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(Quasi-)periodic solutions are constructed analytically for Galerkin-regularized or Fourier

truncated nonlinear Schrödinger (GrNLS) systems and numerically for those of complex Ginzburg-

Landau (GrCGL). Compared to the simultaneous results of other Galerkin-regularized

hydrodynamics-type systems, new GrNLS features include the existence of nontrivial

monochromatic solutions or condensates (independent of the truncation) and of quasi-periodic tori

with and without additional on-torus invariants. Numerical tests find that instability leads such

solutions to nontrivial longulent states with remarkable solitonic longons admist disordered weaker

components, corresponding to presumably whiskered tori. The possibility of nontrivial GrCGL

longulent states is also discussed for motivation.
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1. Introduction

A wide spectrum of multidisciplinary processes in Nature, ranging from hydrodynamics, optics to

Bose-Einstein condensates (BEC), can be well modeled by the nonlinear Schrödinger (NLS) or Gross-

Pitaevskii (GP) equation. In the transition from classical soliton theory to its quantum counterpart,

particularly in the Hamiltonian framework, the NLS equation is often regarded as simpler and more

fundamental than the Korteweg-de Vries (KdV) equation[1]. The two models also present different

nonlinear physics, with no KdV but possible NLS finite-time or asymptotic blow-up (c.f., Ref.[2] and

references therein for the focusing cubic case focused here.)

Qeios

qeios.com doi.org/10.32388/OF4IQP 1

mailto:jz@sccfis.org
https://www.qeios.com/
https://doi.org/10.32388/OF4IQP


Building on previous studies of periodic patterns in Galerkin-regularized or Fourier-truncated (Gr)

systems, such as the Burgers-Hopf (BH), compacton-and-peakon (CP), and KdV equations[3], as well

as the untruncated even-odd alternating Korteweg-de Vries (aKdV) equation[4], we analyze the Gr-

system with cubic nonlinearity for the order parameter (GrNLS or GrGP). The common features

include the loss of the some of the invariants, sometimes infinitely many (and the integrability) for

some of the systems, leaving a few rugged ones, the regularization of the structures (singular for BH

and CP), and the admittance of new travelling waves, (quasi-)periodic orbits and pseudo-periodic

(statistically) stable “longulent” state or “longulence”; the latter is characterized by solitonic

“longons” accompanied by the less-ordered (in general, chaotic) component and corresponds to a

presumably whiskered torus. [For clarity, here we should require the 

 to be also with significant truncation effect; so, neither the state without a disordered component nor

that with solitonic structure(s) but also already with convergence to the full-/untruncated-system

one satisfies this criterion.] The different scenario here is that, unlike those systems where torus-

specific or on-torus invariants (varying outside the torus, thus not rugged) have to be introduced to

construct quasi-periodic solutions to support the a-posteriori Kolmogorov-Arnold-Moser (KAM)

argument for the longulent states, now GrNLS rugged invariants are sufficient to augment quasi-

periodic orbits. Such aspects of Gr-systems resemble those of the traditional integrable systems,

which is why below we have to discuss the relevant backgrounds of the latter.

The complex Ginzburg-Landau (CGL) equation is coefficient-complexified, or, with small imaginary

part(s), a perturbation resulting in damping and (autonomous) driving to NLS[5]. Actually, in our

context, CGL also supports solitonic structures of great physical importance (e.g., recently the

application of Kerr and Nozaki-Bekki solitons in optics[6]) and presumably high-dimensional

whiskered tori[7][8], with also chaotic dynamics somewhat trackable[9] and mimicing aspects of fluid

turbulence[10]. So, it is more helpful to consider GrNLS in the broader context of GrCGL[11][12][13]

[14]  which will also be remarked on, with preliminary analyses and numerical tests to motivate

attacking the much more challenging problem.

A lot of relevant studies having already been discussed in Refs.[3][4], we only briefly mention the most

relevant here. Concerning our periodic problem, associated to NLS, probably the most remarkable

phenomena are the fractalization and quantum revival, associated to the Talbot effect[15][16][17], and

nontrivial longulent state or longulence
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solitons (see, e.g., Refs.[18][19]  and references therein for traditional Hamiltonian theory and most

recent developments on soliton gas.) For the associated spectral theory of similar systems integrable

by inverse scattering transform, see, e.g, Ref.[20] and references therein for inifinte-gap theory, and,

Ref.[21] and references therein for recent advancements of unified transform/Fokas method over the

classical inverse scattering transform for periodic problems. The classical studies of periodic and

quasi-periodic NLS solutions can be found in, e.g., Refs.[22][23][24]. Finally, related to the instability in

our numerical tests, note that, even for the infinte-line problem, the modulational-instability-stage

problem is nontivial (see, e.g., the recent different results of Zakharov-Gelash[25]  and Biondini-

Mantzavinos[26].)

Can we learn or borrow wisdoms from such progresses for studying nonintegrable soliton gases[27] or

general conservative dynamics? The most closely relevant models, at least formally, are of course

their Galerkin regularizations which preserve important parts of the mode interaction structure,

including some conservation laws[3][28]. [A sidenote about the terminology: for the real variable 

 dealt with previously[3], conjugate Fourier coefficients   work together to form a “mode”; now,

the (Gr)NLS variable is complex, with independent “modes” of wavenumbers  . So, to avoid

confusion, we will try to resist using such a notion.] Although the Lax pair structure is absent, we aim

to recover and extend certain elements, such as by combining Fourier expansion with truncation, and

exploring other analytical approaches. For example, the introduction of torus-specific invariants[3]

[4]  represents an attempt to achieve a breakthrough, potentially leading to longulent states that are

closer to the exact solutions used as the initial data or are even corresponding precisely to the

whiskered tori.

Using GrNLS or GrGP with sufficient number of the eigen modes of the harmonic oscillator potential

to probe the quasi-integrability of the full dynamics[29]  and the higher-dimensional GrGP

thermalization aspect (e.g., Ref.[30] and references therein) belong to different lines of research. Our

distinct work is organized as follows. Sec. 2 finds analytically the exact GrNLS travelling-wave and

(quasi-)periodic multi-frequency solutions, emphasing the critical sets specified by rugged and

torus-specific invariants; Sec. 3 discovers the universal longulent states numerically, with remarks

including preliminary considerations on the (non)persistence of GrNLS longons against the GrCGL

perturbation; and, finally, Sec. 4 naturally extends the discusion of GrCGL itself, including the

expectation of quasi-periodic tori and longulence, and, the challenge to construct them.

u û±k

±k
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2. The problem and solutions

We start with the Hamiltonian formulation[1] of the   periodic NLS problem directly in the Fourier (

) space, as Garnder did for KdV[31], deferring the Poisson structure in physical ( ) space to the point

when needed.

Let    (where  ) with    -period solve the NLS equation (2.3) below

with  : 

with    for the Fourier coefficient    and its conjugate    of each

wavenumber  , and, 

The upper sign (“ ” here) is for the focusing case, and the lower (“ ” here) for defocusing: we will

eventually focus on the focusing case.

For Galerkin-regularized or Fourier-truncated    ( , through a simple “hard

cutoff” as a pseudo-differential operation in the language of analysis[3]) and “well-prepared” initial

data   with   1, the GrNLS system involves a Galerkin function/force   with the

effect of projecting the dynamics on to the space of  , 

It is seen that the above Hamiltonian formulation, with 

still applies, similar to the GrKdV case[3][28][31][32], and the other two invariants, 

2π

k x
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− ± 2 = :î ψ̂
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0 otherwise.
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(2.4)
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are still conserved: Gardner[31]  actually used the finite-mode case for the intermediate stage in

proving some results — see Ref.[28] for physical-space analysis, or, Ref.[32] for a direct calculation of

Fourier mode interactions to show the preservation of GrBH  . No other NLS invariants can be found

to be preserved by GrNLS. Such (non)conservation laws can be argued similarly to the analysis for

GrBH in Ref.[28], but it is actually more straightfrowardly seen in  -space, following Gardner[31],

which is one of the reason for us to emphasize the  -space formulation in the above.

Note that, unlike in quadratic interaction with   for  [3], we now have   for  .

2.1. One- and two-frequency/phase solutions

With the cubic nonlinearity, a remarkable apparent difference between the current quartic interaction

to the triadic one for the quadratically nonlinear systems is that a    can have (changes by the)

interaction with itself. So, the simplest nontrivial/nonzero GrNLS solution to Eq. (2.4) is that

occupying only a single wavenumber   and satisfying 

also solving the untruncated NLS, the well-known monochromatic wave or condensate. We look for

those slightly more nontrivial than the one occupying only the wavenumber  . Assuming 

 with constant  , we get 

where   is taken for simplicity: the focusing GrNLS waves become stationary for  .

[It deserves to reiterate that the above GrNLS solution occupying a single wavenumber and solving

also the orginal NLS equation is due to the odd-order nonlinearity, which is not the case for (Gr)KdV,

(Gr)BH and (Gr)CP[3] with even-order nonlinear terms.]

Extremizing GrNLS Hamiltonian   constrained by   and  , with the respective (real) lagrangian

multiplier   and  , leads to 

resulting in the solutions  . Initial   is determined by the equality of the middle

and right-hand sides, and the time dependence by the left- and right-hand sides. Such a special-

H

k

k
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solution approach resembles the integrable cases for finite-band solutions[24][33][34].

Travelling waves may be realized by Eq. (2.10) with  . When occupying multiple wavenumbers,

the solutions with   to Eq. (2.10), or even with more general   on the right hand side, are

generally not travelling waves. We now consider solutions occupying only wavenumbers of  .

With whatever dispersion function  , we have two frequencies for respectively the two modes of 

.

As we have seen and can be further expected, our analyses for focusing and defocusing cases are

formally the same. So, from now on we restrict ourselves to the focusing case to be more focused,

leaving the possible other interesting aspect of defocusing GrNLS aside for the time being.

Then, because the modes occupying   excite only others of  , we obtain, for instance,

the solutions occupying   for  , with  . The latter

is not always guaranteed to be nonnegative by arbitrary combinations of  ,    and  , thus

indicating nontriviality of the existence of such solutions specifically and of those occupying more

wavenumbers in general. The solutions read: 

Such  , composed of two travelling-wave components with initial phases  , by itself is not for

travelling waves in general, being quasi-priodic when    and    are rationally

independent/incommensurate. The reduction with   and   for standing or rotating

waves reads 

Note that these GrNLS, but not NLS, non-travelling-wave solutions are still periodic in time.

The form of Eq. (2.11) is referred by some authors to a “travelling wave", which to our point of view is

not accurate, due to the change of the wave form by the dispersion (different phase velocities for the 

-components). This is by itself only a matter of terminology, but concerning the quasi-periodicity

nature of the solution, it deserves to be pointed out to avoid possible confusion: for example, Ref.

[5]  claimed for generalized NLS that more invariants other than  ,    and    should be used for

= 0λ−1
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k = ±S

(k)ωK

±S

k = ±S k = ±3S

k = ±S S ≤ K ≤ 3S − 1 | = ( ± 3 S − )/6ψ̂±S |2
S 2 λ0 λ−1

±S λ−1 λ0

ψ =
+ 3 S −S 2 λ0 λ−1

− −−−−−−−−−−−−
√

6–√
e [Sx−( + S)t+ ]î λ−1 λ0 θ+
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constructing quasi-periodic solutions, while here the above GrNLS solutions can already be quasi-

periodic (in Ref.[35], the author actually used the simple critical points of the spectrum).

2.2. Additional torus-specific invariants

In generel, we can have GrNLS exact solutions with modes occupying any amount of wavenumbers

with the above mentioned    containing accordingly the parameters to quantify the corresponding

frequency components. We however do not know any other generic global rugged invariants for

defining the critical set of some combined functional as we did in Sec. 2.1 to realized such solutions.

As in Ref.[3], we can introduce torus-specific invariants to construct such high-tori. A natural choice is

the extension of Eq. (2.6), 

now with   and the associated 

and, the right-hand side of Eq. (2.10) replaced with   for a  -frequency solution

set. We can find special solutions to such a GrNLS system. Probably the simplest are those of modes

occupying only modes of   and  , in which case, with further simplification by restricting to real

initial  , we can solve the algebraic equation and obtain, for instance,   with 

 except for 

The phase parameter   can be arbitrary. Such a solution describes the combination of a standing wave

of vanishing wavenumber and two travelling waves of wavenumbers  , interacting to excite modes

of  , thus also valid for   truncated up to  .

As shown for the GrBH case[3], the above    Poisson commute with    (thus invariant) and 

  on the torus, and like the example demonstrated there, we also seem to find the

above solutions closer to the final longulent states, from the observation of the numerical test below.
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e− îθ0

(2.15)

θ0

±S

k = ±2S |k| K = 2S − 1

M1 H

+λ−1M−1 λ0M0

qeios.com doi.org/10.32388/OF4IQP 7

https://www.qeios.com/
https://doi.org/10.32388/OF4IQP


In the current context, the above torus-specific invariant bears some similarity to the “test

functional”    of Ref.[5]  for the Melnikov method, so we restate the result and remark on the

differences below.

For comparison, we follow closely Ref.[5] for the symbolic convention and terminologies; see, e.g., Ref.

[1]  for more background on the complete theory of the infinitely many NLS invariants (or “local

functionals/integrals of motion”).

The evolution of a functional   under the NLS ( ) flow obeys 

the righ-hand side of which indicates the Poisson structure which is preserved by the GrNLS flow with

the corresponding    and    defined by the truncated  , as mentioned earlier.    and    are

preserved by GrNLS for the reason similar to the KdV or Burgers-Hopf case[3][28][31][32], as mentioned

before. Presumably any (higher-order) NLS invariant    other than    and    (with the

corresponding   redefined by  ) are not supposed to be still preserved by GrNLS, also similar to KdV

or Burgers-Hopf.

Now, for the tori defined by Eq. (2.14), we can use the latter to replace   in computing   which

then is seen to vanish, thus the invariance of    on this torus, because the other three integrals

mutually Poisson commute. Similarly,    Poisson commutes with    (but not

necessarily with   or  .) It can be checked that, in general, without the constraint of Eq. (2.14), 

 is not invariant.

From the above explanation, we see that the “test” functional    used in Ref.[5]  to establish the

persistence criteria has some similarity with our torus-specific invariant but is obviously of different

nature, for not used for defining the tori and for the requirement to Poisson commute with the other

three functionals.

3. Longulence

As mentioned, Eq. (2.7) of the monochromatic wave or condensate solves also NLS, which means that

the truncation is not relevant for the solution itself. However, with (modulational) instability, the final

states should depend on the truncation threshold  . For  , if the solution for the NLS is well-

behaved (with no singular behaviors such as clapse or blow-up), then the GrNLS solution should

F

F Ψ

dF/dt = {F ,H} = − − dxî ∫
2π

0

δF

δΨ

δH

δΨ∗

δF

δΨ∗

δH

δΨ
(2.16)

F H ψ M−1 M0

M M−1 M0

M ψ

M1 { ,H}M1

M1

M1 +λ0M0 λ−1M−1

M0 M−1

M1

F

K K → ∞
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converge to that of NLS (a kind of “focusing NLS persistence to the Galerkin perturbation”). [The

well-known speudo-conformal transformation formally turns into finite-time blowup which does not

necessarity always happen in the dynamics.] In general, the focusing (Gr)NLS, like (Gr)BH and (Gr)CP

in Ref.[3], do not have such convergence or persistence property. Also, with an additional well-

designed potential, commonly as in the so-called GP equation of BEC, convergence of GrNLS to NLS

can also happen, which is the case in the work of Bland et al.[29]  for the defocusing/repulsive case,

who use the Galerkin approximation with the harmonic-oscillator eigenmodes rather than our Fourier

modes. Not surprisingly, they found dynamics close to full GP, which is similar to one of our cases

below. Working nevertheless with finite  , we will not consider the issue of convergence any more

except for one apparent case.

3.1. GrNLS longulence

Figure 1.  ,  : lighter colors indicate larger values in all figures, coded per panel.

Fig. 1 presents the carpets/contours of the GrNLS fields starting from Eq. (2.7) at  , showing the

evolution into a stable (statistically, with respect to the small scale weaker dis-ordered component)

pseudo-periodic state (after around  ) with longons, which is the case even for the case of 

  (not shown). Different    and    are quantitatively different, but with the same qualitative

scenario characterized by solitonic longons admist disordered components, appearing to converge to

NLS with smaller speeds of the dominant larger- -GrNLS longons (for such a case with presumably

no blow-up): of course, due to the finiteness of the computations, we can not absolutely exclude the

possibility of blow-up after an extremely or even infinitely long time (and thus no convergence).

K

α = 1 S = 3

t = 0

t = 2

K = 1 S K

K
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Figure 2.  ,  ,   and  .

Fig. 2 for the case of two-frequency (2.11), including the real part of    for visualization of the 2-

frequency character of the early exact solution, is similar, with no essential differences between

periodic and quasi-periodic, satisfying the Diophantine condition or not, cases, as we see in the GrBH

results[3] (thus other parameterizations with, say,   and   are not shown in Fig. 2).

S = 5 K = 9 = 11.3 + πλ0 =λ−1
6√

3.7

ψ

= 13 +λ0 2–√ λ = 2/3
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Figure 3.  ,  ,  ,   and  .

Finally, we present results corresponding to Eq. (2.15) in Fig. 3 which, like the results in Ref. with

additional on-torus invariants for GrBH, may be observed from the pattern to indicate that the well-

developed longulence is closer to the exact solution, compared to Figs. 1 and 2: like in the latter but

with slightly more careful observation, we still see similar solitonic longons in the well-developed

stage (right panel).

All the numerical results indicate a kind of universal attractor characterized by solitonic longons

among less-ordered components, which should be underlined by some high-dimensional whiskered

tori, but some details and points should be emphasized and further clarified, thus the following

extended remarks.

Even the quasi-periodic solutions with rugged invariants are not sufficient to have enough stability,

resulting in far different longulent states, which may be a further indication of the relevance of

additional on-torus invariants. So, as in Ref.[3] and tried in Fig. 3, it is possible to similarly generate

= π/2θ0 S = 5 K = 9 = = −1λ−1 λ1 = −2.1 Sλ0 λ−1
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invariant tori with much closer longulence developed, if not stable. In all our numerical tests of multi-

frequency tori, except for minor “improvements” concerning stability, rational independence or the

Diophantine condition of the frequencies does not appear to have essential effects on the

developments of longulence (thus other similar results corresponding to Fig. 3 not shown). The

indication seems that the (universal) longulent state or the torus is the only stable attractor or that the

initial data prepared as such are all close enough to the basin of the longulent attractor.

A caveat is that    has not been chosen to Poisson commute with both    and  . For given

parameters such as   and  , there is of course the problem of what the right choice of the on-torus

invariants is, which might benefit from other broader issues such as the (Gr)CGL quasi-periodic tori to

which we will come back. Systematic improvements might be made by appropriate choice of more

torus-specific invariants, but we so far do not really have a good theory, for lack of a mathematical

structure, say, as for the NLS[1]. The conjecture follows again[3]: the “right” choice of the torus-

specific invariants should be such as to have the total number be the degrees of freedom of the

truncated system that a new kind of “pseudo-integrability” be established, in the sense of specifying

precisely a longulent state.

A natural further question is the (non)persistence of the (solitonic) GrNLS longons to GrCGL

perturbation, which however appears an even more difficult step than that from Li et al.[36] to Cruz-

Pacheco et al.[5]. Nevertheless, this is a problem associated to the above pseudo-integrability issue,

and some tentative numerical experiments have also been performed. So, let’s go a bit further for

motivations.

3.2. No GrCGL nontrivial longulence?

For the CGL equation,   where   and  , with possibly

an addtional term to be picked up later. The one-wavenumber-occupation GrCGL equation reads 

 and the solution simular to Eq. (2.8) is 

  When  , or  , we have the travelling wave solution with wave speed 

 or   as for the GrNLS, and, again also solves the untruncated

CGL. No nontrivial (statistically) stable GrCGL longulent states have been found in our numerical

M1 M−1 M0

S K

Φ + C Φ + 2G|Φ Φ = 0î∂t ∂xx |2
C = 1 + ηî G = 1 + ϵî

= C + 2G| ,î ϕ̂
˙
S S 2ϕ̂S ϕ̂S|2

ϕ̂S
(3.1)

ψ = αS .e S[x−(C−2 G)St]î α2 (3.2)

Im(C) = 2 Im(G)α2 η/ϵ = 2α2

c = [Re(C) − 2 Re(G)]Sα2 c = (1 − 2 )Sα2
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experiments starting from this solution, with everything else as in the GrNLS (Fig. 1), neither from the

(quasi-)periodic (2.11) and (2.15). As we mentioned, it is possible that with more appropriate GrNLS

torus-specific invariants, we could have the final longulence very close to the initial one; then, it could

be that persistence to the GrCGL perturbation takes place under suitable conditions.

However, from weakly-nonlinear dynamics point of view, it appears important to have the linear

damping or forcing be appropriately balanced, also linearly. With constant    for such an additonal

perturbation term  , thus balance formally taking place only at a single scale (wavelength), it is

possible but nontrivial for the existence of (quasi-)periodic solutions, since multi-scales are excited

by nonlinearity. The necessity of the linear term is the usual case in physics[6], and, in mathematical

treatments only special choice of the parameters have been found possible to have the CGL quasi-

periodic solutions[5][8][7][35]. Note that Luce[14] used   as an independent and increasing parameter to

enhance the forcing, and thus presumably the nonlinearity, which raises the complexity of the

dynamics through more homoclinic explosions and other bifurcations.

Figure 4.  ,  ,  .

For GrCGL, the corresponding   then may not be really necessary, since the Galerkin regularization

term   can make the nonlinearity strong, thus even more nontrivial balance could happen. When the

inertial manifold property is in control and the truncation wavenumber is large, things become kind of

trivial because of the convergence to the full CGL, in which case the truncation effect is a small

perturbation. Indeed, we found in various numerical tests the convergence to “clean” periodic

solutions, in abscence of any signature of disorder, with and without the    term from the

r

rΦî

r

= π/2θ0 = = −1λ−1 λ1 = −2.1 Sλ0 λ−1

rϕî

g

rϕî
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corresponding cases with everything else the same as used for GrNLS. For example, Fig. 4, for cases

corresponding to Fig. 3 starting from Eq. (2.15), shows convergence to constant-amplitude travelling-

wave solutions which do not satisfy the nontrivial longulence criteria given in the introductory

discussion: the travelling waves are of shortest respective wavelengths, i.e.,   and of the form

(3.2) found earlier (verified by checking the relations between the respective wave amplitudes and

speeds) but not of the linearized dynamics (plotting only for the smaller region in the case of 

 and   is to avoid the artificial Moré patterns.) Note that, unlike the KAM results in Refs.[7]

[8], we did not start from the solutions of the linearized system, thus not of that perturbative nature.

Figure 5. Initial data (left) prepared with  ,  ,  ,  ,   in Eq. (3.2), and a

final condensate wave profile (right).

Results similar to Fig. 4 for GrCGL with large  ,  , with or without (large)  , are also found, with faster

convergence. For example, Fig. 5 presents the transition of condensate from   to   purely by

instability in the pseudo-spectral computation, subjecting only to roundoff error perturbation as in all

previous cases, with the final state return to the monochromatic wave (3.2) of the same   but of

different wave number. [Periodic solutions of such large  s were never reported, to the best of our

knowledge (for instance, Luce[14] studied bifurcation and chaos of low-dimensional dynamics).]

Other results, such as the convergence to the condensate at   with  , with other initial data, have

also been collected. No satisfying theory for these observations are available so far (see below), which

definitely is motivating a specific more systematic study. Having not found quasi-periodic or

longulent GrCGL states though, we have no reason to exclude the existence. Combing with the chaotic

|k| = K

S = 5 K = 9

α = 1 C = 1 + 2 î G = 1 + î r = 0 S = 3

η ϵ r

k = S k = K

α = 1

K

K α ≠ 1
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aspect[14] and references therein), we tend to believe that nontrivial GrCGL longulent states are still

possible, deserving further remarks.

4. Expectation

Good understanding of relevant GrCGL dynamics beyond the small perturbation to GrNLS can be

beneficial for the latter, by learning from the differences, say, as is the purpose here. So, we proceed by

noting that the CGL damping and forcing may balance on particular orbits/tori in such a way that

some on-torus invariants present and longulence emerges.

Although explicit multi-frequency CGL solutions have not been found analytically, there are

suggestions of the existence of quasi-periodic (whiskered) tori[5][7][8][35]. Note that the formulas

from the KAM method [Eqs. (6) and (3.22) of, respectively, Refs.[7][8]] are with whiskered

components, qualitative or asymptotic, and, are only for particular choices of parameters. What’s

more, the term proportional to    (also physically important[6]) is crucial in their KAM method,

although it balances only one scale. In the GrCGL case with truncation  , this term however appears

not as needed. Nevertheless, we have not yet been able to construct GrCGL nontrivial longulent states

from the corresponding GrNLS data. New techniques are needed. The Lyapunov-function approach

seems promising, with however caveats: for instance, obviously,    for any integer    is a

Lyapunov function for   controlling real  , and the pattern selection was not found to

minimize the one written down in Ref.[37] for the slightly more complex dynamics.

As already mentioned, the on-torus-invariant trick shares some similarity with part of the Melnikov

method used by Cruz-Pacheco, Levermore and Luce[5], and we may hopefully expect further

combination for more powerful techniques. For general (Gr)CGL with coefficients neither appropriate

for a perturbative treatment[5]  nor so special to have the nearly (quasi-)periodic solution for the

corresponding linearized system[7], it is not impossible still to simultaneously set up the right

multiple on-torus invariants, correspondingly an appropriate Lyapunov function, to construct

specific invariant (whiskered) tori for nontrivial longulence: trivially,  ,   and   are constants in

the late stages of the evolutions presented in Fig. 4.

If the GrCGL quasi-periodic or longulent states can be found as for GrNLS and other hydrodynamic-

type Gr-systems[3], then we are closer to the a-posteriori KAM scheme that would assure the existence

of (whiskered) tori close by (e.g., de la Llave and collaborators’ recent works, including Ref.[38]  on

Φ

g

∫ dxu2n n > 0

− = −uut u2ux u

M−1 M0 H
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partial differential equation and Ref.[39]  on maps, and references therein). Preliminary numerical

experiments of the hydrodynamic-type Gr-systems studied in Ref.[3] indicate the persistence of those

longulent states against appropriate (small) forcing and damping, which, being more technically

subtle (with differences between independent and autonomous/GrCGL forcing) and deserving a more

specific study though, appears to support the existence of nontrivial GrCGL longulence.
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Footnotes

1 “Ill-prepared” initial data  ,  ,    are not of our interest here. Also, we resist

introducing further regularizations, such as the truncations on the quadratic interactions    or 

 before forming the cubic  .

References

1. a, b, c, dFaddeev LD, Takhtajan LA. Hamiltonian Methods in the Theory of Solitons. Springer-Verlag Berl

in Heidelberg; 2007.

2. ^Banica V, Lucà R, Tzvetkov N, Vega L. Blow-Up for the 1D Cubic NLS. Commun Math Phys. 2024;405:1

1.

3. a, b, c, d, e, f, g, h, i, j, k, l, m, n, o, p, q, rJ.-Z. Zhu, “Travelling-wave, Quasi-periodic, Longulent States and

Persistent Whiskered Tori of the Galerkin-regularized Systems”, arXiv:2407.20277 [nlin.PS]; “Longons

from the nonlinear dispersion of Galerkin regularization”, arXiv:2404.08583 [nlin.CD].

4. a, b, cJ.-Z. Zhu, “Even-odd alternative dispersions and beyond: Close oscillations on both sides of the (a

nti-) shock, quantum revival and fractalization”, arXiv:2302.12025 [math-ph].

5. a, b, c, d, e, f, g, h, i, j, kCruz-Pacheco G, Levermore CD, Luce BP. “Melnikov Methods for PDEs: Application

s to Perturbed Nonlinear Schrödinger Equations”, CNLS NEWSLETTER, No. 114, June 1995.

6. a, b, cE.g., Franckié M. “Self-starting microring laser solitons from the periodic cubic complex Ginzburg-

Landau equation”, arXiv:2207.02309v1 [physics.comp-ph]; Opačak N, Kazakov D, Columbo LL, Beiser

M, Letsou TP, Pilat F, Brambilla M, Prati F, Piccardo M, Capasso F, Schwarz B. Nozaki–Bekki solitons in

semiconductor lasers. Nature. 2024;625:685–690.

ψ(0) ∃m > K (0) ≠ 0ψ̂m

|ψψ|∗

ψ2 |ψ|2
ψ∗

qeios.com doi.org/10.32388/OF4IQP 16

https://www.qeios.com/
https://doi.org/10.32388/OF4IQP


7. a, b, c, d, e, fChung KW, Yuan X. Periodic and quasi-periodic solutions for the complex Ginzburg–Landau

equation. Nonlinearity. 2008;21:435–451.

8. a, b, c, d, eLi H, Yuan X. Quasi-periodic solution for the complex Ginzburg-Landau equation with contin

uous spectrum. J Math Phys. 2018;59:112701.

9. ^Scheuer J, Malomed BA. Stable and chaotic solutions of the complex Ginzburg–Landau equation with

periodic boundary conditions. Physica D. 2002;161:102–115.

10. ^Levermore CD, conversations (2007); Levermore CD, Stark DR. Inertial ranges for turbulent solutions o

f complex Ginzburg-Landau equations. Phys Lett A. 1997;234:269–280.

11. ^Keefe LR. Dynamics of Perturbed Wavetrain Solutions to the Ginzburg-Landau Equation. Stud Appl Ma

th. 1985;73:91–153.

12. ^Doering CR, Gibbon JD, Holm DD, Nicolaenko B. Low-dimensional behaviour in the complex Ginzburg

-Landau equation. Nonlinearity. 1988;1:279–309.

13. ^Doelman A. Finite-dimensional models of the Ginsburg-Landau equation. Nonlinearity. 1991;4:231–2

50.

14. a, b, c, dLuce BP. Homoclinic explosions in the complex Ginzburg-Landau equation. Physica D. 1995;83:1

–29.

15. ^Zhang Y, Wen J, Zhu SN, Xiao M. Nonlinear Talbot effect. Phys Rev Lett. 2010;104:183901.

16. ^Chen G, Olver PJ. Numerical simulation of nonlinear dispersive quantization. Discrete Contin Dyn Syst.

2014;34:991–1008.

17. ^Erdogan MB, Shakan G. Fractal solutions of dispersive partial differential equations on the torus. Select

a Math. 2019;25:11.

18. ^Bertola M, Grava T, Orsatti G. Soliton shielding of the focusing nonlinear Schrödinger equation. Phys R

ev Lett. 2023.

19. ^Suret P, Randoux S, Gelash A, Agafontsev D, Doyon B, El G. Soliton Gas: Theory, Numerics and Experim

ents. Phys Rev E. 2024;109:061001.

20. ^McLaughlin KTR, Nabelek PV. A Riemann–Hilbert Problem Approach to Infinite Gap Hill’s Operators a

nd the Korteweg–de Vries Equation. International Mathematics Research Notices. 2019;00:1–65.

21. ^Shepelsky D, Karpenko I, Bogdanov S, Prilepsky JE. Periodic finite-band solutions to the focusing nonli

near Schrödinger equation by the Fokas method: inverse and direct problems. Proc R Soc A. 2024;480:2

0230828.

qeios.com doi.org/10.32388/OF4IQP 17

https://www.qeios.com/
https://doi.org/10.32388/OF4IQP


22. ^Kotlyarov VP, and, Its AR, Kotlyarov VP. arXiv:1401.4445v1 [nlin.SI].

23. ^Tracy ER, Chen HH, Lee YC. Study of quasiperiodic solutions of the nonlinear Schrödinger equation and

the nonlinear modulational instability. Phys Rev Lett. 1984;53:218.

24. a, bMa YC, Ablowitz MJ. The Periodic Cubic Schrödinger Equation. Stud Appl Math. 1981;65:113–158.

25. ^Zakharov VE, Gelash AA. Nonlinear Stage of Modulation Instability. Phys Rev Lett. 2013;111:054101.

26. ^Biondini G, Mantzavinos D. Universal nature of the nonlinear stage of modulational instability. Phys R

ev Lett. 2016;116:043902.

27. ^D’yachenko AI, Zakharov VE, Pushkarev AN, Shvetz VF, Yan’kov VV. Soliton turbulence in nonintegrabl

e wave systems. Sov Phys JETP. 1989;69:1144.

28. a, b, c, d, eAbramov R, Kovačič G, Majda AJ. Hamiltonian Structure and Statistically Relevant Conserved

Quantities for the Truncated Burgers-Hopf Equation. Comm Pure Appl Math. 2003;LVI:0001.

29. a, bBland T, Parker NG, Proukakis NP, Malomed BA. Probing quasi-integrability of the Gross–Pitaevskii

equation in a harmonic-oscillator potential. J Phys B: At Mol Opt Phys. 2018;51:205303.

30. ^Krstulovic G, Brachet ME. Energy cascade with small-scale thermalization, counterflow metastability,

and anomalous velocity of vortex rings in Fourier-truncated Gross–Pitaevskii equation. Phys Rev E. 201

1;83:066311.

31. a, b, c, d, eGardner CS. Kortewegde Vries Equation and Generalizations. IV. The Kortewegde Vries Equatio

n as a Hamiltonian System. J Math Phys. 12: 1548 (1971).

32. a, b, cZhu J-Z. “Statistical mechanics of d-dimensional flows and cylindrically reduced passive scalars”,

arXiv:1804.05784 [physics.flu-dyn]: Appendix with Fig. 3 there.

33. ^Dubrovin BA, Matveev VB, Novikov SP. Non-Linear Equations of Korteweg-De Vries Type, Finite-Zone

Linear Operators, and Abelian Varieties. Russ Math Surv. 31: 59–146 (1976).

34. ^Lax P, Hyman JM. Almost Periodic Solutions of the KdV Equation. SIAM Review. 18: 351 (1976).

35. a, b, cReferences in Cruz-Pacheco G, Levermore CD, Luce BP. Physica D. 197: 269–285 (2004): e.g., Cruz

-Pacheco G. “Complex Ginzburg–Landau equations as perturbations of nonlinear Schrödinger equatio

ns: quasiperiodic solutions.” Preprint.

36. ^Li Y, McLaughlin DW, Shatah J, Wiggins S. Persistent homoclinic orbits for perturbations of the NLS PD

E. Commun Pure Appl Math. 44: 1175–1255 (1996).

37. ^Dee G, Langer JS. Propagating Pattern Selection. Phys Rev Lett. 50: 383 (1983).

qeios.com doi.org/10.32388/OF4IQP 18

https://www.qeios.com/
https://doi.org/10.32388/OF4IQP


38. ^de la Llave R, Sire Y. An A Posteriori KAM Theorem for Whiskered Tori in Hamiltonian Partial Different

ial Equations with Applications to some Ill-Posed Equations. Arch Rational Mech Anal. 231: 971–1044

(2019).

39. ^Bustamante AP, de la Llave R. A Simple Proof of Gevrey Estimates for Expansions of Quasi-Periodic Or

bits: Dissipative Models and Lower-Dimensional Tori. Regul Chaot Dyn. 28: 707–730 (2023).

Declarations

Funding: No specific funding was received for this work.

Potential competing interests: No potential competing interests to declare.

qeios.com doi.org/10.32388/OF4IQP 19

https://www.qeios.com/
https://doi.org/10.32388/OF4IQP

