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Abstract

We explore the transport features of a single flexible polymer chain that walks on a periodic ratchet potential coupled
with a spatially varying temperature. At steady state the polymer exhibits a fast unidirectional motion where the intensity
of its current rectification depends strongly on its elastic strength and size. Analytic and numerical analysis reveal that
the steady state transport of the polymer can be controlled by attenuating the strength of the elastic constant.
Furthermore, the stall force at which the chain current vanishes is independent of the chain length and coupling
strength. Far from the stall force the mobility of the chain is strongly dependent on its size and flexibility. These findings
show how the mobility of a polymer can be controlled by tuning system parameters, and may have novel applications

for polymer transport and sorting of multicomponent systems based on their dominant parameters.
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|. Introduction

There has been much interest in the study of noise-induced transport features of biological systems such as polymers and
membranes, with the aim to get a deeper understanding of how their internal degree of freedoms affect their

dynamics [I2IBI4I5]6], Often these biological systems contain a large number of different components which are
organized in a complex fashion. As a result, they exhibit transport feature that has a nontrivial dependence on their size,
flexibility, and the background temperature. Previous studies on the dynamics of a flexible polymer chain on a bistable
potential showed that the escape rate of the chain is sensitive to the size of the molecule and the strength of interaction
between monomers [7IBIRITOITIN2IAS]14][TSI16I17][18]  Also, the transport features of polymers exposed to a time varying
potential reveals the subtle interaction between noise and periodic forces leads to the phenomenon of stochastic

resonance (SR) [1?I20121] |n particular, recent work on the SR of a linearly coupled polymer surmounting a potential
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barrier showed that at the resonance temperature the chain undergoes fast unidirectional motion. This study suggested a

novel approach to control the transport properties of important biological molecules such as DNA [IEICITOIITTIIT2]

A net unidirectional transport can also be achieved when the polymer is arranged to move along a flashing or rocking
ratchet. Recent studies have also shown that transport in these systems can be controlled by attenuating the chain's
flexibility and size (221231241 This work is consistent with experimental results showing that a Brownian ratchet can lead to
fast transport of both particles [221[261271281[29] and polymers [20]. Several groups have also studied the transport
properties a monomer in a double-well potential with a spatially varying temperature [311132][33][34][35]36]37][38] 'However,
to date there has been no systematic investigation on the transport features of polymer chain in such a system. Thus in
this paper, we consider a flexible polymer moving in a ratchet potential with an external load where the viscous medium is
alternatively in contact with the hot and cold heat reservoirs along the space coordinate. The numerical and analytical
analyses show that the polymer exhibits a fast unidirectional current where the strength of the current rectification relies

not only on the thermal background and load, but also on the coupling strength and size.

In this work, we study the dependence of the velocity of the chain on the coupling strengthk. For finite k, the mobility of
chain exhibits a peak and as k further gets increased, the velocity decreases. The velocity of the chain also strictly relies
on magnitude of the external load. The velocity decreases as load increases. It stalls at stall force. As the load further
increases, the polymer changes its direction and its reversed velocity increases with load. Furthermore, our analysis
uncovers that the stall force at which the chain current vanishes, is independent of the chain length N and coupling
strength k. Moreover, we show that the velocity exhibits an optimum value at particular barrier heightJ, and as the
intensity of background temperature increases, the polymer exhibits a fast unidirectional motion. All of the numerical

simulation results are justified with exact analytical results in the limit k — 0 and k — .

The paper is organized as follows: In section I, we present the model. In section lll, the role of coupling strength on the
mobility of the polymer is discussed. In section |V, the dependence of the velocity of globular chain on model parameters

is discussed. Section V deals with summary and conclusion.
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Fig. 1. (Color online) Schematic diagram for initially coiled polymer chain in a piecewise linear bistable potential in the absence of an external load.

The potential wells and the barrier top are located at x = + L and x = 0, respectively. Due to the thermal background kicks, the polymer ultimately

attains a steady state velocity as long as there is a distinct temperature difference between the hot and cold reservoirs.

[l. The model

We consider a flexible polymer chain of size N which undergoes a Brownian motion in a one dimensional piecewise linear

bistable potential with an external load U(x) = Ug(x) + fx where the ratchet potential Uq(x) is described by

X

L,
Uo 0+1,

Us(%) -x

L,
UO 0+1,

if0 < x< Ly,

if —Ly < x<0;

Here, Uy and 2L denote the barrier height and the width of the ratchet potential, respectively, and wherefis the load. The

potential has a potential maxima U, at x = 0 and potential minima at x = * L. In this work, the chain contour length is

taken to be much less than the characteristic dimension of the ratchet potential 2L,. The ratchet potential is also coupled

with a spatially varying temperature

Th,
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as shown in Fig. 1. Us(x) and T(x) are assumed to have the same period such thatUg(x + 2L) = Ug4(x) and

T(x+2Lg) = T(x).

Considering only nearest-neighbor interaction between the polymer segments (the bead spring model), the Langevin
equation that governs the dynamics of the N beads (n=1,2,3,..., N) in a highly viscous medium under the influence of

external potential U(x) is given by

o, aU(x,)

at X
y o = —k@Xy = X = Xpq) - "o (3)

\2kgy T(x,)&,(D

where the ks the spring (elastic) constant of the chain whiley denotes the friction coefficient. &,(f) is assumed to be

Gaussian white noise and kg denotes the Boltzmann constant. Hereafter, we assumekg to be unity.

To simplify model equations we introduce a dimensionless load fo fLo/T,, rescaled temperature T(x) = T(x)/ T, rescaled

barrier height UO = Uy/ T, and rescaled length X x/Ly. We also introduced a dimensionless coupling strengthk = kLé/T ,

T=T,/T,and time to t/B where B = yL(z)/TC denotes the relaxation time. From now on, 3 and y are taken to be unity and

all the quantities are rescaled (dimensionless) so that the bars will be dropped.

[ll. Flexible polymer chain

Previous studies have shown that a single monomer (a Brownian particle) attains a directional motion when it is exposed
to a ratchet potential coupled with a spatially variable temperature or an external load. For such a system, the functional
dependence for the steady state current J or the velocity V on the system parameters is well explored 11321331 However,
it is not known how these results apply to a chain with several monomers. Here, we will explore the dependence of the

unidirectional chain velocity as a function of key system parameters.

Next in order to understand how the velocity of the chain responds to the change to its conformational flexibility and
variability that arise due to its internal degree of freedoms, we simulate the Brownian dynamics given by Eq. (3) and

compute the steady state current. This result is then averaged over 10% independent simulations.

To analyze further how the polymer or in general any linearly coupled system responds to the nonhomogeneous thermal
noise while surmounting a double-well potential with load, the dependence of the velocity as a function of the different
system parameters is explored. The numerical and analytical analyses reveal that the polymer exhibits a unidirectional
current where the strength of the current rectification relies not only on the thermal background kicks and load but it has
also a nontrivial dependence on its coupling strength and size. It is found that in the absence load f = 0, the chain
maintains a positive current as long as a distinct temperature difference between the hot and cold reservoirs is retained;
i.e, T,> T, V>0.Forisothermal case, a one dimensional negative current can be achieved providingf = 0. In general

when T, > T, and f= 0, the polymer exhibits intriguing transport features.
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Fig. 2. (Color online) The velocity V as a function of k for parameter choice N = 2 (red solid

line) and N = 4.0 ( black solid line). In the figure, other parameters are fixedas N= 2.0, f= 0.0

U, = 6.0 and 7= 2.0. The blue lines are from the exact analytic results (Eq. (8)) both in the

limitof Kk > ocand k — 0

Figure 2 plots the velocity V as a function of k for parameter choice N = 2 (red solid line) and N = 4.0 (black solid line). In

the figure, other parameters are fixed as

N=2.0,f=0.0, Uy = 6.0 and 7= 2.0. The numerical results exhibit that the chain's mobility decreases ask increases. The

same figure also depicts that the velocity of the polymer decreases as N increases. In the limitk — -, V goes to the

velocity of a rigidly coupled polymer (blue line); when k — 0, V approaches the velocity of a single Brownian particle (blue

line).
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Fig. 3. (Color online) The velocity V as a function of k for parameter choice N = 2 (red solid
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line) and N = 4 ( black solid line). In the figure, other parameters are fixed as N = 2.0, f = 4.0,
Uy = 6.0 and 7= 2.0. The dashed blue lines are from the exact analytic results (Eq. (8)) both

in the limit of k > ~«and k — 0

The external load also dictates the direction of the monomers flow. For large load, current reversal may occur and this
indicates that the polymer flows from the cold to the hot reservoirs as shown in Fig. 3. The figure depicts that when k

increases, Vincreases and at certain k, the velocity does manifest an optimal peak. Ask further increased, the velocity
decreases and approach the velocity of compact polymer. On the other hand, the mobility of the chain decreases as N

increases.

Next via numerical simulations, we explore the dependence of the chain stall forcef on its internal degree of freedoms.
Surprisingly the numerical analysis reveals that for the flexible polymers with finite k, the stall force is still independent of
N which is in agreement to the exact analytical result for the globular chain (see Eq. (9)). At this point we want to stress
that the external load dictates the direction of the particle flow. When f< f, the net current is positive and while on the
contrary for f> f, the current flows from the cold to the hot reservoirs. It worth noting that a larger polymer moves
sluggishly than a smaller chain as long as f= f. At stall force f = f, the polymer will have zero velocity regardless its size.
In Fig. 4a, we plot V as a function of £. In the figure, the green solid lines stand the plot forV in the limit of k — 0 (top) and
k — . The dotted lines are analyzed from the simulations for given values ofk = 0, k = 8.0 and k = 25.0 (globular chain)
from the top to bottom, respectively. As depicted in Fig. 3a, for polymer with finite k, current reversal occurs at f= 2.0 for
parameter choice Uy = 6.0 and 7= 2.0 regardless of the magnitude of k revealing that the coupling strength is not a
relevant control parameter to alter the direction of polymeris current. On the other hand

Figure 4b depicts the plot of V as a function of U, for a parameter choice f= 0.3 and 7= 2.0. As shown in the figure, the
velocity for the polymer monotonously increases with Uy and attains a maximum value at a particular optimum barrier

height ngt. Further increasing in U, leads to a smaller V. At Ut

, the chain retains a maximum speed. The same figure
shows that the velocity increases when k decreases. ngt also strictly relies on k; when k decreases, ngt increases.
Furthermore, our analysis exhibits that the transport property of the chain also strictly relies on the temperature difference
between the hot and cold baths. When the magnitude of the rescaled temperature 7 steps up, the tendency for the
polymer in the hot bath to reach the top of the ratchet potential increases than the chain in the cold reservoir. This leads

to an increase in the current or velocity.
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Fig. 4. The velocity V as a function of ffor the parameter values of U, = 6.0, N=2and 7= 2.0
. The green solid lines stand the plot for V in the limit of k — 0 (top) and k — <. The dotted
lines are analyzed from the simulations for given values of k = 0, k = 8.0 and k = 25.0
(globular chain) from the top to bottom, respectively. (b) The velocity V as a function of U for
parameter choice k = 0, k = 5.0 and k = 25.0 ( compact chain), from top to bottom. We also
fixed f= 0.3, N= 2 and 7= 2.0; dotted line stands for the simulation results while green solid

lines are form analytic prediction.

Qeios ID: OG03JU - https://doi.org/10.32388/0G03JU 7113



Q Qeios, CC-BY 4.0 - Article, March 22, 2023

T r T T T Y T
0.6} 1

0-4 . -

> 0'2 . . -

[ ]
0.0F ° o
.

—02F .

1 2 2 2 2 L 2
1.0 15 20 25 3.0 35 4.0

N
L] L] L] ‘
10F ..o‘.
.
o'..
.
08F .o. b
o'.

0.6F ..' -

> o .o"
04k o’ .o'. |

o’ .o...
02} o oo’ ]
. I
o.. o‘..

(M]no--oo'gog-QDO". . . o

10 20 30 40

T

Fig. 5. (Color online) (a) The velocity V as a function of N for parameter choice f= 0 and

f = 2.0 from top to bottom. In the figure, other parameters are fixed as k = 20, U, = 4.0 and
7=2.0. (b) The velocity V as a function of 7for fixed k = 40 (compact chain), U, = 4.0 and
f=2.0. The top dotted and the bottom red lines are plotted by taking N=8and N = 16,

receptively.

The dependence of the velocity on chainis length is also investigated for parameter choicef= 0 and f= 2.0 from top to
bottom. In the figure, other parameters are fixed as k = 20, U, = 4.0 and 7= 2.0. (see Fig. 5a). The figure depicts that
when the load is not strong enough, the polymer attains a positive current while for large load, the system exhibits a

current reversal. In both cases, the chain velocity monotonously decreases as the chain length decreases.

At this point we want to stress that in this work we explore the behavior of the drift velocity as a function ok and N and

showed that the drift velocity is a nontrivial function of these parameters. On the other hand, exploring the transport
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feature of the chain in terms of the chain length and radius of gyration is vital since these parameters are experimentally
relevant parameters. Also exploring the model system in the large N limit is crucial since a reasonable comparison
between simulation and experiment can be done only in the large N limit. Next let us investigate qualitatively how the
velocity depends on the chain length N and radius of gyration Rg. As discussed in the work[®%], the diffusion coefficient

D « N~"where ris a constant. This clearly shows that the mobility (also velocity shown in Fig.5a) decreases asV
decreases. The fact that R increases as temperature 7steps up indicates that D - 7which in turn exhibits that the
mobility (velocity) increases as the temperature 7 steps up (see Fig. 5b). All the above results show that the ratio between
the chain length L, and radius of gyration R (R5/L,) plays a crucial role. Particularly, sinceLy is fixed, R dictates the

transport features of the chain. }

IV. Globular polymer chain

In order gain a deeper insight into this finding, it is instructive to compute the velocity for globular polymer as well as a
single Brownian. In order to rewrite the Langevin equation for compact polymer or rigid polymer (k — <o) in terms of the

center of mass motion, let us add the N Langevin equations (Eq. (3)) to get

N au(x)

I

| o

N
)
i=1

N
oX; Zj

4
)= - = + ! 1\/2\/7'()(,-)4‘,:;(1‘)- @

When a compact polymer of size N hops on the ratchet potential, each monomer experiences the same force along the

™

Q

i

reaction coordinate. Hence the effective Langevin equation for the center of mass motion x.,, = (x; + Xo + ... x5)/N can be

written as

ax d U(Xcm)

“at Xom —
N T =-N +\2YTH)(E (D + ... + ED).

(5)
From fluctuation-dissipation relation

(E@@+... +evn&@+... + &) =N{582) ()

which implies that we can substitute (& (f) + ... + (1) by \/Nf(t). After some algebra Eq. (5) converges to

ax J U(X cm)

cm

aqr d _
AT BT WEOAN. ()

The corresponding steady state current J can be exactly evaluated using the same approach as the work[®3l. After some

algebra, we find a closed form expression for the steady state current

G

B GoG3 + G4 G4

J= (8)
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N N
where the expressions for ¢y, ¢, Gy and ¢, are given as ¢, = €22 -1, ¢, = a'T(1 - e‘a) + be‘a(eb— 1 )
1
Gy = (ea— 1 ) + bea(1 - e‘b).

ol =

—-| =

1
=\2
The parameter ¢, is given by ¢4 = €4 + €, + €5 Where €4 = (a) (a +e a1 )
N 1 )
ab(1_e—a)(eb_1),63=N(b) (2-1-b).
Here a = N(U0 + f)/rand b= N(U0 - f). The corresponding velocity is given by V = 2J. In the limitf > Uy and large N
we have a = NfiT, b~ — Nf, ¢; = exp[Nf/T+ Nf|, ¢ = 1/f, G5 = exp[(NfiT+ NA]/Nf, € = 1/f, €, = 0 and €5 = 1/,

Substituting these values, we get J = — /2. Moreover, the exact analytical result for the globular chain uncovers that the

stall force
Up(t-1)
/_ (T+1) ©)

at which the chain current vanishes, is independent of the chain lengthN. In the absence of external loadf = 0, the steady

state current (Eq.(8)) converges to

NU5 | WG, 1
7 NU, _
J=2(1+T)e 1 e™o-1 (10)
Uy 71
For small U,, it is straight forward to showJ = 2 (™1). On the other hand for large Uy and 7, one approximates Eq. (10)
NUR - NU,
asJ= 20 T

Closer look at the Fig. 2 once again reveals that the chain retains a higher velocityV(0) at k = 0 than the velocity V() of a
globular chain (k — o). Particularly, as the size of the chain increases, the gap betweenV(0) and V() increases. To
analyze the chain size dependence further, we have computed the ratio for the velocity of a single particle to globular
polymer utilizing Eq. (8). As exhibited in Fig. 6, Vis a nontrivial function of N; the polymer with small k retains considerably
higher velocity than a rigid dimer. This signifies that attenuating the strength of the elastic constant results in a polymer
that can be transported fast. This can be notably appreciated by taking the velocity ratio between a single and globular

polymer in high barrier limit which is given as

(=1+N)(fLo+ Uy)
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(=1+N) (Up)
V(0) exp !
where in the limit f— 0, V(=) = N . This can be retrieved using our previous calculations since for largeU,,,
T
J= 2(1+r)e T
e
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Fig. 6. The ratio V(k — 0)/ V(k — ) as a function of N for parameter choice f = 0.0 (black solid
line), f=0.5 (red solid line), f= 1.0 (blue solid line). Other parameters are fixed as U, = 2.0

and 7= 8.0.

The central results of this paper also indicates the occurrence a direct relationship between the flexibility of a
macromolecule and its transport properties. Hence, we expect that in general this relationship can be applied to control
the transport of molecules by modulating their flexibility. Modifying the flexibility of a macromolecule can be achieved in a
variety of ways. Experimentally, the flexibility of the chain can be manipulated in a variety of ways. For instance, the

flexibility of proteins can be altered by ligand binding [4°!

. The elasticity of the DNA molecule can be also strengthen by
introducing external charges [41]. Thermal and chemical denaturation also alter the flexibility of biological molecules since
hydrogen bond breaking leads to an increase in the rotational degrees of freedom of atoms and thereby increases the

macroscopic flexibility of the molecule 4211431,

V. Summary and conclusion

We study the transport and response properties of a single flexible polymer moving in a ratchet potential with an external
load where the viscous medium is alternately in contact with inhomogeneous temperature along the reaction coordinate.
As long as the system is far from equilibrium, we show that each monomer of the chain exhibits a fast unidirectional

current where the strength of the current rectification relies not only on the thermal background kicks and load but it has
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also a nontrivial dependence on its coupling strength and size.

The numerical and exact analyses indicate that the stall force is independent of the chain lengthN and coupling strength
k. It is also shown that a flexible chain retains a higher velocity than a less flexible polymer revealing that a chain with a
desired speed can be fabricated by attenuating the strength of the elastic constant. The chainis flexibility can be modified

through ligand binding [“?!, by introducing external charges[*!! and via chemical denaturation [#21143].

In conclusion, in this work, we present a pragmatic model system which not only serves as a basic guide on how to
transport the polymer fast to specific region but also has novel applications for binding kinetics, DNA amplifications and

sorting of multicomponent systems based on their dominant parameters
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