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Abstract

Magnitude predictions of ΛCDM, as parametrized
by the Planck collaboration, are not consistent with
the supernova data of the whole Pantheon+ sam-
ple even when, in order to take into account the
uncertainty about its value, the Hubble constant is
adjusted. This is a likely consequence of the in-
crease of the number of low-redshift supernovae in
the Pantheon+ sample, with respect to previous
such samples. Indeed, when supernovae at red-
shifts below 0.035 are ignored, ΛCDM predictions
become consistent with Pantheon+ data. Interest-
ingly, this is also the case if subsets of low-redshift
supernovae roughly centered on the direction of the
CMB dipole are considered, together with high-
redshift ones. These results seem robust, since they
are also obtained with a simple, single-parameter
tired-light model.

Keywords: Homogeneity scale, Anisotropy, Super-
novae Ia, Luminosity distance, ΛCDM, Linear-
coasting models, Tired-light models.

Introduction

Since the seminal work of Einstein [1], most cosmo-
logical models have been based upon the hypothesis
that the Universe is homogeneous [2, 3]. However,
following the discovery that many, then so-called
nebulae, are galaxies like our own [4], it has been
realized that the neighborhood of the Milky Way
is highly structured, with both large voids [5, 6, 7]
and superclusters of galaxies [8].

∗yves-henri.sanejouand@univ-nantes.fr

Since, on large scales, the homogeneity ansatz
has nowadays been well confirmed [9, 10, 11, 12],
a distance threshold above which the observable
Universe is indeed nearly homogeneous must exist.
This homogeneity scale was found to be around 70
h−1 Mpc [13, 14, 15], with an upper limit of 260 h−1

Mpc [16], that is, at a redshift between 0.02 and
0.09. On the other hand, a local anisotropy of the
Hubble flow has been noticed [17, 18], which could
be a consequence of the way matter is distributed
in the vicinity of the Milky Way [19, 20, 21, 22].

In the present study, directions in the sky where
the Hubble flow is quiet [23], that is, where ΛCDM
predictions are consistent with both low and high-
redshift supernova data were looked for. In order
to assess the robustness of this analysis, consistency
with the predictions of other, non-standard, cosmo-
logical models was also considered.

Supernova data

Equatorial coordinates, cosmological (Hubble dia-
gram) redshifts (zHD) and corrected B band mag-
nitudes (mBcorr) of the 1542 supernovae Ia of the
Pantheon+ sample [24] were retrieved from the
PantheonPlusSh0es page of the github webserver1.
Note that the magnitude of 127 supernovae was
measured several times (up to four), for a total of
1700 measurements.

Like in other studies [25, 11], taking advantage
of the large number of data available, the error
on magnitude measurements at a given redshift,
σB(z), was estimated using the standard error of
the mean, mB(z), of either 10 or 25 magnitude val-

1On april 2023.
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ues2, of supernovae at redshifts around z.
Note that, in the later case, for the 68 data points

thus defined, σB(z) ranges between 0.015 and 0.15,
with a median value of 0.03, that is, 0.1% of the
median value of supernova mean magnitudes. Note
also that there is a limited number of outliers in the
Pantheon+ sample, namely, 89 magnitude values
(0.5% of them) more than 1.5 IQR away below the
second or above the third quartile for their redshift
bin, IQR being the interquartile range.
Mean magnitude values were compared to

mth(z), the values predicted by a given cosmolog-
ical model, using the chi-squared test, that is, by
evaluating the likelihood of:

χ2
dof =

1

Ndof

Ndat∑
ϵ2(z)

where ϵ(z), the weighted magnitude residual, is:

ϵ(z) =
mth(z)−mB(z)

σB(z)
(1)

and where Ndat is the number of data points con-
sidered, Ndof being the number of degrees of free-
dom. In the present study, Ndof = Ndat − 1, since
all models considered have a single free parameter,
namely, H0, the Hubble constant, its value being
determined by minimizing χ2

dof . Remember that

χ2
dof values well above one mean that predictions

are not consistent with data. On the other hand,
χ2
dof values well below one usually mean that errors

on the data are overestimated.
Predicted magnitudes were obtained as follows:

mth(z) = 5 log10(dL) + 25 +M (2)

where dL is the luminosity distance, in Mpc, M =
−19.25 being the fiducial absolute magnitude of su-
pernovae Ia applicable to the Pantheon+ standard-
ization [24].

Cosmological models

Friedmann-Lemaitre models

Within the frame of Friedmann-Lemaitre models,
the luminosity distance is given by:

dL = c0(1 + z)
1√
|Ωk|

Sk(
√

|Ωk|
∫ z

0

dz′

H(z′)
) (3)

2With a minimum of 10 values for the last redshift bin.

where c0 is the speed of light, Ωk, the curvature
density parameter, and where, when the contribu-
tion of the radiation term is neglected:

H(z) = H0

√
Ωm(1 + z)3 +Ωk(1 + z)2 +ΩΛ (4)

Ωm and ΩΛ being the matter and cosmological con-
stant density parameters, respectively, while, by
definition, Ωm +Ωk +ΩΛ = 1.

Analyses of Planck measurements of the cosmic
microwave background anisotropies are consistent
with ΛCDM, that is, a flat (Ωk=0) Friedmann-
Lemaitre model with Ωm= 0.315 ± 0.007 [26]. A
number of local probes have also been found consis-
tent [27, 28] with this so-called cosmic concordance
model [10]. Note however that significant tensions
are still under extensive scrutiny [29, 30, 31], note-
worthy as far as the value of the Hubble constant
is concerned [32]. This is the main reason why, in
the present study, it is treated as a free parameter.
Note that, in the case of luminosity distances, it
would make no difference if the single free param-
eter were instead the absolute magnitude of super-
novae Ia (see eqn 2).

In the second half of last century, the stan-
dard cosmological model was the Einstein–de Sit-
ter model, another flat Friedmann-Lemaitre model
where Ωm=1 (ΩΛ=0). In this case, according to
eqn 4:

H(z) = H0(1 + z)3/2

and eqn 3 becomes:

dL = 2
c0
H0

(1 + z −
√
1 + z)

Recently, linear coasting models [33, 34] have at-
tracted some attention. They are characterized by:

H(z) = H0(1 + z)

Thus, for a flat model with zero active mass like
the Rh=ct one [35, 36], eqn 3 becomes:

dL =
c0
H0

(1 + z) ln(1 + z)

while, for an open model, like the Dirac-Milne one
[37]:

dL =
c0
H0

(1 + z) sinh {ln(1 + z)}
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Tired-light models

Soon after the Hubble-Lemaitre law was revealed
[3, 38], alternative explanations were proposed [39,
40]. Noteworthy, the hypothesis that the energy
of photons may decay during their travel [41] was
backed by a pair of Nobel laureates [42, 43], an
exponential law being assumed, likely by analogy
with radioactive processes, namely:

hνobs = hν0e
−H0

c0
dT

where ν0 and νobs are, respectively, the frequency
of the photons when they are emitted and when
they are observed at dT , the light-travel distance
from their source, h being the Planck constant. As
a consequence:

dL =
c0
H0

√
1 + z ln(1 + z)

This model is hereafter coined eTL, standing for
the exponential tired-light model.
Another tired-light model backed by a Nobel lau-

reate [44] just assumes that the Hubble law has a
general character [45, 46], namely, that:

dT =
c0
H0

z

Thus:
dL =

c0
H0

z
√
1 + z

This model is hereafter coined lTL, standing for the
linear tired-light model.
All models above assume that the Universe is

transparent enough, so that absorption, notewor-
thy by grey dust [47, 48], can be safely neglected.
So, let us also consider a more recent, non conserva-
tive tired-light model [11], hereafter coined ncTL,
where, traveling on cosmological distances, photons
are assumed to have significant chances to be lost,
in such a way that:

nobs = n0e
−σoNodT (5)

where n0 and nobs are, respectively, the number of
emitted photons and the number of photons that
can be observed at a distance dT from their source,
σo and No being respectively the average cross-
section and number density of obstacles.
On the other hand, assuming that, at least in

the single-photon regime, the energy lost by a given

Figure 1: Difference between the magnitude pre-
dicted by ΛCDM and the mean observed one, in
units of the standard error of the mean magnitude
of the supernovae, as a function of redshift. For
each of the 68 redshift bins, 25 magnitude values
are considered.

photon is proportional to the surface of the wave-
front associated to this photon [49, 50] that has
crossed an obstacle during the travel of the photon
between the source and the observer yields:

hνobs = hν0(1−
Ntotσo

4πd2T
)

where Ntot is the total number of obstacles crossed
by the wavefront. Thus:

z

1 + z
=

1

3
σoNodT (6)

which, if it is assumed that:

H0 =
1

3
c0σoNo

is a Hubble-like law previously shown to be con-
sistent with observational data of various origins
[11, 51]. Thus, with eqn 5 and 6:

dL =
c0
H0

z√
1 + z

e
3
2

z
1+z

Results

Local inhomogeneity

When supernova mean magnitudes over the whole
redshift range (0.004–1.38) are considered, predic-
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Table 1: Consistency of seven cosmological models
with the supernova data of the Pantheon+ sam-
ple, when supernovae at redshifts below 0.05 are
ignored. For each model, H0 is adjusted so as to
minimize χ2

dof . Top: Friedman-Lemaitre models.
Bottom: Tired-light models.

Model
H0 χ2

dof p-value
(km/s/Mpc)

ΛCDM 73.4 1.29 0.08
Dirac-Milne 70.3 1.55 0.01

Rh=ct 69.3 2.21 0.00001
Einstein-deSitter 64.7 12.3 0a

ncTL 75.1 1.23 0.12
lTL 69.6 1.85 0.0005
eTL 60.4 34.8 0b

a10−83; b10−279.

tions of ΛCDM are not found consistent with them
(χ2

dof = 1.70, p-value = 3.10−4). As shown in Fig-
ure 1, ϵ(z), the weighted magnitude residual (eqn
1), has large absolute values, noteworthy around 4
for a pair of data points at z=0.012 and 0.034.

On the other hand, as shown in Table 1, when su-
pernovae at redshifts below 0.05 are ignored, while
most models considered in the present study still
do not prove able to match the supernova data (p-
value ≪ 0.05), a pair of them are standing out,
namely, ΛCDM and ncTL.

In the former case, note that the value of the
Hubble constant for which χ2

dof is minimum (H0=

73.4 km·s−1·Mpc−1) is in perfect agreement with
the latest measurement of the SH0ES team (H0=
73.0 ± 1.0 km·s−1·Mpc−1) [52].

Low-redshift threshold

As shown in Figure 2, ΛCDM predictions be-
come consistent with the data from the Pantheon+
sample when only supernovae at redshifts above
a threshold of 0.034 are considered. Note that
this threshold corresponds to the second high-value
weighted magnitude residual mentioned above.

Interestingly, ncTL predictions become also con-
sistent with supernova data above approximately
the same threshold (Fig. 2), even though they are
poorer when the whole Pantheon+ sample is con-
sidered (χ2

dof = 2.49, p-value = 2.10−10).

Figure 2: Chi-squared per degree of freedom as a
function of the lowest supernova redshift taken into
account. The dashed line indicates the value of
χ2
dof below which model predictions are consistent

with supernova mean magnitudes (p-value=0.05).
Filled diamonds: ΛCDM; open circles: Rh=ct;
open diamonds: Dirac-Milne; pluses: lTL; stars:
ncTL. Being all over 3.5, χ2

dof values for the
Einstein-de Sitter and eTL models are not shown.

Taken together, these results suggest that model
predictions can only become consistent with the
Pantheon+ data above a specific scale, which is
likely to be the homogeneity one. They also illus-
trate the main reason why supernovae at redshifts
below 0.02–0.03 are nowadays not taken into ac-
count when accurate measurements of the Hubble
constant are performed [52, 53, 54].

Note that, with a redshift threshold of 0.16, pre-
dictions of the Rh=ct, Dirac-Milne and lTL models
are also found consistent with supernova data, as
claimed in the case of the two former in previous
studies performed with smaller samples [37, 55].

Sky maps

Since the value of the Hubble constant seems to
vary from a direction in the sky to the other [56,
57] and since a dipole in the Pantheon+ data is
not detected any more when supernovae at redshifts
below 0.05 are ignored [58], directions in the sky
along which the Hubble constant is the same at
low and high-redshifts were looked for, as follows.

First, all 42 high-redshift (z ≥ 0.05) data points
considered above were kept. Second, for each of
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Figure 3: Location in the sky of the subsets of
low-redshift supernovae whose magnitudes are the
more (filled circles) or the less (crosses) consistent
with both the magnitudes of high-redshift super-
novae and the predictions of ΛCDM (top) or ncTL
(bottom). Open circles: the direction of the CMB
dipole. Hammer projections of equatorial coordi-
nates.

the 478 low-redshift (z < 0.05) supernovae of the
Pantheon+ sample, the 260 magnitudes of the low-
redshift supernovae that are the closest on the sky
were also taken into account, with 10 magnitude
values per redshift bin, so as to have, for each data
set, as many points as above, with the whole Pan-
theon+ sample, namely, 68.

Predictions of ΛCDM and ncTL are not consis-
tent with most of these 478 data sets, the aver-
age χ2

dof being 1.47±0.01 (p-value = 7.10−3) and

1.78±0.01 (p-value = 9.10−5), respectively. How-
ever, they are found consistent (p-value ≥ 0.05)
with 124 (26%) and 48 (10%) of them, respectively.

Interestingly, as shown in Figure 3, the low-
redshift supernova datasets that are the more, or
the less, consistent with both high-redshift data
and either ΛCDM or ncTL largely overlap. As
a matter of fact, they are almost identical. For
ΛCDM, the best fit (χ2

dof = 1.05; p-value=0.37)
is obtained with the closest low-redshift neighbors

Figure 4: Mean magnitude of the supernovae Ia
of the Pantheon+ sample, as a function of redshift.
Dotted line: as predicted by ΛCDM. For z ≥ 0.05,
each of the 42 data points (filled circles) is an aver-
age over 25 supernova magnitudes. For z < 0.05, it
is an average over 10 ones, the 260 selected values
being the magnitudes of the supernovae the closest
on the sky to 2016afk. Error bars are showing the
corresponding standard errors, multiplied by ten
for the sake of clarity. Inset: weighted magnitude
residuals.

(Fig. 3, top) of supernova 2016afk (α = 155.6◦,
δ = 15.1◦) while, for ncTL, it is obtained (χ2

dof =
1.10; p-value=0.27) with the closest low-redshift
neighbors (Fig. 3, bottom) of supernova ASASSN-
16db (α =167.4◦, δ = 29.6◦). Interestingly, the di-
rection of the CMB dipole (α = 168◦, δ = -7◦ [59])
belongs to the area of the sky covered by both sets
of supernovae, in line with recent results showing
that H0 is larger in an hemisphere encompassing
this direction [57, 60, 61].

On the other hand, the value of the Hub-
ble constant for which χ2

dof is minimum is

73.4 km·s−1·Mpc−1, for ΛCDM, and 74.9
km·s−1·Mpc−1, for ncTL, that is, close to
values obtained when low-redshift data are ignored
(see Table 1).

Figure 4 shows the best fit over the whole red-
shift range thus obtained with ΛCDM. As expected,
weighted magnitude residuals have been downsized,
none of them being over 2.4.
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Conclusion

ΛCDM predictions become consistent with the
Pantheon+ data when supernovae at redshifts be-
low 0.035 are ignored (Fig. 2), suggesting that over
this threshold the homogeneity ansatz can be as-
sumed safely. This redshift threshold corresponds
to an homogeneity scale of 100 h−1 Mpc, signifi-
cantly above most previous estimates [13, 14, 15],
but well below upper limits [16].
ΛCDM predictions become also consistent with

both low and high redshift supernova data when
low redshift ones come from an area of the sky
whose center is roughly 30◦ above the direction of
the CMB dipole (Fig. 3). This means that, in this
direction, the Hubble flow is quiet, down to z ≈
0.006, at least (Fig. 4).
Both results seem robust since they are also

obtained with a single free parameter tired light
model which, interestingly, happens to be more sen-
sitive to local inhomogeneities (Fig. 2).
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