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0.1 Abstract

This manuscript examines Maxwell’s equations, Klein-Gordon equations, and
heat and mass transfer equations in n-dimensional maximally symmetric space-
time. It investigates these equations in spherical and hyperbolic spaces embed-
ded in higher-dimensional Euclidean and Minkowski spaces. The study focuses
on the implications of these geometries and symmetries on the behaviour of
the equations, highlighting how specific transformations and parametrizations
impact their solutions. The findings reveal the underlying connections between
geometric symmetries and physical laws, providing insights into their possible
applications in theoretical physics. We touch upon both classical and quantum
mechanical aspects of density and velocity evolutions with time in the uni-
verse. Quantum mechanical aspects of single and two-particle state evolution
and statistical moments of the matter four-current are derived from the quan-
tum Boltzmann equation and Feynman’s path integral method for fields applied
to gravity interacting with electrons and positrons.

Consider first a three-dimensional maximally symmetric space defined by
the surface equation
2?4y’ + 22+t =S
or equivalently as
r? +u? = 8% r? = 2% +y? 4 22

This surface is a 3-dimensional spherical surface immersed in R*. This surface
is invariant under the linear transformation

r=Rr +bu,u=c'r +du r=(z,y,2)"

on R*, or equivalently, under

()= (&) ()
(&)

T'T =1,

where the matrix

is an orthogonal matrix, ie,

or equivalently,
R'R+cc! =1I3,R"b +cd =0,

b'b+d* =1
These equations are equivalent to
d=(1-b"b)"/2 c = —(1—bTb) /2R,

R'R+ (1 -b'b) 'RTbb'R =15 — — — (a)
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The dimension of the space of linear transformations that leave this 3-D surface
invariant is thus the same as that of the Lie group SO(4) and this dimension
is 6 = (3(3 + 1)/2. Therefore, this surface with the metric induced from the
metric

ds? = da® + dy? + dz* + du® = dr’dr + (du)?

on R? is also invariant under the induced diffeomorphism, ie, under the diffeo-

morphism
r=Rr' + by 52 — 72

where R, b satisfy the constraint (a). Note that this induced metric is given by

di? = drTdr + (d\/S? — r2)?
or equivalently, using polar coordinates,
r =i, i = [n1,n2,n3)7,n3 +ni +ni=1,

so that
ny = cos(p)sin(0),y = sin(¢p)sin(6), z = cos(0),

we get
dr = rdn + dr.n

and hence, since 27n = 1, so that 27dn = 0,
drldr = r2dn™di + dr® =
r2(d0? + sin®(0)d¢?) + dr®

since

di”din = d6? + sin®(0)d¢>
This gives us the metric of our 3-D maximally symmetric space as
di? = dr? + r2(d6* + sin®(0)d¢?) + (dv/ S2 — r2)?
=dr®(1+r?/(S% = %)) + r*(d6> + sin®(0)d¢”)
= S2dr? /(5% — r?) 4 r2(d6* + sin*(0)do?)
or equivalently, changing the radial coordinate to the ”comoving” one r1, where
r=Sry,

we get
di* = S%dri/(1 —r}) + S%r}(d6* + sin*(0)do?)

An alternate parametrization is to choose

r1 = cos(x)



to get
di? = S%(dx® + sin®(x)(d6* + sin*(0)d¢?))

The space with this metric is called a spherical maximally symmetric 3 — D
space. The fact that this metric is invariant under a 6-dimensional Lie group
of transformations is usually addressed by saying that the metric admits six
Killing vectors. Another kind of maximally symmetric space is a hyperbolic
maximally symmetric space defined by the equations

22 4?42 = 82

or equivalently,
ul— 2 — _G2

This space is again a 3-D surface imbedded in R?*, invariant under the linear
transformations of R* defined by

(2)=r()

TJT =T - — — (b)

where T € SO(3,1), i.e.,

with

J = diag[1,1,1, —1]
Actually, this surface has two connected components defined by u = 4+/52 + r2
unlike the spherical case where u = £+/52 — r2 got connected at r = S. Again,

the dimension of the Lie group SO(3, 1) that leaves this surface invariant is six,
and the induced transformation on this 3-D surface is given as

r=Rr' +b

where the R, b again satisfy a constraint determined by (b). As before, this is
a six-parameter family of diffeomorphisms on the 3-D hyperbolic surface that
leaves the metric on the surface invariant, where the metric is that induced by
the metric

ds?® = da? + dy? + dz? — du®

on R* with u = v/r2 — §2. The induced metric on the surface is therefore, using
polar coordinates for x,y, z,

dI? = dr® + r*(d0? + r’sin®(0)d¢?) — r?dr®/(r* — S°)
= S2dr?/(S? — r?) + r3(d6? + sin®(0)dp?)

Since on this surface, r > S, we can change the variables to r = S.cosh(x) to
get the metric in the form

di? = S%(—dx? + cosh*(x)(d0? + sin®(0)d¢?))
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On the other hand, if in the surface equation, we replaced S by S so that the
surface equation becomes
W —r? = g2

then again this surface is invariant under SO(3,1) and the metric induced by
the SO(3,1) invariant metric

ds? = da® + dy?® + dz? — du®
on R* would now be given by
di? = dr? + r2(d6? + sin2(0)d¢?) — (d\/S2 + 12)2
= 5%dr® /(8% + 1)+ r2(d0% + 5in® (0)d¢?)

Now we observe that on this hyperbolic surface, u > S and there is no constraint
on r. Thus, this is a more realistic hyperbolic model for our 3-D space. We can
change the variable

r = S.sinh(x),x >0

to get the metric in the form
di? = S?(dx* + sinh?(x).(d6* + sin®(0)d¢?))

A remark
More generally, suppose that we have an n dimensional surface S imbedded
in an N dimensional space with the metric on the N-dimensional space being
given by
ds* = dy" G(y)dy,y € RY

Suppose that this metric is invariant under the diffeomorphism 7" : RY — RV,
so that
T'(y)"G(T(y)T'(y) = Gly),y € RY

or equivalently,
dT (y)* G(T(y))dT (y) = dy" G(y)dy

Suppose that the surface S is defined by the equation
z=F(z),z € RP,z ¢ RN 7P

Write
y=(z,F(z)),x €RP

for the equation of the surface S as viewed in RY. Then, the metric induced on
S from the metric ds? on RY is given by

di? = (da” ,dF(2)")G(x, F W( e )

= daT H(x)dx



where
H) = (1 P )6l ) it ) o€ R

Note that this relationship between the metric on RY and the induced metric
on S can be expressed equivalently in the form

d< F?x) )TG(w,F(x))d< fo) )
= doT H(x)dx

Note that x parameterises the point on the surface S (which is assumed to be
an open subset of RP) and its coordinates in RY are given by (z, F(z)). Now
suppose, in addition, that T leaves the surface invariant, in the sense that the
points T'(z, F(z)) are again the coordinates of a point on S for any (x, F(z)) in
S. Then, we can write

T(x, F(x)) = (K(z), F(K(z)))
where K is a diffeomorphism on R?. In other words, we can write
T(z,F(z)) = («/,F(2')),2" = K(x)

Then, we claim that this induced metric on S is also invariant under 7', or
equivalently, under K. To see this, we observe that

dzTK' ()T H(K (2))K'(z)dz

() e,
= daT H(z)dx

where in the second last equation, we have used the assumed invariance of the
metric on RY under 7.

This result enables us to construct metrics on manifolds having various kinds
of symmetries by embedding the manifold in a larger manifold having a metric
with a set of symmetries in such a way that the embedded manifold is invariant
under these symmetries and then inducing the metric from the larger manifold
to the embedded one, ensuring thereby, by the above result, that the induced
metric on the embedded manifold will have the same symmetries as the metric
on the larger manifold has.
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Now let C be an n x n real symmetric non-singular matrix with p positive
and ¢ = n — p negative eigenvalues. Then, we can write

C =0DO"
where D is a diagonal matrix with p diagonal entries positive and ¢ diagonal
entries negative, and O is a real orthogonal matrix, i.e., OTO = 00T = —1I,,.
Write

D= diag[)\l, ceey )\p, Ly ey —/J,q]
so that A\; > 0, ; < 0. For x € R", define y € R™ by
y = |D|*?0x

where
|D| = diag[Ah "'7)‘;07.[1“17 "'7#11]

Then we have
zT'Cx =yTJy
where J is the standard SO(p, ¢) metric, i.e.,
J = diag[l,, —1]

Thus, the n dimensional surface S imbedded into R™*! and parametrized by
coordinates x € R™ with the imbedding defined by the equation

2T Cx +u? = 52
can equivalently be parametrized by y with the imbedding defined by
y' Jy +u? = S

When ¢ = 0, this surface becomes an n-sphere, and when ¢ = 1, it becomes a
hyperbolic surface. The metric on this surface is that induced by the SO(p+1, q)
metric on R?*! given by

p n
dszzdyTdeeruz:Zy?JruQ* Z yjz
=1 j=p+1

This induced metric is
di*> = dy" Jdy + (dv/S? —yT Jy)* =
dy" Jdy + (y" Jdy)* /(S = y" Ty)
= dy"(J + Jyy" I/ (S = y" Ty))dy
Note that

P n
Iy => - >
j=1

Jj=p+1



The metric ds?> on R"*! is invariant under the group SO(p + 1,q) and the
induced metric di? on the n-dimensional surface S is invariant under the induced
transformations

y=Ry +bu/,u=cly +du =52 —yTJy

or equivalently, under
y=Ry +b/5%2—yTJy

R b
(5 1)
TTJyT = Jo
with Jo the SO(p + 1, ¢) metric defined by

where

satisfies

Jo = [p, —1,,1] = diag[J, 1]

The metric on the surface S is thus invariant under a dimSO(p + 1,q) =
n(n + 1)/2-parameter family of diffecomorphisms and is therefore a maximally
symmetric space. Let us now study Maxwell’s equations in such a maximally
symmetric space after including a time coordinate. In the special case when
n = 3, as considered at the beginning, the metric is

dr? = dt* — di* = dt* — S(t)2f(r)? — S(t)?r*(d6? + sin*(0)d¢?)

where
fry=1/(1=r?
The coefficients of the metric tensor are thus

goo = 1,g11 = —SQ(t)fQ(T),QQQ = _SZ(t)TQ,ggg = —52(t)7”28i7’l2(9)

so that
V=g = S3O)F(r)rsin(6)

Here, the scale factor S(¢)of the universe is determined by solving the Einstein
field equations with a homogeneous and isotropic energy-momentum tensor

Ti; = (p(t) + p(t))vivy — p(t)gis

The four-velocity field v; will be determined by the fluid dynamical equations
owing to the Bianchi identity satisfied by the Einstein tensor or, equivalently,
by the geodesic equations which turn out to have the comoving solution

U():l,’l}izo,izl,Q,S

so that
Too = p(t), T = Toe =T33 = —p(t), T;; = 0,0 # j
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The field equations give us just two independent ordinary differential equa-
tions in ¢ for the three variables p(t),p(t), S(¢t) with the third equation being
determined by the equation of state p(t) = h(p(t)). These equations in the
radiation-dominated era give a pressure p(t) which corresponds to the isotropic
and homogeneous electromagnetic radiation pressure. To obtain the anisotropic
and inhomogeneous components of the radiation energy density and flux, and
momentum density and flux, we must set up the Maxwell equations in this
metric and derive general solutions. The relevant Maxwell equations are

(F#U\/jg),u = OvFHV = A”V“ o A”’V

These become

(F'/=g) 1 + (F®V=g) 2+ (F®\/=9g) 3
(FV=9) 0+ (F*V=9) 2+ (F'*\/=g) 5 =0,
(F*°V=g)0+ (F*'V=g)1+ (F*\/=g) 3 =0,
(FV=g) 0+ (F*'V=g)1 + (F*\/=g) 2 = 0,

or equivalently, defining the electric and magnetic field components as

0,

E, = For,r =1,2,3,B1 = —Fy3, By = —F31, B3 = Fia,
and noting that
g1/=g =~ fr2sin(6) /S22 = —Srsin(0)/ f,
g*2\/—g = =S frisin(0)/S*r* = —Sfsin(0),
g3/ —g = =83 frisin(0)/S*r?sin®(0) = —Sf/sin(6)
9''g* V=g = sin(0)/Sf,
9%29% /=g = f/Sr’sin(0),
g% 9" /=g =1/5f.sin(0)
we can express these equations as
(Srgsin(H)El/f),l + (Sfsin(0)Es) 2 + (SfEs/sin()) 3 =0,
(Sr?sin(0)E1/ f).0 — (sin(0)Bs/Sf) 2 + (Ba/Sfsin(6)) 5 = 0,
(Sf.sin(0)E2) o0 + (sin(0)Bs/Sf) 1 — (fB1/Sr?sin(0)) s = 0,
(SfE3/sin(0)) o — (Ba/Sfsin(0)) 1+ (fB1/Sr*sin(0)) 2 =0

These equations are to be supplemented with the homogeneous Maxwell equa-
tions that are equivalently a consequence of F,,, = A, ,, — A, .-

Ful/,a +FIJU,M +Fou,u =0



10

and these are
For2 + Fia0 + Fp1 =0,

Foi1,3+ Fizo+ Fz01 =0,
Foo3 + Foz o+ F302 =0,
Fios3+ Faz1+ F312=0

or equivalently,
Ei2—Bsg—FEy1 =0,

Ei3+ By — E31 =0,
Ey3—B1g—E32=0,
Bi1+ By + B33=0

Now consider the special case when the fields E, B are independent of 23 = ¢.
Then, these reduce to

(r?sin(0)E1/f) 1 + (fsin(0)E2) 2 = 0— — — (1)
(Sr?sin(0)Er) 0 — (sin(0)Bs/S) 2 = 0 — — — (2)
(Sf.E2) 0+ (B3/Sf)1=0—-——(3)
(SfEs/sin(0)) o — (B2/Sfsin(0))1 + (fB1/Sr?sin(0)) 2 =0— — — (4)
Ei2—B3g—FE21=0———(5)
By — E31=0———(6)
Bio+E32=0———(7)
Bii+ Bap=0-——(8)

These equations have a solution with
By =0,B,=0,FE3=0

so that the above eight equations reduce to the following equations for (B3, E1, F»):

(r’sin(0)E1 /)1 + (fsin(0)Es) 2 =0—— — (1)
(Sr?sin(0)Er) o — (sin(0)Bs/S) 2 = 0 — — — (2/)
(Sf.-Ea)o+(B3/Sf)a1=0-——(3)
Ei12—Bsog—Ey1 =0———(4)

The first one implies
r2sin(0)Ey/ f = 1.9, fsin(0)Ey = —t1 1
for some function (¢, r,#). The second then implies

(Sfip12)0 — (sin(0)Bs)/S) 2 =0
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or equivalently,
(wal),OQ — (SZ’I’L(Q)B;},/S),Q =0
and therefore,
(Sfv1)0 — sin(0)Bs/S = ta(t,r)
ie, 19 is independent of 6. This gives
Bz = (5/5in(0))((Sf11),0 — 12)

Substituting these expressions for Ey, Fo, B3 into the third equation, gives

—(SvY1) 01 + (S¥1),01 — (W2/f)1 =0
or equivalently,

(¥2/f)a=0
so that
Vot r) = f(r)s(t)
i.e., ¥3 is independent of r, 6. Finally, substituting into the fourth equation
gives us

(fir,2/r2sin(8)) 2 — [(S/5in(0))((Sf1).0 — F3)]0
+(1/)1,1/f.sin(9)),1 = 0
which simplifies to
sin(0)(11,2/sin(0)) 2 — r*[S((S¥1) 0 — ¥3)]0
+(r?/ ) (W11/f)a =0
In particular, taking ¢3(t) = 0 gives us a linear wave equation for 1 (t,r,6):
sin(0)(v1,2/5in(9)) 2 — r*[SE)((S(E)¥1) 0].0
(2 fr) W11/ f(r) 1 =
Use separation of variables to solve this:
Pi(t,r,0) = T(t)R(r)x(0)
Substitution gives
(sin(0)/x(0))(X'(0)/sin(9))’
= r2(SE(SHT®))') /T(t) = (r*/ f(r)R(r) (R (r)/ £ (1))

The LHS is a function of € only, while the RHS is a function of (¢,r) only.
Hence, both sides must equal a constant, say 3:

(X' (6)/sin(0))" — (8/sin(6))x(0) = 0,
(SOSWOT®)))/T(t) = B/r* + (1/f(r)R(r)) (R (r) /[ (1))’

Again, the LHS is a function of ¢ only, while the RHS is a function of r only.
Hence, both sides must equal a constant, say —A:

(SWOSOTO)Y +AT() =0,
P2(R (1) (1)) + F(r) W + B)R(r) = 0
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0.2 The general case when fields depend on all
the space-time coordinates

We define the operations div and curl in the system z° = ¢,2! = r, 2% = 0,23 =

¢ as
divC = C11 + Cra+ Cs3,C = (C1,Ca,C3)

curlC = (Cgﬁg - 02717 C1,3 - C3,1, C2,1 - C’1,2)
and then observe that the equation

(Sr2sin(0)E1/f)1 + (Sfsin(0)Eq) o + (SfEs/sin(f)) s =0,

can be expressed as
divD =0

where
Dy = Sr?sin(0)Ey/ f, Dy = Sfsin(0)Ey, D3 = SfE3/sin(6)
Thus, there is a 3-vector C' such that
D = curlC,

or equivalently,
El = (f/ST’QSZTL(Q))(C&Q — 0273),

EQ = (1/stm(9))(C’173 - 0371),
E3 = (827@(9)/5‘]0)(02,1 - 01’2)
The equations
(Sr2sin(0)Ey/f) .0 — (sin(0)Bs/Sf) 2 + (Bz2/Sfsin(0)) 3 = 0,
(Sf.sin(0)E2) 0 + (sin(0)Bs/Sf) 1 — (fB1/Sr?sin(6)) 3 = 0,
(SfEs/sin(0)) .o — (B2/Sfsin(0)) 1 + (fB1/Sr*sin(d)) .o =0
can now be expressed as, after substituting the above expressions for Ey, Fs, E3,
[C3,0 — sin(0)B3/Sf]2 = [Ca,0 — B2/Sf.sin(0)] 3,
[01,0 — fBl/STQSZ'TL(G)]Q = [0310 — Bgsin(G)/Sf]yl,
[0270 - Bg/stm(ﬁ)]J = [0170 — Blf/S’I“QSin(Q)LQ
The first implies the existence of a function (¢, r, 8, ¢) such that
C3,0 — sin(0)B3/Sf = 1 3,

0270 — Bg/stm(Q) = w1,2
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The second therefore implies
[C1.0 — fB1/Sr?sin(0) — ¢1.1]3 =0
and hence there is a function (¢, 7, 0) independent of ¢ such that
Cipo— fB1/Sr*sin(6) — P11 =1 —— —(a)
Likewise, the third implies
[Cro — B1f/Sr?sin(0) — ¢11]2 =0
and hence the existence of a function v¥5(¢, 7, ¢) independent of 6 such that
Chro — Bif/Sr?sin(6) — 111 = 3 — — — (b)
It follows, therefore, from (a) and (b) that
Ua(t,r,0) = ¢s(t,r, @) = a(t,7)

is independent of both 6 and ¢. Denoting v (¢, 7, 0, d))—l—for Yo (t, r)dr by 1 (t, 7,0, ),
it follows, therefore, from the above equations that the magnetic field compo-
nents can be expressed as

By = (Sr?sin(0)/£)(C1.0 — 11 1]
By = Sfsin(0)(Cao — 1,2),
Bz = (Sf/sin(0))(Cs,0 — ¥1,3)

Substituting for the electric and magnetic field components into the homoge-
neous Maxwell equations

Ei9—DB3g—FEy; =0,
Ei3+Byo—E31 =0,
Ey3—DBig—E32=0,
Bi1+ B2+ B33=0

their expressions obtained above in terms of Cy,Cs, C3, 11 then give us

0.3 Some general remarks about electromagnetic
wave equations in a diagonal metric

Consider a metric of space-time for which g, = 0,1+ # v. The Maxwell equa-
tions in such a metric are

> ("9 N =9F ) » =0,

v



14

Fuo=A4,,—A..
The covariant Lorentz gauge condition (A*/—g) ,, = 0 now reads

Z(gyy\/ngu),V =0

v

0.4 Alternate analysis of the Maxwell equations
in any diagonal metric

An alternate way of analysing the propagation of electromagnetic waves in the
absence of sources in any diagonal metric is to start with the Maxwell equations

(F"'V=9) v =0, Fuvo + Foop + Fopy =0
and to write
E=((E)) = (For)), B = ((Br)) = —(Fas3, Fs1, Fi2)
and to note that we can write
((Fv/=g)) = G.E,

where G is a 3 X 3 diagonal matrix whose components are functions of z* with
0_
r’ =t and
—\/jg(F23,F31,F12))T — K.B

where K is another 3 x 3 diagonal matrix whose entries are functions of #* and
then note that the Maxwell equations (F*/—g), = 0 can be expressed as

div(G.E) =0, curl(K.B) = —0,(G.E),
and the Maxwell equations F},, s + Fuop + Fopy =0 as
div(B) = 0,curlE4+ 0B =0
Thus, there exists a 3-vector field C' and a scalar field V' such that
E=G lewrlC,B=K'.(-0,C+VV)

which satisfy
div[K~'.(-=0,C +VV)] =0,
curl[G~t.curlO] + 0 [K'.(=0,C +VV)] =0

We write

K= K1(S(t),r,0) = diag[ky, k2, kg],G_l = G1(S(t),r,0) = diaglg1, g2, 93]
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where
9; = gj(S(t)7r70)7kj = kj(S(t)vra 9)
Then, the above equations are in component form, the same as

> (=(k;Cjo).j + (V) ) =0,

> [elsri)(gie(Ghm)Con )
mkjr
+(ks(=Cs0+Vs))0o=0

Note that we can change C' to C' = C+Vyx and V to V' = V —x ¢ for any scalar
field x without affecting the values of E, B. This is analogous to the Lorentz
gauge transformation in special relativistic electrodynamics.

Remark: We can, for example, choose x so that the following generalization
form of the Coulomb gauge holds:

> (k;C)) ;=0

j
holds, or equivalently, renaming C" as C and V' as V,
> (kCj) ;=0
J
Then, the first equation above becomes

> (kiV) )+ Y (kioCy) ;=0

J J

Now, observe that
gje(srj)e(jkm)

= g5le(sr3)[(6(sk)o(rm) — 6(sm)o(rk))

So
> lelsri)l(gse(ikm)Con k)

mkjr
=D le(s74)|(95(Crs = Cor)) v
Jr
and hence the second equation can be expressed as

Z |€(57j)‘(gj(cr,s - Cs,r)),r + (kS(_Cs,O + V75))70 =0
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Note that if the g;-s were all one, as would be in the case of cartesian coordinates
in flat space-time, then we would get the usual formula

Z le(sr5)[(9;(Crs = Cs.r))

= Z le(smi)[((Crys — Csyr))
Jr
For s = 1, this evaluates to
6(123)(0271 — 01,2)’2 + |6(132)|(Cg’1 - Cl$3),3

=(Cy1—Cr12)2+(C31—C13)3
=(C11—C11)1+(Cap —C12) 2+ (C51—C13)3
= (divC) 1 — V24

as expected.
We rewrite the basic equations now:

Z le(s79)[(95(Crs = Cs.p) e + (ks(=Cs0 + Vi5)) 0 =0

> (=(k;Cj0)5 + (k;V5)5) =0
J
Note that |e(srj)| is one if all the three indices s,r,j are distinct and is zero
otherwise.

0.5 Analysis of Maxwell’s equations in a diago-
nal metric based on electric scalar and mag-
netic vector potentials

Defining

E = ((For)), B = —(Fb3, F31, F12),
and writing
(F"V=9)) = ((¢9""V=gFo,)) = G.E,
7(F23,F31,F12)T — K.B

where G, K are diagonal matrices, we obtain from the curved space-time Maxwell
equations

divB =0, curlE + 0;B = 0,div(G.E) = 0, curl(K.B) = —0:(G.E)
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where
G=((g"V=9),K = (¢°°¢"V=39,9"9""V=3,9"" ¢"*V=9)
so that
b= CUTZA’ E=-VV - atA’ A= ((7‘47‘))3 V= AO
and

curl(K.curlA)) — 0,(G.(VV + §;A)) = 0, div(G.(VV + 0;A)) =0

In case the medium carries a charge density rho and current density J =
((=J»)), then the generalization would be

curl(K.curlA) — 0,(G.(VV + 0, A)) = —G.J,
div(G.(VV + 0;A)) = p/—g
We require to supplement these with the general relativistic form of the Lorentz

gauge condition:
Z(QWV —9A4u).u =0
m

or equivalently, assuming gog = 1, as in the case of the Robertson-Walker metric,
h(vV—gV) —div(G.A) =0

Then, the above equation for V' reduces to

div(G.VV) + 02(v/—gV) — div((0:G).A) = pv/—g

Note that the charge conservation condition can be expressed as

(JM V _g),,u = 07
or equivalently, since the metric is diagonal, as

O(pV=g) — div(G.J) =0

Remark: In the previous analysis, we had used G.FE = curlC,K.B — C = V.
This method would fail if there are sources of charge and current.
Making this choice of gauge, the differential equation satisfied by A is given
by
t
curl(K.curlA) — at(G.(V((fg)fl/Q/ G.Adt) + 0;A)) = —-G.J
0
Note that the first component of curl(K.curlA) is

—(K3(A21 — A12)) 2 + (Ka(A13 — A31) 3+ (Gig' (A1 — A1)

and likewise for the other components. This first component can be expressed
as
(9" Ga.A12) 2 + (9" G341 3) 3+ (" G1A11) 1
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—(K3A21) 2 — (K2A31) 3 — (G1g" A11) 1
= (¢"G2.A12) 2+ ("' G3A13) 3+ (¢"'G1A11) 1
—(G29"" A21) 2 — (G39"" A31) 3 — (G1g" A11) 1
= (¢"G2.A12) 2+ ("' G3A13) 5+ (¢""G1A11) 1
—(Gog't Ag) 12 — (G3g" A3) 13 — (G1g™ A1) 11
+((G29™) 1 42) 2 + ((Gsg™) 343) 1 + ((Grg™) 1 A1) 1
The first component of 9;(G.(VV + 0;A)) is given by
90(G1(Vi1 + A1)

=(G1V) 01 —(G1,1V) 0+ (G1410)0

Now suppose instead that we impose the gauge condition
div(G.0tA) =0 — — — ()

This equation is the analogue of the Coulomb gauge condition. In this case, the
equation for V simplifies drastically to

div(G.VV) = p\/—g

Since we are assuming the Robertson-Walker metric, we have

G =((g""v=g) = =St)(+*sin(0)/ f(r), f.sin(0), f (r)/sin(0))
= —S(t)h(r,0)

where h= h(r, ) is independent of ¢, ¢. Also recalling that \/—g = S fr2sin(0),
we get

V(h(r,p)VV (t,r,0,0)) = —p(t,r,0,8).5%(t)f(r)r’sin(6)

It follows from this equation that V' (¢,7,6, ¢) can be expressed in the form

Vit,r,0,) = S°(1) / Lir,0,80+",0', &' )olt, r,0,6)drdodo

ie V is a matter field, in the language of quantum field theory. Its value at time
t at any spatial location is a function of only the matter density over space at
that time t. In particular, if p = 0, the solution will be V' = 0. So assuming
that there is no charge distribution in space, we can assume that V = 0. In
other words, the electromagnetic field in space-time in an evolving Robertson-
Walker space-time, ie, in an expanding universe, is given by the magnetic vector
potential only, which satisfies the wave equation

curl(K.curlA) — 0,(G.0tA)) = —G.J — — — (¢)
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Note that the charge conservation condition with p = 0 assumed reads div(G.J) =
0 and this equation is consistent with (¢) and our choice of the gauge. In par-
ticular, if in addition, J = 0, i.e., there are no charges and currents, then using
the above gauge, A satisfies the wave equation

curl(K.curlA) — 0;(G.0:A)) =0 — —(B)
and the electric and magnetic fields are given by
E - ((FOT - —8,5A,

B = curlA = —(Fb3, F51, F12)

Once we have solved for A and hence E,B, we can calculate the energy-
momentum tensor of the electromagnetic field as

Sy = (—1/4)gu F*P Fop + Fuu FS

with
FPF =Y g* g F2,
af

and
Fp,aFya = ZgaaFuaFuoz

where the metric tensor components are those of the RW metric and Fi,g1 have
components given by the electric and magnetic fields thus solved for. We are
usually interested in the case when the initial electric and magnetic fields had
a certain spatial statistical correlation function, i.e., < Fag(t,r)F..,(t',r") >
was given to us at ¢ = ¢’ = 0 at all ,7’ and then we wish to compute this
correlation function for all times ¢, ¢ at all r,7’. We now outline the procedure
for performing this calculation.

0.6 Maxwell’s equations in a maximally sym-
metric space-time

Now assume that we have an n + 1-dimensional space-time, with one time di-
mension and n space dimensions with a maximally symmetric metric

dr? = dt* — S*(t) f2(r)dr?® — S%(t)r?dQ?

where we write the spatial vector as

z=ra,nln=1
so that
dz = driv+ rdn, 2T dn = 0, dnT di = dQ?
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and the spatial line element becomes
di? = da” da+(d/S? — 12)? = dr?r2d024dr? [ (S2—1r2) = S2dr? (S —r?) +r2d0?
and replacing r by Sr, this becomes

di? = S? f2dr? + S*r2dQ%, f* = 1/(1 —r?),

We can parametrize # by n — 1 independent angles z2, ..., 2™ so that dw? has a
diagonal form

dQ? = Z k(@2 ..., z™)(dz")?
k=2
Then, as before, we define the electromagnetic field tensor components
FOT‘ - Ak,O - AO,k; k= 17 2a ceey 1

st = As,k — Akys,k,s = 1,2, )

Maxwell’s equations become

SO (FO% =) = 0,

k>1

(F™V/=g)0+ D _(F"™/=g) x = 0.m =1,2,..n

k>1

or equivalently, since the metric is diagonal with
goo = 17.911 = _Sg(t)f2<r)7gkk = —Sz(t)erk(l’Za "'axn)a k= 2,3,...m
so that assuming n is odd,

VTG = SO (@, ™) X = T

We can express the Maxwell equations as

(gmm\/jg(AO’m_Am,O),O'i_Z(gmmgkk\/jg(Ak,m_Am,k)),k = 07 m = 17 27 w1

k>1

> (9" V=g(Ako — Aox)) k=0

k>1

We choose our gauge condition as earlier to be the generalization of the Coulomb
gauge:

> (6" V=9 4k0) 6 =0

E>1
and then the Maxwell equations simplify to

Z(gkk\/jg)Ao,k),k =0,

k>1
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(9" V=9(Aom = Amo)o + D (9" 9V =9( Ak — Ami)) i = 0,

E>1

We can write

g/ =g = —S" 2 (xt, ™) 2t =

and
gmmgkk\/j — S”_4ymk(;ﬂ17 ,,_,,’L‘n>7k’7m =1,2,...,n,

where
m = r"flx(xQ, ez f(r),

e = f(r)r"3x(az?, ...,x”)/Xk(xQ, wnx™) k=23, ...n
Vi = nk/f2,k =2,3,...,n,
VUmk = nk/TQXm = f’rn75X/Xka72 <m<k<n

The Maxwell equation

> (¥ V=9)Aox) k =0,

k>1

for the scalar potential, derived above by assuming generalization of the Coulomb
gauge, can be expressed as

> (kAok) k=0

E>1
which is a purely spatial equation and hence has a unique solution
AO =0

Thus, the equations in this gauge satisfied by the vector potential components
Ak, k > 1 are given by

0"V Am0) 0+ 30" (A — A i) = 0m = 1,2,
k>1

or equivalently,

N (S™72(t). A o).0 + S" A1) Z(mG(Ak,m —Amk)) =0

k>1

We can solve this using separation of variables: Writing
Am(t,z) = T(t) Rin ()

we get
(S"2(OT' (1)) /S" T (1) = A,

A (2) B () + > (Ve (2) (R () = Ry () 6 = 0,m = 1,2, ...,
k>1
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for some constant A. Superposition over all possible values of A then completes
the solution. Note that here,

with 0 < r < 1. This completes our discussion of the solution of the Maxwell
equations in a spherically maximally symmetric space-time. We then proceed
to a discussion of the same problem in general elliptic-hyperbolic space-times.

0.7 Magneto-hydro-dynamics in an n+1 dimen-
sional maximally symmetric space-time

The basic Einstein field equations in the presence of a fluid field and an electro-
magnetic field are

RHV - (I/Q)Rgul/ = K[(,O +p)vuvu _pgul/ + S},Ll/)
where K = —87G/c? and
Sy = (—1/4)F*PFopg, + FuaFS

We assume that the metric of space-time is the RW metric in n + 1-dimensional
space-time and is unaffected by the matter fluid perturbations around the ho-
mogeneous and isotropic field and electromagnetic field. This is the zeroth order
of approximation. In other words, if this unperturbed metric is denoted by g%,
then the corresponding Einstein field equations are given by

RY, - (1/2)R%, = KT,

mz pv

where
7., = (po(t) + p(t))vhvy — po(t)gp,

so that S(t), p(t), p(t) satisfy the standard unperturbed Einstein field equations
for these three functions of time. The perturbations. Note that by the comoving
nature of the RW metric, as seen from the associated geodesic equations, we
have

v =0,i=1,2,3,0] =1

Inhomogeneous and anisotropic perturbations to these quantities involve den-
sity and velocity perturbations as well as the presence of an inhomogeneous and
anisotropic electromagnetic field. We denote the velocity perturbations by dv,,
the density perturbations by dp and the pressure perturbations by dp. These per-
turbations are all functions of ¢, x where = denotes the spatial coordinates. The
perturbed equations, after taking into account a — [ J*A,\/—gd" 'z, where

JH =0 F*y,
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with o being the medium conductivity, are
(F*\/=g), + 0. F*v ,\/—g =0,
((p+p)v*v”). — g"'p,, = F*'J,
=oF"Flv,

Note that vg = 1 + dvg, v, = dv,- because the unperturbed velocity is comoving
w.r.t. the RW metric. Also, dvg is of the quadratic order of smallness in dv,
because

(1+ 60°) —&—Zgw =

We shall assume that v, is small, i.e., much smaller than the electromagnetic
field, so that quadratic terms in the v, can be neglected, but bilinear terms in v,
and the electromagnetic field cannot be neglected. In order to obtain the MHD
effects, we shall also not neglect terms that are quadratic in the electromagnetic
fields and linear in v,, i.e., a special sort of trilinear term.

This assumption is based on the hypothesis that we are in the radiation-
dominated era. In the transition phase between the radiation-dominated era and
the matter-dominated era in the expansion of the universe, we cannot neglect
quadratic terms in the v,. We shall set up the MHD equations in both of these
eras.

Then, we get from the above

((p+p)v")wv" + (p+ p)v"vl, — g"'py
=oF"Ffv,
Multiplying both sides by v, gives us
((p + p)vy):y - pWUV = O'FHVFDp’UpUN

The term on the rhs can be neglected, because it is of second degree in the v]s
and also of second degree in the electromagnetic field. Thus, we get

(p+p)v" vt — g"'p, + p o 0" = —aFH FPu,
Consider first the case when p = 0. We have
v = v ot ry.v" =0

since v° is one plus a quadratic term in v" and hence can be neglected and

'Y, = 0 for the RW metric. Likewise,
W% = o0+ T,0° = 2,0

since v° is again one plus a term that is quadratic in v". Also

_gOup’V +p,VUVUO = p,rvr
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upto the required order. Thus, we get the fluid energy equation:
pu" = aF (F? + Ffvy)

Note that if we also take into account quadratic terms in the v", then the energy
equation would become

(p+ )G +prv" +po(’ — 1) = —oFU(F) + Fiv,)

If we neglect the pressure, then this equation approximates the energy equation
for the fluid as we learn in non-relativistic fluid dynamics:

p.0x0° = E.J,J =0(E+vx B)

Now, consider the MHD equation for p = r: Again neglecting quadratic terms
in v,, we get

(p+p) (v +205,0") =g pr+po(v" —1) = —o(FOFgvs + F'™ F), + F' F}v,)
Note that
e, =1/2)g""grro=25"/S,r=1,2,3

This is the general relativistic analogue of the Lorentz equation in non-relativistic
linearized hydrodynamics of a conducting fluid:

p.Oww=—-Vp+JxB,J=0(E+vx B)

If further, we take quadratic terms in v, into account in the kinetic term as well
as in the pressure term, then we obtain

(p+p) (Vg + T 0" +07, 0%+ (Do 4T 005 ) g™ 4 o (07 1) = —0 (FT o+ F™™ EY 4+ ™ Fiy,)

Note that
ISk =2 Z I ook + Z " (v%)?
k#r s

for the RW metric.

0.8 Some general remarks on the Einstein-Maxwell-
Klein-Gordon-Dirac equations in a maximally
symmetric space

Consider a maximally symmetric space of dimension n defined by the equation

n+1

Z(Ii)Q _ SQ

i=1
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The line element on this surface is

n+1 n

di2 = Z(dxi)Q’zn+l _ (S2 - Z(:Z?i)Z)l/Z

i=1 i=1

Thus, writing

and
' =rn;,n; =1,2,...n

so that
n
S
i=1
(and therefore Y. | n;dn; = 0) we have
det = drn; +rdn;, i =1,2,..,n

and hence,
n

z:(daci)2 =dr?+1r? Z(dni)Q
i=1 i=1

This gives
di* = dr*/(S* — r?) + dr® +r? Z:(dni)2

i=1
= S2%dr?/(S? — r?) + r? 2:(dni)2
i=1
Replacing r by Sr, we get
di” = S%dr? /(1 = r?) + Sr Y " (dn;)?
i=1

For example, if n = 3, we can write
ny = cos(f1)sin(02),na = sin(by)sin(bz), n3 = cos(62),
giving
dn? + dn3 + dn3 = dO3 + sin*(0,)d6?
If n =4, then
ny = sin(fs)cos(02)sin(bs2), ne = sin(03)sin(b1)sin(02), ng = sin(fs)cos(02),ny = cos(63)
giving
4

> dn? = db3 + sin®(03)(d63 + sin®(61)d63)

=1
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In general, n > 3, we can write, after appropriate parametrizations of the n}s,
in terms of angles, just as we do on 52,

n

2 _
E dn; =
i=1

dO2_ +sin®(0,—1d02_5+5in?(0p—1)sin® (Op—2)d02 _s+...+ (T2} o1 8102 (0) )04+ (IT L sin®(0,,))d0
1

= (H%;lkﬂsinz(@m))d@,%

1

n

£
I

where the coefficient TI"_! sin?(6,,) is to be interpreted as 1. Thus, denoting
0 by ¢t k=1,2,..,n — 1, and r by ', our metric can be expressed as

12 = S%dr? /(1 — r?) + §%r? ZXk gt

n—1

= 5%(dz')?/(1 — (21)?) + 8%(2")? Y xu(w)(da™ )2

k=1
= 5%(dx")?/(1 — (z1)2) + S2(x Zxk 1
where
Xk(x):xk(:c2,..., " =10" k+1sm (me)

=117 yosin®(a™) = xp (=¥ 2, 2"), k= 1,2,3,..,n — 1

Now we compute the Christoffel connection symbols in the space-time metric

n—1
dr® = dt* — dI* = dt* — S(t)*f(r)%dr® — S()* > x(z)(da*T1)?
k=1
so that
goo = 1,911 = —SZfQ,gkk = —ngk,/{; =2.3,...n
where

=1 =1/0-r7%
Remark, defining r = sin(fy) = sin(x'), we can equivalently express this
metric as

dr? = dt* — S(t)*(dz*)? — 25in? ZXk 1(

or equivalently,

n

dr? = dt? — S%(t)(dz")? — S(t)? Z sin®(z') (I 1y sin®(2™)) (dz*)?
k=2
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Now define the following permutation of coordinates:
yl = xlyyk = xn+2_k,k = 2,3, ey

Then, we can write

dr® = di® — 5(1)(dy Zsm Iy sin® (") (dy™ 24

= dt? — S*(dy") S2Zsm DI Fsin? (y™)) (dy™ 2 k)2

— di? — S2(dy1)2 _ g2 Z(Hn+1 kSZTL (ym))(dyn+27k)2
k=2

n

= dt* — S*(dy')® - $* Y (I sin’(y™)) (dy"*)?
k=2

n

—di? — 573 (I, sin? (™) (dy)?

k=1
We now rename y* as ¥, k = 1,2, ...,n so that the metric is

dr? = dt* — §? Z(Hk 2 sin? (™)) (dz*)?

k=1

= dt? = %) p(a)(da")?
k=1

where
ne(x) = IF L sin(2™) = me(2t, .2, k= 1,2, ....n

where 71 (z) = 1 is understood. Our metric is thus given by

goo = 17gkk = _SQ(t)nk(x)vk = 1727"'7nvgul/ = Ohu 7é v

We write
log(sin(z™)) = fm(x) = frm(2™),m=1,2,..,n
and
gm(z) = cot(z™) = fmﬂn(x)

Note that

k-1

log(nk) =2 Z log(sin(z™)) = 2 Z fm(x
m=1

and therefore,
(loggkk) rs = 0,7 # 5,78 =1,2,...,n
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and the only non-zero Christoffel symbols are
T6e = Do = (loggkr),0/2 = Xk (@) /204 (),
TP = —grk0/2 = SS'nk,
For 1 <m <k <n,
Frnk - Fllzm = (loggkk),m/z = 77k,m/277k = gm(l‘), 1 <m< k < n,
Kk = —9"" Gkk,m/2 = —Mm/20m = = fm/m, 1 <m <k <n,
We then compute the Ricci tensor: For k,m > 1,
R Fka m km ,Q karaﬂ + Fgﬁr
- sz m ka ,0 Fim P FO FST
S S AT B S N B
+17.T5

kst mp

It is easily verified that
Rim =0,k #£=m,k,m > 1

because the metric is diagonal, i.e.,

dr® = dt* + Y gen(x)(da*)’
k=1

with
(loggkk) km = 0,k >m > 1

and
(10gGmm) . = 0,k >m > 1

Further, for £ =1,2,...,n, we have
Rkk = Fga,k - ng,a - ngrgﬁ + Fgﬁl—‘ga

= sz k Fkk 0 —Thk P -1} Kkl 0s
—IP, T,
0 k k
A0, TR + Y () )2 +2) Th 17,
P p#k

Now,
T2k 0 = —gkk00/2,

Zrkp k= Z 109(gpp) ki /2 = (N — E) fr . = (n = k) grar = (0 — k)gy,

p>k
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Zrkk,p Z(gppgkk,p),p/Q

p<k

ngkrgs = Z(_1/4)gkk,ogssgss,0 = Z(_S//Qs)gkk,o =S5

S

=nSS'n
ZFP Do = (=1/4) Y (9" 9" Gk pGss.

p;s

~1/2)> 9" grkpf;

s>p

Ik = (=1/4)gkk.0(loggrk) o
= *gkhQS//QS = SS/T]k

> (%)% =D ((ogg).)® =D (F)* = (n = k)(f1)*

P p p>k
> TiTh
p#k
= (=1/4) ) "(loggir) pg" gkkp = (=1/2) > £l 9" gkt p
p<k p<k

Finally,
Ry = FOpO + I FOQ

= (1/2)(loggpp) 00 + > _(TF,)° =

P P
(8'/8) +n(s'/8)* = (n—1)(5'/S)* - §"/8
The Einstein field equations are
R;w = K(T;w - Tg,uV/Q) = KS[LU
where

T;w = (;0 +p)vuvu — P9uv

with v, being comoving, ie, vy = 0,k = 1,2, ..., n because it satisfies the geodesic
equation
dv® jdr + Tk =0, =1,Tk, =0

We compute
T=guI"=p+p—(n+t1l)p=p—np

so that

Soo =Too —Tgoo/2=p+p—p—(p—np)/2 = (p+np)/2
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The matter conservation equation: The Bianchi identity for the Einstein tensor
implies the momentum conservation equation

T =0

which gives

or
((p+p)v")w + (p+p)ovl, —pH =0
so that
((p+p)v"): —po=0
or
((p+p)vV=9)0—povV—9=0
or
(PV=9).0+p(v/=9)0=0
Writing

g=—5""x%x = (I_ xx)"/?
since the number n of space dimensions is assumed to be odd, we get
V=g=5"x
and hence the above matter conservation equation reduces to
(pS™) +p(S") =0

Note that we are assuming p, p to be functions of only ¢.

0.8.1 The KG equation in an n-dimensional maximally
symmetric space

The metric is N
dr® = dt* — S(t)* > xk(x)(da®)?,
k=1
where
xr(x) =118 _ sin®(2™), k=1,2,....,n
(0" b uV=9) 0 +m*V=gp =0
Writing
Iy xk (@) = x(2)%,
we have, assuming n odd (i.e., an odd number of space dimensions),

V=5 = S"(B)x(@),
gkk\/jg = _Sn_ZX(x)/Xk(x)a k=12 ..n
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9%°V=9=+v=g=5"(t)x(z)

so the KG equation becomes
n
X(S"0).0 = S (XGk/ Xk k
k=1

+m2S"x.0 =0
Or separating variables,
¢(t7 :17) = T(t)R(x)a
(S™ ()T (1)) /™2 (OT () + m*S>(t) = x(2) " R(x) ™" > (x(@) R (@) /xx(x))
k=1
Both sides must equal a constant A:
S2)T" () +nS(t)S" ()T’ (t) + (m2S?(t) — N)T(t) =0
and

3 (@) R (@) /xa (@) & — Ax(@)R(z) = 0

k=1

0.9 Heat and mass transfer equations in an n+1
dimensional space-time specialized to max-
imally symmetric spaces

Assume that the metric has the form
n
dr® = dt* — S(t)* Y x(z)(da*)?
k=1
This is a generalization of the spherically symmetric metric

n
dr® = dt* — S(t)*(D_ (11, sin®(0,,))d6}
k=1
In analogy with this metric, assume that yy is a function of only !, ..., zF~1.
Further, in analogy with this specialization, that

Xk(7) = Hk 1fJ($])

This ensures that
(logxk),jm = 0j # m
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and hence also ensures that
ka = O, k 75 m
As regarding Ry, we have

R =10, = Thnp — ng,o + QFZpFZk +2T9, T + Z(Fip)Q

pFk
= (1/2) ) (loggpp) kk+(1/2) Y (87 gtk p) p+(1/2)gkk00—(1/2) > 97 gii ((loggir) »)?
—(1/2)grn.0-(log(gir).0 + (1/4) > "((loggpy) )
= ((n—k)/2).log(fir)"+(1/2) Y gerg™ (log f)"—(S 2 +88" )xr+2(S') 2 xe+(1/4) (n—Fk)((log fr)')?

P
The energy-momentum tensor of the matter field: Assume v* = 0,
..,n. Then g,,v*v” = 1 implies vY =, or equivalently, vg = 1,v = 0,
..,n. The energy-momentum tensor of the matter field

-
1,2,. k=
1,2,.
T = (p +p)vv” — pg"”
has only the following non-vanishing components:
T =p+p—p=p,T" = —pg*" = p/S°xi, k=1,2,....n

Now, in the presence of viscous and thermal effects, the energy-momentum
tensor acquires a correction AT given by [Steven Weinberg, Gravitation and
Cosmology:Principles and Applications of the General Theory of Relativity, Wi-

ley]
ATH = 1 H"H"? (04,5 + vp:0) + (H**v” + H"*0v")Qq

where
HH*Y — gp,u _ /U/L,Ul/7

Qa = X2<T‘,a - TUa;g’Uﬁ)

where X1, x2 are positive, depending possibly on the temperature 7. The energy
equation is then

(50" + AT, /),y = AT (0,/T) = = = (1)

where s is the entropy per unit mass. This equation can be derived from the
conservation of the total energy-momentum tensor T+” + AT and the number
conservation equation (nv*)., = 0, the first law of thermodynamics

Td(s/n) = d(p/n) + pd(1/n)

Note that s/n is the entropy per particle and p = mn is the density where
n is the number of particles per unit volume and m is the mass per particle.
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When we impose the condition that the lhs of (1), which represents the rate of
entropy increase per unit volume, be non-negative, then we obtain the above
form for the correction to the energy-momentum tensor AT*” due to viscous
and thermal effects. If the fluid is adiabatic, we can set (psv*)., to be zero,
and the result is the generalization of the temperature diffusion equation after
taking into account convective terms, namely the heat transfer equation:

ATH v, =0
If the background metric is Robertson-Walker, with comoving velocity, then
vr = 0,v9 = 1 and this equation simplifies to
ATY =0
Now, for the RW metric with comoving velocity,
HOO — 07 HOk _ 07Hkm _ gkm
and we find
AT =0,
AT% = g™ Qi = x2.¢"™ (T—Tuvr0) = x2-9" (Tr+TTy) = x29™ (T +(T/2)(l0ggrr) 0)
= x29" (T + TS'/S)
and the heat conduction/temperature diffusion equation in the RW metric be-
comes
AT + T, AT + T AT =0
or
AI(I)ck + (1/2)(loggkk),OATkk + (1/2)(loggmm),kAT0k =0
Writing the RW metric as
dr? = dt* — S(t)*((da")? + sin®(x1))(dz?)? + sin®(xq)(dz>)?))
3
= d* = S()*(D_ mu(x)(da*)?))
k=1
where
m(x) = 1,m(z) = sin®(z"), n3(z) = sin?(z")sin?(z?),
our adiabatic heat conduction equation becomes
ATRE + (8'/S)ATH + (1/2)(log(v/=9)) 1T = 0
where
V=g = S3(t).sin*(x")sin(z?)
Note that ‘ N
ATFI = —9y, g"* g7 (ng)
which is zero for k # j and
ATkk _ Xl(gkk)2gjj,0

for the RW metric with comoving velocities.
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0.10 The linearized Einstein field equations for
perturbations in the metric and matter fluid
around the RW space-time metric

The energy-momentum tensor of the matter fluid is given by

TH = T + AT

where
3" = (p+ p)vtv” — pg"”,
ATH = HPH"P AT, 5
+(Huavu + Hl/oc,Up,)Qa
where
Qoz = XQ(T,a - TU@:BUB)
and

ATQB = XO(/UOétﬁ + v[ﬁ:a)
+X100,9ap

where X0, X1, X2
geq0. The unperturbed velocity is comoving, i.e.,

vi=0,0,=0,i=1,2,30" =0y =1
Note that the unperturbed metric is RW:
goo = Lgi1 = =S*(t) f(r)?, gaz = —=S?(t)r?, gss = —S*(t)r?sin*(0)

By appropriate choice of coordinates, we can assume that the perturbation to
this metric has nonvanishing components

0grs, 1 <1,5<3

i.e., 6go, = 0,0 = 0,1,2,3. We denote the velocity perturbations by dv’ and
6v;. Note that
0v; = 0(gipv") = 6gip-v" + gipovt

= giibv’
since v’ = 0,8g,0 = —0. Also, the equation
3(guvtv”) =0
implies
9000((v°)?) + g:i ((6(v)?) + 8goo = 0

Since v® = 0 implies § * ((v")?) = v'6v® = 0 and dgoo = 0, it follows therefore
that
50 =0
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(go0 = 1,6((v?)?) = v%6v° = §v°). The fluid equations are
(T* + ATH).,, =0,

for p,v® given the equation of state, while the heat transfer equation for the
temperature T under adiabatic conditions is

(ATH) 0t = 0

Here,
oMY = gt — oto?

To study small perturbations around the comoving velocity, density, and metric,
we use the linearized field equations:

SRy, = Ké(Ty — (1/2)T g + ATy — (1/2)AT.g,),

S[(TH + AT™),,] =0,
S[(AT™).,v"] = 0

Now let

S(l)“/ = H”QHVB(’UQ;B + Ug;a),

S = H““H”'vi';gag

SHY = (H**vY + H"*v")Q,

Then,
SpY =t gV — Yyl — vl
since
V%3 = 0
Now
0y

= 0(vpw = T7vp)
In particular,
(5’[)1‘;]‘ = (S’Ul"j — Fi—cj(()"l)]c — (5F?j,
(5’[)1‘;0 = (S’Ui’() — I‘foévk
= 51)1‘,0 — on&)z
= 5Ui70 — (1/2)(loggii)705vi
= (5’01‘10 — (S'/S)évl
Consider next
(v v k)

For v = 0, this is
S(°vvk) =
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o(v*k) =
— 6(u%) + (50 )0
= (vl +Tg,0")
-1-51)]“(1)5‘C + %)
For p = 0, this is zero, while for p = r, this is
dvly + 2.Gammagy,, 6v"
= 0’y + 2.IG,.00" = o'y + (S'/S)dv"
(No summation over r). For v = k,
S(v k) = §(vFvut,)
= svk vk
= svPll = sk Thy =0

Proceeding in this way, we can linearize the differential equations for heat and
mass transfer in the expanding universe. Currently, work is going on to gener-
alize these equations to higher dimensional space-time.

0.11 Quantum noisy Boltzmann equation taking
into account quantum noise based on the
Hudson-Parthasarathy noisy Schrodinger equa-
tion

The HPS (Hudson-Parthasarathy-Schrodinger) equation taking into account a
single creation process, a single annihilation process and a single conservation
process is given by

dU(t) = (= (iH + P)dt + L1dA(t) — LodA(t)" + SAA(t))U (t0
where for unitarity of U(t), we require that
P=1L;Ly/2,
L1 —S"Ly—Ly=0,L1 —L;—L35=0
S+8"+5°5=0
Equivalently, writing L3 = L, we get for the condition of unitarity,

Li=L(1+8),Ly=L"SS+S+5 =0
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Writing
S=7-1,

this is equivalent to the conditions
Li=LZ Ly,=L*"Z"Z=1,P=LL"/2
Thus, the HPS equation becomes for this special case,
dU(t) = [-(tH + LL*/2)dt + LZdA(t) — L*dA* + (Z — 1)dA(D)]U (¢)

Assuming that the system comprises N indistinguishable particles, all connected
to the same bath with the same coupling operators, we can write

p
L=>Y LN Z2=2;",

k=1
so that
+Z77, =1,
N
LZ =) (LuZ)®N H=Y He+ > Vi
k k=1 1<k<j<N
p
P=LL"/2= Y (L:L})®"/2
k,j=1

and the HPS equation becomes

dU(t) = [(—i>_ He+ Y Vig) + Y _(LeL})®N /2)dt
k

k<j k,j

+ 3 (LrZy)®NdA(t) = > LiENdA)T + (Z8N — DdA®)U (1)
k k

Owing to the indistinguishability of the particles, the state p(¢) of the system
and bath can be expressed as

p) =i+ Y gii(t) @ pit)
k<j,i#k,j

+ > Gm®) @pit) + ot
k<j<m,i#k,jm
g12..~(1)

where the pls are all copies of p; and likewise, for each r = 1,2,..., N, the
P, . 4.5 are all identical copies of each other for each 1 <i; < ... <i, < N. In
order to get the correct marginals for the states, we must assume that

T’I“gglg = O,T’I“gglgg = O, ...,T?“Tglgg_T = 0, r = 2, 3, <eey N
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Then, for example,
p123..r = Pi@r + Z P?T_Q & go3
+ Z P?T_S ® g234 + ... + 91231

In particular,
P12 = 0?2 + 12,

P123 = ,0?3 + p1 ® go3 + p2 @ g31 + p3 D 912,
+g123

Note that p1, p2, p3 are identical copies of each other but act in different Hilbert
spaces indexed by the corresponding subscripts.

We now derive the master equation for the system state alone by tracing out
over the bath with the bath maintained in a coherent state:

p(t) = U(t)ps(0) @ [p(u) >< o(u) U (H)"

so that, using quantum Ito’s formulae and properties of the partial trace,

ps(t) = Trap(t)

Then,
dps(t) = _i[Hv ps(t)]dt — Ppy(t)dt — ps(t)Pdt

Lips(t)u(t)dt — @(t) Laps(t)dt + Sps(t)|u(t)|*dt
+ps(t)Lia(t)dt — ps(t) Lyu(t)dt + ps(t)S*|u(t)[*dt
—Lops(t) S u(t)dt — Sps(t) Lyu(t)dt
+8ps()S*|u(t)|?dt 4+ Lops(t)Lidt
where P = LLy/2. Making the above substitutions, we get

Pty = —i>_ Hi+ Y Vij, ps(t)]
k

k<j

+0:(ps(t))

where
0+(ps) = (=1/2)(L5Laps + psLiLo — 2LapsL3)

Fu(t)(L1ps—psLy=Sps L) +a(t)(ps Li—Lops—Lops )+ u(t)[*(Sps+ps S*+SpsS¥)
= 01(ps) + u(t)02(ps) + W(t)03(ps) + [u(t)[*0a(ps)

where
01(ps) = (=1/2)(L5L2ps + psL3Lo — 2LapsL3)

— (=1/2)(LL*ps + psLL* — 2L* L)
92(ps) = Lips — psL; - SpsLS =LZps — psL — SpsL
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03(ps) = psLi — Lops — LopsS™ = ps Z*L* — L*p — s — L*psS™
94(/)5) = Sps + psS* + SPSS*

In order to derive an approximate second-order Boltzmann equation, we assume
g123..r = 0,7 = 3,4, ..., N so that only p;, g12 and their copies are non-vanishing.
Thus, we are assuming that (using the simplified notation p for py)

p=piN+> N @ gos

(Note that 3" pPY @ go3 is the same as 3 g12 ® p§¥~ ~2). Substitution of this
expression, followed by partial tracing, then gives us

Tros..N01(p) =
= (=1/2)Tra3. n(LL*p + pLL* — 2L*pL)
— (—1/2)Tra. (S (LN p+ p S (L L)Y
—2) L¥®NpLEN)
k
= (=1/2)(Tr(LiLp1))N " (LrL}p1 + p1LeL; — 2L p1 Ly,)

—((N = 1)(N = 2)/8)[Tr(Le L p0)) 3 [Tral(Li L) (o1 © gag + p2 © g13)]
+Tras((p1 ® gas) (LeL})®® + (p2 ® g1s) (LeL})®?)
—2.Tro3[L3%%(p1 @ gas + p2 @ g13) Liy° )]

(N = 1)(N = 2)/4)[Tr(LiLp))N 2. Trs[(Le L) #2 g1z + g1a(Li L)
—2L%2 g1, L7
= (=1/2)(Tr(LiLp1))N " (LiLip1 + p1Le L} — 2L%p1 Ly,)
—((N=1)(N=2)/4).Tr((Lx L})*? 12))(Tr(Lx L p1)) N %) [Le L p1+pr L L =215 p1 L)

—((N = 1)(N = 2)/2)[Tr(LiL;p1)) ¥ 2. Tro[(Le L)) #2912 + g12(LiL})®?
_2L;®2912L%Q]
Likewise,
Tras...n(02(p)) =
Tros. .n(LZp—pL—(Z —1)pL) =
T7"23...N(Z(LkZ1)®NP - p ZLfN —(ZEN = 1)p. Z LEMY)
k k k

We evaluate the various terms on the rhs using the above second order approx-
imation to p:
Tros..n((LiZ1)*N p)

= (Tr(LiZ1p1))N " LiZipy
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H((N=1)(N=2)/2)(Tr(Lx Z1p1))" > [Trog[(L1. Z1) % (01©923) +p2©g13+p30912)]
= (Tr(LZip)" ' Ly ZypiH(N=1)(N=2)/2) (Tr (L Zip1) ™ 2 [ Tros[(L Z0)*° (p2®913+p3@g12)]|
H((N = 1)(N = 2)/2).(Tr(LiZ1)p1)) " 2. Tr[(Le Z1)** gos] Li Z1pn
= (Tr(LiZ1p1))N " L Z1p1+(N=1)(N=2))(Tr(LZ1p1)) N 2. Tr2[(Li Z1) 2 g12]
H((N = DN = 2)/2)(Tr (L Z1)p1) N > Tras[(Lu Z1) % go3| L1, Z1 p1
Tros N[ZPN p. LN
= (Tr(Zip L))V " Zip1 Ly,
+TT234..N[Z{®N(Z PPN T2 @ ga3) L]
= (Tr(Zipr L))V~ Zip1 Ly,
+((N = )N = 2)/2)(Tr(Z1p1. L)) N ' Try [ 28212222

Likewise,
Traz. NO3(p) = (T3 NO2(p))",

and finally,
Tras..nOa(p) =

Tras. n(Sp + pS* + SpS*)
= Tros. N[(Z7Y = Dp+p(Z7%Y = 1) + (277 = D)p.(27°7 = 1)]

Now, based on the second-order approximation of the joint state of the particles,
consider the term

Tros. N1Z5N p) = (Tr[Z1p1 )N~ Zipn

+Troz. N[ZEN. Z EN=2 @ go3)]

= (Tr(Zip)N " Zipn
+((N = 1)(N =2)/2).(Tr(Z1p1)) > Tras[Z7* (p1 © gas + p2 © g13 + ps @ g12)]
= (Tr[Zip )V~ Zipn
+((N = )N = 2).(Tr(Z1p1)) 2. Tra2(Z72 g12)
H((N = DN = 2)/2)(Tr(Z1.p)N > (T7(Z7912))- Zap1

Further,
Tros. nZEN p. 27N

can also be evaluated along similar lines. Finally, we substitute these partial
trace expressions into the partial traces of the equation

ZHk +ZVM’

k<j

+0:(p(1))
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i.e.,
Orpr(t) = Tras. .np'(t) = —i[H1, pr ()] +H(N=1)Tr2[Viz, p1 (1) @p1 (1)]+Tras...n 0 (p(t))
and likewise in the equation
9(p1(t) @ p1(t) + g12(1)) =
Traa. np'(t) + [Hi + Hz + Vig, p1(t) ® p1(t) + g12(t)]
(N = 2)Tr3[Vizg + Vaz, p1 ® p1 @ p1 + p1 @ g2z + p2 @ g13 + p3 @ g12]

+Tr34.. N0 (p(1))

with Trss. . n0O:(p(t)) being evaluated in a similar way as above. This calculation
gives us two nonlinear differential equations for p;(t), g12(¢) and can be termed
as the second-order quantum Boltzmann equations for an open quantum system
comprising N indistinguishable particles.

Some remarks: It should be noted that the form of the Lindblad operators
that couple a system of indistinguishable particles to a noisy quantum bath has
been selected so that the interaction of the particles with the bath is symmetric
with respect to interchange of the particles. For example, such an interaction
term involving the annihilation process would have the general form MdA(t)
where

p
M = [Zsz’gl ®..® Lk7UN]

k=1 o

with Ly ;,k = 1,2,..,p,5 = 1,2,...,N and o running over Sy, namely, the
group of all N! permutations of {1,2,...,N}. It is easy to see that M can be
expressed in the form
VL
k

where the operators Ly are linear combinations of the Ly ;,j = 1,2,...,N. For
example,

Li®Ly+Lo® Ly =
(1/2)[(Ly + L2)®* — LP? — LF?),
L1 ® Ly ® L3 + allpermutations
= (1/6)[(L1 + Lo + L3)®® — (L1 + L2)®* — (L2 + L3)®® — (L1 + Lg)®*

+LY? + LS? + L]
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0.12 How to compute the perturbation to the
velocity and density/four current density
of matter comprising of electrons, positrons,
leptons caused and small perturbations to
the metric around the RW metric at the
quantum level using Feynman’s path inte-
grals for fields

1.Let Hy + V(t) = H(t) be the Hamiltonian of a field with Hy being time
independent and V' (¢) time dependent. The propagator of the field is an operator
Kernel K (t,t") that satisfies the differential equation

(i0; — Hy — V() K(t,t)=06(t—-t).I

so we can write its expansion as

= (0 — Ho)™* + (i0, — Ho) ™" Y _(V.(idh — Ho)™")"

n>1

= (i0; — Ho)~".(1 — (V.(i0; — Hp)~")~!
This is well approximated up to linear orders in the time-varying perturbing
potential V' by the expression

~ (10 — Ho) ™' + (i0; — Ho) "' V.(i0; — Ho)™*

In order to see how this is calculated, we assume that Hj has a complete or-
thonormal set of eigenfunctions |n >= |u, >= u,(r), with energy eigenvalues
FE,,. Then, we can write

(i) — Hy)~! = (27) /(E Ho)teap(—iE(t — ))dE

/Z In >< ”' (iB(t — t))dE
so for example, writing
= (i0; — Ho)~'V.(i0; — Hy) ™"

we find that its kernel is given by

G(t,t') = (27r)_2/dEdE’d3 Z((E—En)(E’—Em))_1.exp(—iE(t—s)).exp(—iE'(s—t’))|n >< n|V(s)|m

n,m

= (2m) 72 /dEdE’ > ((E=E,)(E—En)™" <n|V(E - E')jm > |n><m|

n,m
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where
V(E) = /V(s)emp(z’Es)ds

This formula will play a fundamental role in computing the velocity and density
perturbations in our expanding universe determined by the quantum mechanical
version of the Einstein field equations linearized around the RW metric based
on Feynman’s path integral for fields.

Consider now the action functional for metric perturbations around the RW
metric obtained from the Einstein-Hilbert action plus the action functional for
the metric interacting with the Dirac field of electrons and positrons. The total
Lagrangian has the form

Se[V]+ / [0 (@) [y Vi (2)(i0 + T (x)) — m]y(x)d x

= Sy[V]+ Sa[V, 4, ¥

where S,[V] is the Einstein-Hilbert action as a functional of the tetrad V}*(z)
of the metric field and T',,(z) is the spinor connection of the gravitational field
given by

Lu(@) = Ty (@)va/4,

reb(@) = (1/2)V*VE 4 Yab = as W]

The quantum-averaged four-current density field of matter, comprising electrons
and positrons, is then

< JH(z) >=Z"'m / exp(iS, (V] + iSa[Vi b, B (z)y4i(x) DV.Dp. DY
where
2= [ caplis, V) + iSulV,6.4))DV.D.DY

More generally, the higher-order quantum correlations in the matter current
density at the space-time points x1, ..., .z, are given by

< JM(xq). TP (x) >=

Z " m" / expliSy[V] + iSalV, b, ) (I (i )y 4 (1)) DV.Dip. Do)

The integral w.r.t Dt. D) is a Fermionic Gaussian integral, and evaluating this
part gives us for the average current

< JH(z) >=
C’./ezp(Sg [V]).det(VEy*(i0,, + L)) — m).Tr(v*S(z, z|V))DV

where

S(@,ylV) =< T(d(x)d(y)) >
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with V being fixed. Note that we have used the identity
< P()ehp(z) >=Tr(v" < ¢(a)y(z)) >)
=Tr(y"S(z,z|V))
Note that
Sim(,y[V) = 0(2° —y°) < Y(2)dm(y) > —0(y° — 2°) < V()i () >

where 1 (z) = 1(2)*~°. It follows easily from the canonical equal time anticom-
mutation relations

{i(2),Ym(y)"} = 8 (2 —y), 2 =4
that that the electron propagator S(.|V) in a gravitational field satisfies
DS(x,y) = iy"V, (x).6"(x — y)
where D is the Dirac operator in a gravitational field, i.e.,
D =~"V}I(id, +iT,) —m
Thus,
S(z.y) = (D7 V))(x,y)
= (" V' (@0, +4T,) — m] iy V), )
Assuming that the gravitational field is weak, we write
Vit(x) = 64 + e (x)

where €/ (z) is of the first order of smallness. Then, up to first order in €, we
have
ab __ avysb av b b
F,u - (1/2)V Vu:,u - (1/2)‘/ (Vu,p - Fle,uvp)
= (I/Q)nal/(el;,u - Fll;p)
= (1/2)(e% - Tg,)
where
FSZ = naurlb/u = naz/nbcrcup

Note that for a weak gravitational field, we take
Guv = Nuv + 6g;u/ = nabV,fV:

where
5g,uu = €uv + €vp

SO
Lavp = (1/2)(€avp + €ap — €uvya
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Fevau + €uay = €vpa)

Thus, we can write up to linear orders in e:
D = [iv*0a — m] + i€} (2)y" Oy

+i7" T ()

where
V' Ta(z) = K(p,v,a)e; , (2)

summation over all the repeated indices is understood and K (u,v,a) consists
of constant matrices built out of linear combinations of products of three of the
Gamma matrices v.. In case the electron is bound by a potential V(r), the
Dirac operator for the electron, taking into account gravitational effects, will be
given by
D = [i7"0y — m + in°V] + iet (x)y*0,,
+iK (p,v,a)el; ()

and then, if |n >, E,,,n > 1 denote the stationary states corresponding to the
energy eigenvalues of the Dirac electron bound to by the potential V', we get
approximately, for the electron propagator taking into account both the binding
potential V' and the weak gravitational field e,

S=(D"1V,) =
D' - Dy i€t (x)y"0,
R (v, a)el (2)].D;

where

Do =i7"0s —m+ i7"V = ir°(9, + V) + (7,iV)

where v = (v1,72,73). Now, we can write
Dy y) = /70.[2 < roln >< nlry > /(E — En)leap(—iE(ts — t,))dE

where
Tr = (t:va Tz)a Yy= (tyary)
Therefore,
S(z,y) = Do_l(x,y) — /Do_l(x, z).[ieé‘(z)v“@;
+iK(u, v, a)eg‘,y(z)].Do_l (2, y)d4z

In case the binding potential V' = 0, we have

Dy () = / exp(—ip.(z — 1))d*p/(7.p — m)
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where
p(r —y) =pu(z" —y"),v.p = v.p"

and the above formula reduces to

S(:C’y) _Do_l(x’y) =

—/ezp(—ip-(l‘—Z))h-p—m]’l-[65(Z)qw“+i-K(u, v,a)et (2)].[v.q—m] " 'exp(—iq.(z—y))d*pd*qd" =

This expression can be simplified by defining

/ e (2)exp(ip.z)d'z = (p)

which implies that

/ et (z)exp(ip.z)d*z = —ip, et (p)

so that
S(z,y) — Dy ' (z,y) =

- /[V-p—m}_lh-q—m]_lexp(—ip-ﬁq-y)[qw“+(pu—qu)K(u7 v,a)|ét(p—q)d*pd*q

In particular, for computing the quantum average perturbation to the four cur-
rent density field, as seen above, we require

S(x,:c) 7D0_1(xax)

- / [y.p—m] ™ [y.q—m] ™ exp(—i(p—q).)[quy"+ (Pv—a) K (1, v, a) ]k (p—q)d* pd*q

This completes the formulation of our problem of calculating the approxi-
mate average four current field or equivalently, the density and velocity pertur-
bations of the matter field and more generally, the space-time moments of the
four current density field caused by metric perturbations around a flat space-
time metric. More generally, if we wish to calculate the quantum average/space-
time moments of the four current field perturbations caused by small pertur-
bations around a given classical metric like the RW metric, we must first ex-
press the metric perturbations in terms of the tetrad perturbations in both the
Einstein-Hilbert action and in the Dirac action, and path integrate w.r.t these
tetrad perturbations.
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0.13 Conclusions

We analyze various parametrizations of maximally symmetric spaces in higher-
dimensional spacetime that provide natural generalizations of the four-dimensional
Robertson-Walker metric corresponding to a homogeneous and isotropic ex-
panding universe, and then look at the Maxwell, Klein-Gordon, and fluid dy-
namical equations in such a space-time. As regards the former two equations,
we separate the space and time variables and are able to obtain separate differ-
ential equations for the spatial and temporal components. As regards the fluid
dynamical and heat transfer equations, we introduce corrections to the energy-
momentum tensor of matter caused by viscous and thermal effects and are able
to formulate the required differential equations for temperature diffusion and
convection. Future work is being directed toward formulating the Einstein field
equations for such higher-dimensional maximally symmetric spaces and also
analyzing the problem of density, velocity, and metric perturbation evolutions
in a homogeneous and isotropic background, which is expected to provide a
clue to galactic evolution in higher-dimensional space-times. To this end, in
this paper, we explain how to compute the Ricci tensor components in higher-
dimensional maximally symmetric space-times and also how to compute the
partial differential equations satisfied by the velocity and temperature fluctua-
tions using linearized heat and mass transfer equations in general relativity. It
should be mentioned that as regards computing the contribution to the energy-
momentum tensor of the matter fluid caused by viscous and thermal effects, we
use the existing results in the literature based on the second law of thermody-
namics, which yields the general form of the viscous and thermal contribution
to the energy-momentum tensor of the matter fluid. We also present some com-
putations on the quantum Boltzmann equation for open quantum systems and
touch upon the problem involving computing the quantum average of the matter
four-current (i.e., density and velocity perturbations) when the matter consists
of only electrons and positrons, using the Feynman path integral formula for the
Dirac field interacting with the quantum gravitational field via the spinor con-
nection of gravity. The importance of the quantum Boltzmann equation stems
from quantum cosmology, wherein we have a very large number of particles in
a volume and we are interested only in the dynamics of a single, or at most a
small finite number of particles, from the quantum mechanical angle.
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