given investor chooses his or her best
expected return on risky assets is the same as the one where a given consumer chooses his
or her best consumption bundle. Given X1 = Y1 − Z1 and X2 = Y2 − Z2, we write

P(Y1 − Z1) = P(Y1)− P(Z1) (11)

and
P(Y2 − Z2) = P(Y2)− P(Z2) (12)

because P is additive. The left-hand side of (11) has the same probabilities of the right-hand
one, where the latter contains two summarized probability distributions, P(Y1) and P(Z1).
The left-hand side of (12) has the same probabilities of the right-hand one, where the latter
contains two summarized probability distributions, P(Y2) and P(Z2). Otherwise, (11) and
(12) do not work. We write

inf I(Y1 − Z1) ≤ P(Y1 − Z1) ≤ sup I(Y1 − Z1), (13)

with Y1 − Z1 = X1, and

inf I(Y2 − Z2) ≤ P(Y2 − Z2) ≤ sup I(Y2 − Z2), (14)

with Y2 − Z2 = X2, because P is convex (see [21]). Since P is convex, closed line segments 203

appear (see [22]). This means that admissible expected returns on a risky asset are infinite 204

in number. The length of each closed line segment depends on the range of possibility 205

only. The latter expresses the possible values for a risky asset. All the results of probability 206

theory are consequential to coherence properties. An individual who contradicts a theorem 207

of probability theory is not coherent. P can be both linear and bilinear. If P is bilinear, then 208

a joint distribution of probability is summarized. 209

2.1. An Orthogonal Projection of Joint Expected Returns Onto Two Mutually Perpendicular Axes 210

X1 and X2 are two random goods studied inside the budget set of the investor. In
this paper, X1 and X2 always determine X1 X2, where X1 X2 is a joint random good. This
happens because an event is not a set. With an event, we might all the time continue the
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subdivision. However, we stop when we reach our goal. Hence, we stop when X1 X2 arises.
Given n possible outcomes for each random good, a joint random good denoted by X1 X2
has then n × n = n2 possible alternatives. A subdivision of the notion of event takes place
in this way. Nevertheless, such a subdivision is not final. This is because we need to draw
the budget line, so its horizontal and vertical intercepts have to be determined. This means
that we do not consider n possible outcomes for each random good any more, but we
consider n + 1 possible alternatives. We then focus on different linear spaces over R, where
each of them is provided with a specific dimension. From a linear inequality expressed by

c1 X1 + c2 X2 ≤ c, (15)

it follows that it is possible to write

c1 P(X1) + c2 P(X2) ≤ c, (16)

where (16) represents the budget constraint of the investor. The budget line is given by

c1 P(X1) + c2 P(X2) = c, (17)

where c denotes the total amount of money the investor has to spend. The slope of (17) 211

is expressed by − c1
c2

. Its horizontal intercept is denoted by c
c1

. Its vertical intercept is 212

denoted by c
c2

. We consider I(X1)∪ { c
c1
} and I(X2)∪ { c

c2
}. The values of I(X1)∪ { c

c1
} and 213

I(X2) ∪ { c
c2
} are the components of two (n + 1)-dimensional vectors. They are uniquely 214

expressed as linear combinations of n + 1 basis vectors of En+1. We write I(X1) ∪ { c
c1
} = 215

I∗(X1) and I(X2) ∪ { c
c2
} = I∗(X2). We denote by P the convex set of all coherent expected 216

returns expressed by P connected with two risky assets that are studied inside the budget 217

set of the investor. The number of all coherent expected returns expressed by P is infinite. P 218

is the closed convex hull of I∗(X1)× I∗(X2) (see [23]). I∗(X1)× I∗(X2) with the attribution 219

of masses is a probability space denoted by (Ω, F, P). The set of all possible alternatives is 220

denoted by Ω = I∗(X1)× I∗(X2). We write F = {∅, Ω} to denote an algebra of events. P 221

stands for probability or prevision. The line expressed by (17) is a hyperplane embedded in 222

R×R 1. By definition, P ∈ P is a coherent expected return if and only if (17) never separates 223

any point P ∈ P from I∗(X1)× I∗(X2). Also, (17) does not separate any point P ∈ P from 224

I∗(X1), nor from I∗(X2). If there exist [(n + 1)·(n + 1)] possible values for X1 X2, then X1 225

and X2 are logically independent. Nevertheless, only n2 + 2 out of [(n + 1)·(n + 1)] points 226

are firstly uncertain. Secondly, only n2 out of n2 + 2 points remain possible for a given 227

investor. This means that more recent information and knowledge determine a limitation 228

of expectations. 229

Example 1. X1 and X2 are two random goods studied inside the budget set of the investor. Their
possible values are pure numbers. They belong to the sets I(X1) = {0, 1, 4} on the horizontal axis
and I(X2) = {0, 2, 3} on the vertical one, so we write n = 3. The Cartesian product given by
I(X1)× I(X2) determines 32 = 9 ordered pairs of possible values for a joint random good denoted
by X1 X2. They are: (0, 0), (0, 2), (0, 3), (1, 0), (1, 2), (1, 3), (4, 0), (4, 2), and (4, 3). The point
given by

(sup I(X1), sup I(X2)) = (4, 3)

belongs to the budget line, so its horizontal intercept is expressed by (7, 0), whereas its vertical 230

one is given by (0, 6). The budget set of the investor contains infinite points in number. They are 231

1 We do not consider a linear space over R denoted by En+1, but we consider R. It is itself a linear space. Its
dimension is equal to 1. A reduction of dimension takes place in this way. In fact, there exists a one-to-one
correspondence between a one-dimensional linear subspace of En+1 and a one-dimensional straight line. Two
one-dimensional linear subspaces of En+1 are handled because two random goods are studied inside the
budget set of the investor. Their possible values are found on two straight lines. More specifically, their
possible values are found on two half-lines.
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found between two closed line segments and the budget line. Two closed intervals are treated. This 232

is because coherent previsions of two random goods are established in the first stage. Two closed 233

intervals are two subsets of R. A closed interval from 0 to 7 denoted by [0, 7] is considered on the 234

horizontal axis, whereas a closed interval from 0 to 6 denoted by [0, 6] is considered on the vertical 235

one. We do not handle [(3 + 1)·(3 + 1)] = 16 ordered pairs of possible values for X1 X2. After 236

drawing the budget line, only 32 + 2 = 11 out of 16 points are treated. This means that the points 237

given by (7, 2), (7, 3), (7, 6), (1, 6), and (4, 6) are now impossible. From the following Table 1 238

hhhhhhhhhhhhhhhhrandom good 1
random good 2

0 2 3 Sum

0 p11 p12 p13 p1·
1 p21 p22 p23 p2·
4 p31 p32 p33 p3·
Sum p·1 p·2 p·3 1

, 239

it follows that the possible values for X1 X2 are 32 = 9 only. Given three marginal masses for 240

random good 1 and random good 2, the joint ones can arbitrarily vary. We usually treat n ≥ 10. 241

2.2. A Full Analogy Between Properties Connected With Expected Returns On Risky Assets and 242

the Ones Associated With Well-Behaved Preferences 243

We pass from I(X1) = {x11, . . . , x1n} ∪ { c
c1
} to P(X1) by using n + 1 marginal non- 244

negative masses. P(X1) belongs to a closed line segment containing infinite previsions 245

of X1. This closed line segment is a convex set on the horizontal axis. Possible choices 246

of marginal nonnegative masses are ∞n. With regard to the vertical axis, we pass from 247

I(X2) = {x21, . . . , x2n} ∪ { c
c2
} to P(X2) in the same way. We pass from I∗(X1)× I∗(X2) to 248

P(X1 X2) ≡ (P(X1), P(X2)) by using joint masses. Only one point belonging to P is the 249

one chosen by a given investor in the second stage characterized by a further hypothesis of 250

an empirical nature. Prevision bundles denoted by (P(X1), P(X2)) are the objects that can 251

be chosen by a given investor inside his or her budget set. If (P(X1), P(X2)) ∈ P, then this 252

choice is rational (see [24]). 253

We note the following: 254

Remark 4. The prices denoted by c1 and c2 are formally the two real coefficients of a hyperplane 255

embedded in R×R. Such coefficients identify its negative slope. It is appropriate to consider the 256

possible values for X1, X2, as well as X1 X2 because the budget line is a hyperplane embedded in 257

R×R. 258

A given investor can rank various prevision bundles (see [25]). How he or she sub- 259

jectively ranks all prevision bundles under consideration describes his or her preferences 260

(see [26]). This paper focuses on well-behaved preferences. More of good 1 and good 2 261

is better, so well-behaved preferences are monotonic. Averages are weakly preferred to 262

extremes, so well-behaved preferences are convex. In this paper, revealed preference theory 263

is used. This is because preferences are not directly observable, but it is possible to discover 264

investor’s preferences from observing his or her choice behavior. We consider indifference 265

curves which are lines with the same slope as the budget line. Coherent expected returns 266

on risky assets and well-behaved preferences have formally the same properties. This is 267

established by the following: 268

Theorem 1. Let X1 and X2 be two risky assets which are studied inside the budget set of the 269

investor. Their possible values are expressed by I(X1) = {x11 = 0, . . . , x1n} ∪ { c
c1
} and I(X2) = 270

{x21 = 0, . . . , x2n} ∪ { c
c2
}. All coherent expected returns on X1 X2 are denoted by P(X1 X2). 271

Formal properties of P(X1 X2) are the same as the ones of well-behaved preferences. 272

This theorem has been demonstrated in another paper of mine (see [27]). Indifference
curves can never cross. Given any two prevision bundles belonging to two different
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indifference curves, a given investor can order them as to their Euclidean distance from
the point (0, 0). This distance is measured along the 45-degree line. The distance of P from
O = (0, 0) is given by

2d(O, P) =

√√√√ 2

∑
i=1

P(Xi)2, (18)

where P is a two-dimensional vector expressed by (P(X1), P(X2)). We could also write

P =

(
P(X1)
P(X2)

)
. (19)

The bundles for which a given investor is indifferent to (P(X1), P(X2)) form the indifference
curve. Preferences for perfect substitutes can be imagined inside the budget set of the
investor. The indifference curve intersects the 45-degree line in one point only. In our
approach, the notion of utility has an independent meaning. We found one way given by
(18) based on the Pythagorean theorem to assign utility numbers to objects of decision-
maker choice. We wonder whether it is possible to find an infinite number of ways to do it.
Since we refer ourselves to the notion of distance, we can find an infinite number of ways to
do it. This is because the notion of distance is invariant. An objective way of describing all
the admissible preferences is provided by our approach. Objective conditions of coherence
are established by us. More-preferred bundles have a higher distance from the point O than
less-preferred bundles. The idea of preference is based on the decision-maker’s behavior.
For this reason, preference relations have to be meant as notions of an operational nature.
We write

2d(O, P) = ∥O − P∥ =
√
⟨O − P, O − P⟩′ (20)

with regard to the orthonormal basis denoted by B′
2. We write

2d(O, P) = ∥O − P∥ =
√
⟨O − P, O − P⟩′′ (21)

with regard to the orthonormal basis denoted by B′′
2 . It follows that we observe√

⟨O − P, O − P⟩′ =
√
⟨O − P, O − P⟩′′ (22)

when we pass from an orthonormal basis to another one. Given a specific basis of a linear 273

space over R, every vector of it depends on one and only one set of components. 274

We write
P(X1) =

{
P(X1)[(c1, c2, c)]

}
(23)

and
P(X2) =

{
P(X2)[(c1, c2, c)]

}
(24)

to denote that P(X1) and P(X2) depend on objective and subjective elements (see [28]).
Given (P(X1), P(X2)), a given investor also chooses a summarized element of the Fréchet
class such that P(X1) and P(X2) never vary. Each point of the budget set of the investor is an
element of the Fréchet class (see [29]). With regard to it, there are three paradigmatic cases.
Two of them are extreme cases. The other case is an intermediate one. They correspond to
three specific values that can be taken by the correlation coefficient written in the form

ρX1, X2 =
Cov(X1, X2)

σX1 σX2

. (25)

Such a coefficient is equal to +1 if a perfect direct linear relationship between X1 and X2 275

appears. It is equal to −1 if a perfect inverse linear relationship between X1 and X2 is 276

observed. Finally, if X1 and X2 are independent, then the correlation coefficient is equal to 277

zero. X1 and X2 are uncorrelated. The numerator of (25) contains joint masses of a joint 278
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distribution of probability (see [30]). Such masses identify an element of the Fréchet class if 279

the marginal masses underlying a joint distribution are held fixed. 280

All coherent expected returns on X1 and X2 can also be established by

c1

c1 + c2
P(X1) +

c2

c1 + c2
P(X2) ≤

c
c1 + c2

. (26)

A given investor divides his or her relative wealth given by

c1

c1 + c2
(27)

and c2

c1 + c2
(28)

between the two risky assets into account. We observe

c1

c1 + c2
+

c2

c1 + c2
= 1. (29)

The two real coefficients expressed by c1
c1+c2

and c2
c1+c2

are the two prices of the two random
goods into account. We then pass from (23) and (24) to

P(X1) =
{

P(X1)
[( c1

c1 + c2
,

c2

c1 + c2
,

c
c1 + c2

)]}
(30)

and
P(X2) =

{
P(X2)

[( c1

c1 + c2
,

c2

c1 + c2
,

c
c1 + c2

)]}
(31)

respectively. 281

2.3. Utility Functions Whose Arguments Belong To the Budget Set of the Investor 282

The possible values for each marginal random good studied inside the budget set
of the investor can be transferred on a one-dimensional straight line. A theorem proving
this is contained in another paper of mine which is now under review by an international
journal. The budget set of the investor is a subset of a linear space over R. Let E2 be a linear
space over R. Its dimension is equal to 2. Its structure is Euclidean. The set of all x ∈ E2,
with x1 = P(X1) ≥ 0 and x2 = P(X2) ≥ 0, is expressed by E2

+. The set of all x ∈ E2, with
x1 = P(X1) > 0 and x2 = P(X2) > 0, is expressed by E2

++. All expected returns on joint
risky assets that are chosen by a given investor in the second stage identify a sequence
denoted by

{xk| k = 1, . . . , K}. (32)

For each k, it is possible to write (xk
1, xk

2). For instance, if K = 2, then we observe

(x1
1, x1

2), (x2
1, x2

2). (33)

The budget set of the investor is expressed by E2
+. We handle a collection expressed by U of

utility functions given by
U : E2

+ → R, (34)

where U ∈ U. Each expected return on a joint risky asset is a two-dimensional vector
x ∈ E2

+ obtained from the budget set of the investor expressed by

B(c, c) = {x ∈ E2
+| c · x ≤ c}, (35)

so (35) is the same as (16). Also, c · x is a scalar or inner product. A generic pair denoted by

(x, c) ∈ E2
+ × E2

++ (36)
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shows both an expected return on a joint risky asset and a price vector. A collection of pairs
given by

{(x1, c1), . . . , (xK, cK)} (37)

denotes a dataset 2. Utility functions with an ordinal nature identifying a preference
ordering can be concave or convex or linear. This is because each point of the budget set of
the investor is an element of the Fréchet class. A given investor can be risk averse. Given a
collection U of strictly increasing and concave utility functions, a dataset expressed by (37)
is U-rational if there exists U ∈ U such that we observe, for each k,

xk ∈ argmax {U(x)| x ∈ B(ck, ck · xk)}. (38)

A given investor can be risk lover. Given a collection U′ of strictly increasing and convex
utility functions, a dataset given by (37) is U′-rational if there exists U′ ∈ U′ such that we
observe, for each k,

xk ∈ argmax {U′(x)| x ∈ B(ck, ck · xk)}. (39)

If a given investor is risk neutral, then his or her linear utility function is the 45-degree line.
A dataset expressed by (37) is U′′-rational if there exists one and one only U′′ ∈ U′′ such
that we observe, for each k,

xk ∈ argmax {U′′(x)| x ∈ B(ck, ck · xk)}. (40)

Given x, U′′(x) can always be depicted inside the budget set of the investor unlike U(x) 283

and U′(x). This is because to depict U(x) and U′(x) are necessary three axes instead of 284

two. The budget set of the investor is characterized by two axes only. A given investor 285

maximizes his or her subjective utility associated with each prevision bundle belonging 286

to (37) when and only when his or her choices lie on the budget lines. This is because the 287

distance from the point O of the prevision bundles lying on the budget lines is the highest. 288

In particular, a given investor could maximize his or her subjective utility associated with 289

each prevision bundle when and only when his or her choices lie on the budget lines where 290

the 45-degree line exactly crosses them 3. 291

3. Revealed Expected Returns On Risky Assets 292

With regard to the budget set of the investor, we do not study more than two risky
assets at a time for a reason of a metric nature. Among all points formally admissible in
terms of coherence, the point actually chosen by a given investor is given by (r1, r2) ∈ P,
with r1 = P(X1) and r2 = P(X2). This point intrinsically depends on a further hypothesis
of an empirical nature. However, its distance from O = (0, 0) has to be the highest. The
optimization principle is then satisfied. Given the budget (c1, c2, c), if (r1, r2) represents
an optimal choice for a given investor, then we write

c1 r1 + c2 r2 = c, (41)

2 In our approach, the role of possible outcomes for a random process is essential. With regard to economic
problems under uncertainty and riskiness treated in this paper, such outcomes are directly observed. If
they are not directly observed, then they can always be estimated. If P(X1) is already an element contained
in the dataset given by (37), then it is possible to identify n + 1 possible outcomes belonging to a closed
neighborhood of P(X1) expressed by [P(X1)− ϵ ; P(X1) + ϵ′] on the horizontal axis, where ϵ and ϵ′ are two
small positive quantities. The same is true with regard to a closed neighborhood of P(X2) expressed by
[P(X2)− ϵ ; P(X2) + ϵ′] on the vertical axis. It follows that n + 1 possible outcomes are summarized in such a
way that P(X1) is actually chosen. A nonparametric marginal distribution of mass is accordingly estimated.
Solutions of a linear equation, whose unknowns are probabilities, can be established. The same is true with
regard to n + 1 possible outcomes associated with random good 2. It is not crucial that one of n + 1 possible
outcomes coincides with P(X1). The same is true with regard to P(X2). A nonparametric joint distribution of
mass derives from two marginal distributions of mass. They are all estimated before being summarized.

3 Nevertheless, where the 45-degree line exactly crosses the budget lines it is not always sure that there are
objective alternatives being chosen as prevision bundles in the second stage.
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where the budget line given by (41) is a hyperplane embedded in R×R. Given (c1, c2, c),
a given investor can choose, if he or she wants, the prevision bundle given by (s1, s2),
where we have s1 = P(X1) and s2 = P(X2), with s1 ̸= r1 and s2 ̸= r2, and he or she can
even spend a smaller amount of money. When we say that the investor can choose the
prevision bundle expressed by (s1, s2) at the prices (c1, c2) and income c, we mean that
(s1, s2) satisfies the budget constraint. We then observe

c1 s1 + c2 s2 ≤ c. (42)

Putting together (41) and (42), we write

c1 r1 + c2 r2 ≥ c1 s1 + c2 s2. (43)

In other terms, we state the following principle of revealed expected return: 293

Remark 5. Let (r1, r2) be the chosen prevision bundle by a given investor at the prices (c1, c2), 294

where we have r1 = P(X1) and r2 = P(X2), and let (s1, s2) be another prevision bundle such that 295

it is possible to write c1 r1 + c2 r2 ≥ c1 s1 + c2 s2, where we have s1 = P(X1) and s2 = P(X2), 296

with s1 ̸= r1 and s2 ̸= r2. If a given investor is maximizing his or her subjective utility, then we 297

must have that the r-bundle is strictly preferred to the s-bundle. The distance from the point O of 298

the r-bundle is greater than the one of the s-bundle. 299

If the inequality c1 r1 + c2 r2 ≥ c1 s1 + c2 s2 is satisfied and (s1, s2) is actually a different 300

prevision bundle with respect to (r1, r2), we say that (r1, r2) is directly revealed preferred 301

to (s1, s2) in the sense that (r1, r2) is chosen under uncertainty and riskiness instead of 302

(s1, s2) (see [31]). Its ordinal utility is then greater. All prevision bundles that have been 303

rejected in favor of (r1, r2) are revealed worse than (r1, r2). We state the following weak 304

axiom of revealed expected return: 305

Remark 6. If the r-bundle is directly revealed preferred to the s-bundle, and the two prevision 306

bundles are not the same, then it is not possible that the s-bundle is directly revealed preferred to the 307

r-bundle. 308

Now, we suppose that the prevision bundle expressed by (s1, s2) is chosen at the
prices (d1, d2) and that it is revealed preferred to another prevision bundle given by (t1, t2),
where we have t1 = P(X1) and t2 = P(X2), with t1 ̸= s1 and t2 ̸= s2. We write

d1 s1 + d2 s2 ≥ d1 t1 + d2 t2. (44)

If the r-bundle is strictly preferred to the s-bundle and if the s-bundle is strictly preferred to 309

the t-bundle, then the r-bundle is indirectly revealed preferred to the t-bundle (see [32]). 310

An assumption of transitivity is clearly used. We therefore state the following strong axiom 311

of revealed expected return: 312

Remark 7. If the r-bundle is revealed preferred to the s-bundle (either directly or indirectly) and the 313

s-bundle is different from the r-bundle, then the s-bundle cannot be directly or indirectly revealed 314

preferred to the r-bundle. 315

In general, the budget line changes its negative slope with respect to any pair compar-
ison of risky assets (see [33]). The optimal choice under uncertainty and riskiness being
made by a given investor is that prevision bundle inside his or her budget set which is
found on the highest indifference curve (see [34]). In the first stage, the highest indifference
curve for a given investor coincides with (17). His or her optimal choice under uncertainty
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and riskiness would be any point of the line given by (17). He or she can freely move along
it according to the equality given by

∆P(X2)

∆P(X1)
= − c1

c2
. (45)

If a given investor increases P(X1), then he or she must decrease P(X2) and vice versa in
order to move along (17). In the same Cartesian plane, we consider diagrams identifying
as many lines like the one given by (17) as pair comparisons it is possible to take into
account (see [35]). These diagrams identify as many optimal choices under uncertainty and
riskiness as pair comparisons it is possible to take into account. Given m risky assets, the
number of distinct pair comparisons is given by

Cr
m, 2 =

1
2

m (m + 1). (46)

The number of all pair comparisons is overall equal to m2. It is accordingly possible to 316

study m2 nonparametric joint distributions of mass identifying a multiple random good of 317

order m. It is possible to determine all optimal choices connected with m2 nonparametric 318

joint distributions of mass. Each optimal choice of m2 optimal choices is a two-dimensional 319

point belonging to the budget set of the investor, where such a point corresponds to a 320

bilinear measure obtained by summarizing a nonparametric joint distribution of mass. 321

Given X1 and X2, the optimal choice associated with the ordered pair of risky assets given 322

by (X1, X2) coincides with the two-dimensional point expressed by (P(X1), P(X2)). The 323

latter corresponds to the bilinear measure denoted by P(X1 X2). The prevision bundle 324

being chosen by a given investor inside his or her budget set maximizes his or her subjective 325

utility if and only if it is found on the budget line. This is because its distance from O 326

measured along the 45-degree line is the highest. The budget line contains boundary points, 327

where each of them produces the highest ordinal utility. 328

4. The Monetary Scale and the One of Utility Connected With Two Risky Assets Studied 329

Outside the Budget Set of the Investor 330

In this section, we are not found inside the budget set of the investor. We do not 331

study a joint risky asset, but we separately study two risky assets only. After focusing 332

on the two axes of a two-dimensional Cartesian coordinate system, we take two different 333

scales into account. They are the monetary scale and the one of utility. Given X1 and 334

X2, where the possible values for X1 and X2 identifying I(X1) = {x11, x12, . . . , x1n} and 335

I(X2) = {x21, x22, . . . , x2n} are respectively represented on the horizontal axis and on the 336

vertical one, P(X1) and P(X2) are chosen in the second stage based on a further hypothesis 337

of an empirical nature. P(X1) is chosen with respect to one of the two axes into account. 338

P(X2) is chosen with respect to the other axis. If a given investor is risk neutral, then 339

the monetary scale and the one of utility coincide. We write u(x) = x. The degree of 340

preferability of an uncertain wealth is then inserted into the scale of the sure one. We 341

consider X′
1 and X′′

1 on the horizontal axis of the Cartesian plane. Given P(X′
1) and P(X′′

1 ), 342

with P(X′
1) ̸= P(X′′

1 ), a given investor prefers X′
1 to X′′

1 if P(X′
1) is higher than P(X′′

1 ). He 343

or she prefers X′′
1 to X′

1 if P(X′′
1 ) is higher than P(X′

1). The same is true with regard to P(X′
2) 344

and P(X′′
2 ), where X′

2 and X′′
2 are studied on the vertical axis of the same Cartesian plane. 345

If a given investor is risk averse, then the monetary scale and the one of utility do not 346

coincide. Because of risk aversion, successive increments of equal monetary value have 347

smaller and smaller utility for him or her. In all cases, a risk-averse investor will prefer 348

the certain alternative expressed by x to the uncertain one denoted by M = P(X1) on the 349

horizontal axis and by M = P(X2) on the vertical one. P(X1) and P(X2) are chosen in the 350

second stage based on a further hypothesis of an empirical nature. In the first stage, all fair 351

evaluations or estimations of X1 and X2 are made by a given risk-averse investor. Their 352

number is infinite. They give rise to two convex sets. Cardinal utility is needed to describe 353

choice behavior. A cardinal utility framework is established in the following way: 354
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Remark 8. If a given investor is risk averse, then to arrive at the real indifference with regard to his 355

or her scale of utility he or she would content himself or herself with receiving with certainty an 356

amount of money given by x, which is less than M = P(X1), in exchange for the hypothetical gain 357

given by 2M. Such a gain is an event whose probability is equal to 1/2. Equal levels of utility on 358

the vertical axis are observed in passing from 0 to x and from x to 2M on the horizontal one, where 0 359

expresses the other event of the finite partition of events characterizing every judgment of indifference 360

expressed by a given risk-averse investor. Its probability is equal to 1/2, so 1/2 + 1/2 = 1. The 361

same is true with regard to another risky asset. Its possible values are found on the other axis of the 362

same Cartesian plane. 363

Since equal levels of utility on the vertical axis are observed in passing from 0 to x 364

and from x to 2M on the horizontal one, the notion of cardinal utility is itself a distance 365

as well. In this section, we consider x on the horizontal axis and u(x) on the vertical one 366

with regard to X1, where u(x) is a cardinal utility function identifying a specific attitude 367

towards risk characterizing a given investor. Conversely, we consider x on the vertical axis 368

and u(x) on the horizontal one with regard to X2, where u(x) is the same cardinal utility 369

function identifying the same attitude towards risk associated with the same investor. 370

The two scales coincide whenever we mathematically consider the passage to the limit.
Given a concave utility function denoted by u(x) and identifying a risk-averse investor, if
we write

P(X1) = lim
a→0

(
1
a

)
P∗(aX1), (47)

with respect to a risky asset denoted by X1 whose possible values lie on the horizontal axis,
and

P(X2) = lim
a→0

(
1
a

)
P∗(aX2), (48)

with respect to a risky asset denoted by X2 whose possible values lie on the vertical one, 371

then we say that P is linear and, in particular, additive in the case that the monetary values 372

into account are not too large with regard to his or her global wealth. It is not however 373

appropriate to define P by taking (47) and (48) into account because if a is too small then 374

an evaluation of all probabilities into account loses any reliability. We are interested in 375

showing (47) and (48) because they tell us that the scale of utility associated with a given 376

investor (to which P∗ is referred) approximately coincides with the monetary one (to which 377

P is referred) whenever his or her investment remains within appropriate limits. From (47) 378

and (48), it follows that it is analytically possible to replace the portion of u(x) which is 379

of interest (the smaller it is the better the approximation) with the tangent at the starting 380

point. 381

Given a concave utility function denoted by u(x) and identifying a risk-averse investor,
it is possible to write

x = u−1

{
n

∑
k=1

u(x1k)p1k

}
(49)

with regard to the horizontal axis, where we observe x < P(X1), and

x = u−1

{
n

∑
k=1

u(x2k)p2k

}
(50)

with regard to the vertical one, where we observe x < P(X2). The expected utility (moral
expectation) of X1 is given by

u(x) =
n

∑
k=1

u(x1k)p1k, (51)
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whereas the expected utility (moral expectation) of X2 is given by

u(x) =
n

∑
k=1

u(x2k)p2k. (52)

On the other hand, a fair transaction referred to the monetary scale is such for everyone 382

agreeing on the same evaluation of all probabilities into account, even for the other con- 383

tracting party (such as a bettor with respect to a bookmaker). An indifferent transaction 384

referred to the scale of utility is not such in the case that u(x) varies. Anyway, it cannot be 385

indifferent for a given individual studied together with his or her opponent. It follows that 386

the monetary scale is invariant unlike the investor’s scale of utility (see [36]). In fact, the 387

latter always depends on the global wealth possessed by him or her, his or her temperament, 388

his or her current mood, and some other circumstance. We note the following: 389

Remark 9. The monetary scale is linear and, in particular, additive. The scale of utility is not 390

necessarily linear. A concave utility function identifying a risk-averse investor, as well as a convex 391

utility function identifying a risk-loving one are two scales of utility whose nature is not linear. 392

5. A Utility Function Considered Inside the Budget Set of the Investor In the Case of His 393

or Her Rigidity In the Face of Risk 394

Let X1 and X2 be two risky assets. They are studied inside the budget set of the 395

investor. A joint risky asset then arises. Their possible values are given by I(X1) = 396

{x11 = 0, . . . , x1n} ∪ { c
c1
} and I(X2) = {x21 = 0, . . . , x2n} ∪ { c

c2
}, with x11 < . . . < x1n and 397

x21 < . . . < x2n. A given investor can estimate [(n + 1)·(n + 1)] joint masses in such a 398

way that there is no linear correlation between X1 and X2. It is possible to represent the 399

45-degree line identifying a risk-neutral investor inside his or her budget set. We have 400

x = P(X1) on the horizontal axis, as well as x = P(X2) on the vertical one, so the 45-degree 401

line is a cardinal utility function. We use the following way to assign cardinal utilities: 402

Remark 10. A given risk-neutral investor is faced with two possible cases which he or she judges 403

equally probable. Two equiprobable alternatives are Heads (H) or Tails (T) when a coin is tossed in 404

the air. We then write P(H) = P(T) = 1/2. Since we observe P(H + T) = P(H) + P(T) = 1, 405

H and T are two mutually exclusive events of a finite partition. A given risk-neutral investor 406

is indifferent between receiving with certainty an amount of money denoted by M, or twice this 407

amount if one of the two eventualities denoted by H and T occurs. In other terms, if P(X1) = M, 408

where M is an arbitrary amount of money which is different from 0, then a risk-neutral investor is 409

indifferent between receiving with certainty M or 2M = M + M in the case that T occurs with 410

probability equal to 1/2. It is possible to extend this. It is possible to divide an interval into 4 parts 411

instead of 2, so if P(X1) = 2M, then a risk-neutral investor is indifferent between receiving with 412

certainty 2M or 4M = M + M + M + M in the case that T occurs with probability equal to 1/2. 413

This means that P(X1) = 2M coincides with P(4MT) = 4MP(T) = 4M 1
2 = 2M. It is also 414

possible to divide an interval into 8, 16 parts and so on in order to construct the scale of utility 415

identifying a risk-neutral investor. The same is true with respect to X2, whose possible values are on 416

the vertical axis. It is possible to construct the scale of utility identifying a risk-averse investor by 417

dividing an interval into 4, 8, 16, . . ., parts in a similar way. The same is true with regard to the 418

construction of the scale of utility identifying a risk-loving investor. 419

We write
u(x) = x (53)

to identify the 45-degree line. In particular, the point expressed by (0, 0) is a point of u(x). 420

The scale of utility identifying a risk-neutral investor represents his or her rigidity in the 421

face of risk. Such a rigidity is also admissible whenever it is possible to assume that his 422

or her investment in any two risky assets has an outcome whose effect is not considerable 423

with respect to his or her global wealth. Such an effect does not give origin to remarkable 424
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improvements in his or her situation, nor to heavy losses, so the hypothesis of rigidity 425

in the face of risk is enough realistic within a quite wide range. We always decompose 426

P(X1 X2) into P(X1) and P(X2). Given the convex set containing all expected returns on 427

X1 X2, we have y = x whenever we consider all the certain gains equivalent to X1, whereas 428

all the certain gains equivalent to X2 are recognized by x = y. Two functions expressed 429

by y = x and x = y have the same diagram depicted in the Cartesian plane. We note the 430

following: 431

Remark 11. After observing that the utility function into account intersects the budget line, the
optimal choice being made by a given risk-neutral investor is that point expressed by

(sup I(X1), sup I(X2)) (54)

corresponding to a specific prevision bundle. We orthogonally project such a point onto the two axes 432

of the Cartesian plane. 433

The certainty equivalent to X1 is a point on the horizontal axis. It coincides with the
expected utility of X1 given by

u(x) =
n+1

∑
k=1

u(x1k)p1k =
n+1

∑
k=1

x1k p1k, (55)

where (55) is an additive function identifying a rational behavior associated with a given
risk-neutral investor (see [37], [38]). The certainty equivalent to X2 which is optimally
chosen by a given risk-neutral investor is a point on the vertical axis. It coincides with the
corresponding expected utility of X2 given by

u(x) =
n+1

∑
k=1

u(x2k)p2k =
n+1

∑
k=1

x2k p2k, (56)

where (56) is an additive function identifying a rational behavior associated with a given 434

risk-neutral investor. In the same Cartesian plane, we consider diagrams identifying all 435

intersections of the utility function into account and every line connected with a comparison 436

of any two risky assets. Such lines depict the corresponding budget lines. The optimal 437

choice maximizing the investor’s utility is always a point lying on the budget line crossed 438

by the 45-degree line. Its distance from O is the highest (see [39]). 439

5.1. An Enlargement of the Notion of Moral Expectation 440

Given X1 and X2, the mathematical expectation of X1 is P(X1), whereas the mathemat-
ical expectation of X2 is P(X2). Since X1 and X2 are jointly studied inside the budget set of
the investor, the mathematical expectation of X12 denoted by P(X12) has to be determined.
An extension of the notion of barycenter of masses then appears. We write

P(X12) =

∣∣∣∣P(X1 X1) P(X1 X2)
P(X2 X1) P(X2 X2)

∣∣∣∣, (57)

where (57) is the determinant of a 2 × 2 matrix. Given X1 and X2, it is possible to consider 441

four ordered pairs of risky assets given by (X1, X1), (X1, X2), (X2, X1), and (X2, X2). 442

Four nonparametric joint distributions of probability are considered. With regard to 443

each nonparametric joint distribution of probability, subjective probabilities intrinsically 444

connected with exchangeable or symmetric events are treated. We establish the following: 445

Definition 1. X12 is a multiple good of order 2, whose constitutive elements are X1 and X2. I(X1) 446

and I(X2) are the sets of possible values for X1 and X2 respectively. I(X1) and I(X2) contain pure 447

numbers. 448
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The optimal choice associated with the ordered pair of risky assets given by (X1, X2) 449

coincides with the point expressed by (P(X1), P(X2)) belonging to the budget set of the 450

investor. This point lies on the budget line. It is a boundary point. Such a point corresponds 451

to the bilinear measure denoted by P(X1 X2). The same is true with respect to all other 452

ordered pairs of risky assets. Since a prevision bundle is a list of two numbers, these 453

two numbers can be equal. In particular, this implies that two nonparametric marginal 454

distributions of mass are the same. It follows that P(X1 X1) and P(X2 X2) are always 455

decomposed into two equal linear measures. With regard to P(X1 X1), we observe P(X1) 456

and P(X1). Similarly, with regard to P(X2 X2), we observe P(X2) and P(X2). We note the 457

following: 458

Remark 12. How to establish P(X1 X1) ≡ (P(X1), P(X1)) and P(X2 X2) ≡ (P(X2), P(X2)) is 459

intrinsically different from how to establish P(X1 X2) and P(X2 X1). How to establish P(X1 X1) 460

and P(X2 X2) is constrained unlike how to establish P(X1 X2) and P(X2 X1). How to establish 461

P(X1 X1) and P(X2 X2) is constrained because their corresponding joint masses are fixed being 462

marginal ones. 463

Starting from P(X1 X2), we obtain P(X2 X1), P(X1 X1), and P(X2 X2). It follows that 464

joint and marginal masses never change. 465

Example 2. Concerning Example 1, in addition to Table 1, we handle the following Table 2 466

hhhhhhhhhhhhhhhhrandom good 1
random good 2

0 1 4 Sum

0 p11 p12 p13 p1·
2 p21 p22 p23 p2·
3 p31 p32 p33 p3·
Sum p·1 p·2 p·3 1

, 467

the following Table 3 468

hhhhhhhhhhhhhhhhrandom good 1
random good 2

0 1 4 Sum

0 p11 0 0 p1·
1 0 p22 0 p2·
4 0 0 p33 p3·
Sum p·1 p·2 p·3 1

, 469

and the following Table 4 470

hhhhhhhhhhhhhhhhrandom good 1
random good 2

0 2 3 Sum

0 p11 0 0 p1·
2 0 p22 0 p2·
3 0 0 p33 p3·
Sum p·1 p·2 p·3 1

471

in order to obtain P(X12). Table 1 and Table 2 use the same joint masses. Table 3 and Table 4 use 472

marginal masses only. 473

In general, given m risky assets, after considering m2 intersection points of two straight
lines, m2 optimal choices lie on m2 budget lines. It is possible to study m2 optimal choices
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lying on m2 budget lines in order to obtain an aggregate measure of a multilinear nature.
After considering m2 points, we obtain

P(X12 ... m) =

∣∣∣∣∣∣∣∣∣
P(X1 X1) P(X1 X2) . . . P(X1 Xm)
P(X2 X1) P(X2 X2) . . . P(X2 Xm)

...
...

. . .
...

P(Xm X1) P(Xm X2) . . . P(Xm Xm)

∣∣∣∣∣∣∣∣∣, (58)

where X12 ... m is an m-risky asset portfolio viewed as a multiple random good of order m,
whereas P(X12 ... m) is the expected return on it. Hence, (58) is an aggregate measure of a
multilinear nature. It is obtained by using a multilinear metric. It is a quadratic metric. We
study multilinear relationships between m risky assets through (58), where the latter is the
determinant of a square matrix of order m given by

P(X1 X1) P(X1 X2) . . . P(X1 Xm)
P(X2 X1) P(X2 X2) . . . P(X2 Xm)

...
...

. . .
...

P(Xm X1) P(Xm X2) . . . P(Xm Xm)

. (59)

In general, we have
P(X12 ... m) ̸= P(X1 X2 . . . Xm). (60)

In this subsection, the expected return on X12 ... m coincides with its expected utility (moral
expectation). This is because we use the 45-degree line. The knowledge hypothesis being
made by a given investor is such that any two different risky assets studied inside his or
her budget set are stochastically independent. If another portfolio consisting of m risky
assets is identified with Y12 ... m, then its expected return is expressed by

P(Y12 ... m) =

∣∣∣∣∣∣∣∣∣
P(Y1 Y1) P(Y1 Y2) . . . P(Y1 Ym)
P(Y2 Y1) P(Y2 Y2) . . . P(Y2 Ym)

...
...

. . .
...

P(Ym Y1) P(Ym Y2) . . . P(Ym Ym)

∣∣∣∣∣∣∣∣∣, (61)

where the corresponding matrix is given by
P(Y1 Y1) P(Y1 Y2) . . . P(Y1 Ym)
P(Y2 Y1) P(Y2 Y2) . . . P(Y2 Ym)

...
...

. . .
...

P(Ym Y1) P(Ym Y2) . . . P(Ym Ym)

. (62)

It is possible to observe if we have

P(X12 ... m) ≥ P(Y12 ... m) (63)

or
P(X12 ... m) < P(Y12 ... m), (64)

where the scale used to carry out the comparisons given by (63) and (64) is of a monetary
nature. This is because it is possible to go away from the budget set of the investor whenever
an aggregate measure is studied. It is possible to depict a cardinal utility function u(x)
living in the Cartesian plane outside the budget set of the investor. If we depict it outside
his or her budget set, then P(X12 ... m) is a point belonging to the union of one-dimensional
convex sets. Such sets are found on the horizontal axis. The arithmetical product of two
possible values for two risky assets is considered together with their joint probability on
the horizontal axis. With regard to aggregate measures studied outside the budget set of
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the investor, cardinal utility functions identifying a risk-averse investor or a risk-loving
one can be handled as well. We refer ourselves to the two-dimensional barycenter given by

[P(X12 ... m), P(u(X12 ... m))], (65)

where the moral expectation of X12 ... m is denoted by P(u(X12 ... m)). The latter is a point
belonging to the union of one-dimensional convex sets. Such sets are found on the vertical
axis. The same utility function denoted by u is associated with the arithmetical product of
two possible values for two risky assets on the vertical axis. This product of two values is
always considered together with their joint probability. We write∣∣∣∣∣∣∣∣∣∣

∑n+1
i=1 u(x1i x1i)pii ∑n+1

i=1 ∑n+1
j=1 u(x1i x2j)pij . . . ∑n+1

i=1 ∑n+1
k=1 u(x1i xmk)pik

∑n+1
j=1 ∑n+1

i=1 u(x2j x1i)pji ∑n+1
j=1 u(x2j x2j)pjj . . . ∑n+1

j=1 ∑n+1
k=1 u(x2j xmk)pjk

...
...

. . .
...

∑n+1
k=1 ∑n+1

i=1 u(xmk x1i)pki ∑n+1
k=1 ∑n+1

j=1 u(xmk x2j)pkj . . . ∑n+1
k=1 u(xmk xmk)pkk

∣∣∣∣∣∣∣∣∣∣
(66)

in order to obtain P[(u(X12 ... m))], with P[(u(X12 ... m))] > 0. This is because P[(u(X12 ... m))] 474

is the α-norm of a tensor obtained by calculating the determinant of a square matrix. We 475

note the following: 476

Remark 13. Since we write

x12 ... m = u−1{P[(u(X12 ... m))]}, (67)

x12 ... m is the certain gain which is considered to be equivalent to X12 ... m by a given investor based 477

on his or her cardinal utility function. In particular, by virtue of risk aversion it is possible to 478

observe equal levels in the scale where the investor’s judgments of indifference appear. These equal 479

levels are observed with respect to the vertical axis. Equal levels or distances are vertically observed 480

in passing from 0 to x12 ... m and from x12 ... m to 2M with respect to the horizontal axis, where 481

x12 ... m < M = P(X12 ... m). With respect to the horizontal axis, an interval is divided into two 482

indifferent increments and in the same way it is possible to obtain subdivisions into 4, 8, 16, . . . , 483

parts in order to construct the scale of utility identifying a risk-averse investor. 484

6. Other Aggregate Measures of a Multilinear Nature 485

Given the two marginal distributions of mass identifying P(X1) and P(X2), a given
investor can estimate [(n+ 1)·(n+ 1)] joint masses such that the Bravais-Pearson correlation
coefficient is equal to 0. The correlation coefficient can be written in the following form
expressed by

cos γ =
⟨d1, d2⟩α√

⟨d1, d1⟩α

√
⟨d2, d2⟩α

, (68)

where d1 and d2 are two vectors belonging to En+1 whose components identify all possible
deviations of the possible values for X1 and X2 from P(X1) and P(X2) respectively. The
coefficient given by (68) depends on the size of the angle between d1 and d2 denoted by
γ. The symbol α contained as a subscript in (68) means that joint masses are considered
with respect to the numerator of (68) in order to obtain the covariance of X1 and X2

4. These
masses allow to consider the metric notion of α-product. It is a scalar or inner product.
Marginal masses viewed as particular joint masses are considered with respect to the
denominator of (68) in order to obtain the standard deviation of X1 and X2 respectively.
The covariance of X1 and X2, as well as the standard deviation of X1 and X2 are obtained
by means of α-products. On the other hand, the elements on the right-hand side of (57),

4 It is a measure of the joint variability of X1 and X2. In this paper, it always depends on what a given investor
knows or does not know. This means that the joint variability of X1 and X2 is not standardized.
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(58), and (61) are all α-products. If (68) is equal to 0, then there exists no correlation between
two different risky assets of m risky assets. We also write

Var(X12 ... m) =

∣∣∣∣∣∣∣∣∣
Var(X1) Cov(X1, X2) . . . Cov(X1, Xm)

Cov(X2, X1) Var(X2) . . . Cov(X2, Xm)
...

...
. . .

...
Cov(Xm, X1) Cov(Xm, X2) . . . Var(Xm)

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
⟨d1, d1⟩α ⟨d1, d2⟩α . . . ⟨d1, dm⟩α

⟨d2, d1⟩α ⟨d2, d2⟩α . . . ⟨d2, dm⟩α
...

...
. . .

...
⟨dm, d1⟩α ⟨dm, d2⟩α . . . ⟨dm, dm⟩α

∣∣∣∣∣∣∣∣∣

(69)

in order to obtain the riskiness of an m-risky asset portfolio, where the corresponding
matrix is given by

Var(X1) Cov(X1, X2) . . . Cov(X1, Xm)
Cov(X2, X1) Var(X2) . . . Cov(X2, Xm)

...
...

. . .
...

Cov(Xm, X1) Cov(Xm, X2) . . . Var(Xm)

. (70)

If a Treasury bill that pays a fixed rate of interest regardless of what happens is denoted by
r f , then it is also possible to consider the Sharpe ratio given by

SR =
P(X12 ... m)− r f√

Var(X12 ... m)
, (71)

where P(X12 ... m) and
√

Var(X12 ... m) are two multilinear measures. Within this context, the
standard deviation of the return is a “bad”. We obtain it by means of an approach showing
the subjective nature of the notion of risk (see [40]). We have P(X12 ... m) > r f , so the slope
of the budget line is positive (see [41]). Surveys based on nonparametric distributions of
mass can use data which are observed inside the budget set of the investor (see [42]). Data
which are observed inside the budget set of the investor can vectorially be handled outside
it by taking an appropriate number of dimensions into account (see [43]). Also, it is possible
to consider the following index expressed by

βi =
Cov(ri, rm)

Var(rm)
, (72)

where the return on the stock i is denoted by ri, whereas the expected market return is 486

denoted by rm. The latter can be obtained by using a multilinear measure analogous to (58). 487

7. Conclusions, Discussion, and Future Perspectives 488

Fair evaluations of risky assets being made inside the budget set of the investor are 489

studied by using subjective tools. Since the notion of ordinal utility is a distance, we do not 490

admit that coherence is investigated based on qualitative considerations. We do not admit 491

this thing even if such considerations are made in such a way that they do not contradict 492

basic axioms about investor preference. Given any two prevision bundles, a given investor 493

is coherent if he or she evaluates their distance from the point O. A given investor is 494

coherent if he or she chooses that prevision bundle such that its distance from the point O is 495

greater. In this paper, unique utility indices are used based on quantitative considerations. 496

The point of view that goes back to Daniel Bernoulli is taken into account with respect to 497

the notion of cardinal utility. It is itself a distance as well. The expected return on an m-risky 498

asset portfolio is obtained via an aggregate measure of a multilinear nature. An extension 499

of the notion of barycenter of masses is then treated. The notion of expected utility (moral 500
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expectation) is extended. Rational choices under uncertainty and riskiness are based on 501

objective conditions of coherence. The latter are extended. Our multilinear approach can 502

be extended by studying other types of issues. A stochastic approach to bound choices 503

extending the least-squares model can be shown. Significant issues of statistical inference 504

treated in econometrics can be based on these elements. To study them is useful in order to 505

obtain new results. 506
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