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Abstract

The aim of this article is to introduce Ekeland variational principle (EVP) and some results in
fuzzy quasi metric space (FQMS) under the non-Archimedean t-norms. In this article the basic
topological properties and a partial order relation are defined on FQMS. Utilizing Brézis-Browder
principle on a partial order set, we extend the EVP to FQMS also. Moreover, we derive Takahashi’s
minimization theorem, which ensures the existence of a solution of an optimal problem without tak-
ing the help of compactness and convexity properties on the underlying space. Furthermore, we give
an equivalence chain between these two theorems. Finally, two fixed point results namely the Banach
fixed point and the Caristi-Kirk fixed point theorems are described extensively.
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1 Introduction

In 1972, Ekeland introduced an approximate minimizer of a bounded below and lower semi-continuous
function on complete metric space, named Ekeland variational principle (EVP). The EVP, an en-
thralling theory, has some comprehensive applications in optimization theory, game theory, optimal
control theory, non-linear analysis and dynamical system etc. In 2010, Q. H. Ansari [1] developed sev-
eral version of EVP, Takahashi’s minimization theorem (TMT), Banach contraction principle (BCP),
Caristi’s fixed point theorem (CFPT) with some applications on equilibrium problems. Because of its
wide research interest, several authors have introduced EVP in various directions. Alleche et al. [2]
gave a new version of EVP for countable systems of equilibrium problems on complete metric space
, Khanh et al. [3] defined three types of Ekeland points and their existence based on an induction
theorem in partial metric space, Bao [4] derived an exact and approximate vectorial version of EVP
based upon Dance-Hegediis-Medvegyv’s fixed point theorem for a dynamical system on complete
metric space,Igbal [5] presented a variational principle without assuming completeness property and
solved some minimization problems by taking a non lower semi-continuous function in the metric
space. On the other side, Cobzas [6] provided EVP on complete quasi metric space on an extension
of the Brézis-Browder maximality principle, Ai-Homidan [7] gave a new version of Takaashi’s min-
imization theorem with two different types of conditions in the setting of a complete quasi metric
space and further they constructed error bound solutions and weak sharp solutions for equilibrium
problems. Recently, Zao et al. [8] extended Lin-Du’s abstract maximal element principle to generalise
EVP for essential distance in the environment of quasi order set. Furthermore, a broad extension
of EVP involving set perturbations attracted so many researchers to work on this direction. Some
multi-objective optimization problems and vector variational inequality problems were analysed by
Hai [9] based on EVP relating to set perturbations.

Moreover, many researchers have a lot of attraction to work on different fuzzy version of EVP.
In 1975, Kramosil and Michalek [10] introduced an idea of fuzzy metric space, which indicates the
uncertainty of distance functions. This idea was extended in 1994 by George and Veeramani [11].
They defined fuzzy metric space in a different way, called GV fuzzy metric space. Several research
works on EVP have been done in various types of fuzzy metric space in different directions. In the
setting of GV fuzzy metric space, Abbasi et al. [12] extended EVP, Caristi’s fixed point theorem,
Takahashi’s minimization theorem and described an equivalence relation on EVP and TMT in 2016.
The Caristi type mapping was developed by Martinez-Moreno et al. [13] in an Archimedean-type
fuzzy metric space. Qiu et al. [14] also extended the above theorems in GV fuzzy metric spaces
subsequently.
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However, the variational principle and fixed point results have also been discussed in the setting
of fuzzy metric space [15]. The set valued EVP has been established incorporating a set valued
map on locally convex fuzzy metric space [16]. Some related works about EVP on Fuzzy metric
space was presented by Pei-jun [15], in which the author has defined fuzzy metric space as quadruple
(X,d, L, R) and discussed EVP on a a-level set. Removing the symmetric property, several authors
have generalised the fuzzy metric as fuzzy quasi metric space and have established multiple results.
Gregori et al. [17] have generalised the KM-fuzzy metric space and the GV-fuzzy metric space to the
KM-fuzzy quasi metric space and the GV-fuzzy quasi metric space respectively and claimed that ev-
ery fuzzy quasi metric induces a quasi metrizable topology and vice-versa. Similarly, Romaguera [18]
introduced bi-completion and D-completion of fuzzy quasi metric spaces via quasi uniform isomor-
phism. At the same time, Romaguera et.al [19] constructed some contraction mapping to establish
the existence and uniqueness of a fixed point result on preordered complete fuzzy quasi metric space.
Recently, an extension of EVP, TMT, CFPT on fuzzy quasi metric space under Archimedean t-norm
have been studied extensively [20].

Table 1: Major literature review over the related topic

Author(s) Use of ¢ | Metric struc- | Use of EVP | Completenes and | Area of Ap-
with  publi- | norm ture and TMT Fixed point results | plication
cation year
Gregori and | none 15 fuzzy | none bi-completeness of | none
Mascarell, quasi metric fuzzy quasi metric
2005 Space space
Mihet, 2010 | none fuzzy metric | none fixed point theory | the domain
Space using fuzzy con- | of words
tractive mappings
in G-complete
fuzzy metric spaces
Cobzas, 2011 | none Ty Quasi | EVP on | none none
Metric Space | quasi metric
space
Romaguera, | none fuzzy quasi | none fixed point theory | solution for
and Tirado, metric space using a continuous | the general
2014 non-decreasing self | recurrence
map equations
Al-Homidan, | none quasi metric | TMT on | none error bounds
Ansari and space quasi metric and weak
Kassay, 2019 Space sharp So-
lutions  for
equilibrium
solutions
Wu and | Archimedean | T3 Fuzzy | EVP and | CFPT on fuzzy
Tang, 2021 t-norm quasi metric | TMT on | quasi metric space
space fuzzy quasi
metric space
This paper non Ty Fuzzy | EVP and | BCP and CFPT us- | existence of
Archimedean | quasi metric | TMT on | ing fuzzy quasi ver- | solution of
t-norm space fuzzy quasi | sion of EVP with a | equlibrium
metric space | proper bounded be- | points
low and lower semi
continuous function

From the above literature study it is seen that none of the researchers has discussed EVP in the

light of FQMS utilizing non-Archimedean t-norm. Thus in this study we present EVP, TMT, BCP,
CFPT and related results in the setting of FQMS under the presence of non-Archimedean t-norms.
This article has been organised as follows : section 2 includes the formation of FQMS from Quasi
Metric Space and defines three types of Cauchy sequences, three types of convergences and seven
types of completeness properties on it. Section 3 contains the EVP of Fuzzy Quasi version, section
4 develops Takahashi’s minimization theorem and an equivalent chain between EVP and TMT .
Section 5 represents two types of fixed point results namely Banach contraction fixed point and
Caristi’s fixed point theorems . Finally, section 6 ends with the conclusion of the propose a study
followed by the scope of future research.



2 Preliminaries

In this section we introduce some basic definitions and properties over the fuzzy quasi metric spaces
which will be used to develop the proposed study

Definition 2.1. [21] Let X be a non-empty set. A function dg : X x X — [0,00) is called quasi
metric if the following properties hold for all x,y,z € X :

(M1): dg(z,z) =0

(M2): dg(z,y) =0 = z=y
(M3): dq(z,y) = d(y, )

(M4): dg(z,y) < d(z,2) + d(z,y).

Then the order pair (X,d) is called quasi metric space.

Generally a metric is defined by means of a distance function, but if the distance function itself
assumes fuzzy flexibility then the subject under study is a part of fuzzy metric space ( [22, 23] ).

Definition 2.2. [24] A binary operation * : [0,1]> — [0,1] is said to be continuous t-norm if it
satisfies the following conditions for all a,b,c,d € [0,1]:

(i) ax(bxc)=(axb)xc
(i) axl=a
(#ii) axb < c*d whenever a < c and b < d.

Moreover, the basic t-norms; minimum, product and Lukasiewicz continuous t-norms are defined by
a *m b =min{a,b};a-b=ab; and a *xr b = max{a+b— 1,0}

respectively.

Definition 2.3. A structure which has a pair of non-zero elements, one of which is infinitesimal
with respect to other, is said to be non-Archimedean. It is easy to see that the t-norm ” 4s not
Archimedean, while the other two t-norms are Archimeadean.

*m

Definition 2.4. [20] Let X be an arbitrary non-empty set, * being a continuous t-norm and a
mapping My : X2 x (0,00) = (0,1] be a fuzzy membership function. Then a 3-tuple (X, My, %) is
said to be a fuzzy quasi metric space (FQMS) if it satisfies the following conditions for all z,y,z € X
andt >0 :

(FQMS 1): My(x,y,t) >

(FQMS 2): My(z,y, )—1 if and only if x =y
(FQMS 3): My(z,y,s+1t) > My(x,z,t) x My(2,y,s)
(FQMS 4): My(x,y,.): (0,00) = (0,1] is continuous
(FQMS 5): tll{go My(z,y,t) = 1.

The function My is called the Fuzzy Quasi Metric (FQM) and it denotes the degree of closeness
between x and y with respect to t.
The conjugate FQM M,, corresponding to each FQMS (X, M,, ), is defined as M,(x,y,t) =
Mgy(y,z,t) for all z,y € X and t > 0.
Also we define mapping M; : X? x (0, 00) —
),

Mg (z,y,t) = min{My(z,y,t

(0,1] is defined as
My(z,y,t)},Vo,y € X and t > 0,

is a fuzzy metric on X.

In rest of the article we shall use ”minimum” ¢-norm (*,,) to express the triangle inequality and
we redefine FQMS as (X, Mg, #pm,).
Example 2.5. [25] Let (X,dy) be a quasi-metric space, let ¢ : (0,00) — (0,00) be an increasing
left continuous function with ¢p(t + s) > ¢(t) + ¢(s) and let g : [0,00) — [0,1] be a decreasing left-
continuous function such that g(0) = 1. Then (X, Mg, *m) s a fuzzy quasi metric space, where the
fuzzy set My : X x X x (0,00) is given for each z,y € X and t € (0,00) by

dy(,y)
Mg(z,y,t) = g( 1 )
Definition 2.6. Let (X, Mg, *m) be a fuzzy quasi metric space. A set A(C X) is called

(i) left bounded (I-bounded) if and only if there exists t > 0 and 0 < r < 1 such that My(z,y,t) >
1—r forallz,y € A.

(i) right bounded (r-bounded) if and only if there exists t > 0 and 0 < r < 1 such that My(z,y,t) >
1—7r forallz,y € A.

Definition 2.7. Let us consider a FQMS (X, Mg, *m). For given any parameter of fuzziness 0 <
€ < 1, center x and radius a > 0, we can define the left open ball (I-open ball) Bi(x,a,€) and the left
closed ball (I-closed ball) B[z, a, €] respectively as:



Bi(z,a,¢) ={y € X : My(x,y,a) >1—¢€}
and Bi[z,a,¢e] ={y € X : My(z,y,a) > 1— €}

and similarly we may define the right open ball (r-open ball) Br(x,a,€) and the right closed ball
(r-closed ball) B[z, a,€] respectively as:

Bi(z,a,¢) = {y € X : My(z,y,a) > 1 — ¢}

and Brlz,a,e] ={y € X : My(z,y,a) > 1—¢€}
Definition 2.8. Let (X, Mg, *m) be a FQMS. A sequence < Zn >nen is said to be

(i) l-Cauchy if and only if for each € € (0,1),t > 0 Ing € N such that My(zn,Tm,t) > 1 —
€ for any m > n > nyg.

(i) r-Cauchy if and only if for each € € (0,1),t > 0 Ing € N such that My(Tm,Tn,t) > 1 —
€ for any m > n > nyg.

(i1t) Cauchy if and only if for each € € (0,1),t > 0 3ng € N such that Mj(zm,xn,t) > 1 —
€ for any n,m > ng.

Definition 2.9. Let X be a non empty set. A sequence (Tn)nen in a FQMS (X, My, *m) is said to
be

1) l-converges to a € X, if and only if lim a,Tn,t) = 1 forallt > 0, i.e. for each € €
i) 1 t X, 1 d only if lim M, t 1 lt >0, 1 h
n— o0
(0,1) and t > 0, Ing € N such that My(a,zn,t) > 1 — € for all n > no.
1) r-converges to a € X, if and only if lim ZTn,a,t) = 1 forallt > 0, i.e. for each € €
i t X, i d only if lim M, t 1 nt >0, h
n— oo
(0,1) and t > 0, Ing € N such that My(zn,a,t) > 1 — € for alln > no.
11) converges to a € X, if and only if lim a,Tn,t) = 1 fora > 0, i.e. for each € €
g X, i d only if lim Mg t 1 it 0, i h
n—oo
(0,1) and t > 0, Ing € N such that Mj(a,xn,t) > 1 —€ for all n > no.
Definition 2.10. The FQMS (X, Mg, *m) is
(i) ll-complete if every l-Cauchy sequence is l-converges to a point in X.
Similarly we can define rr, lr, rl-completeness in FQMS.
(%) l-complete (r-complete) if every l-Cauchy (r-Cauchy) sequence converges to a point in X.
(#ii) complete if every Cauchy sequence converges to a point in X.
Example 2.11. Let us consider X = [1/2,1) be a non-empty set. Consider the fuzzy quasi metric
My, *m) defined in the example 2.5 and we define quasi metricd: X x X — (0,00) b
q Y
dz,y) = 0, z<y
= 1, z>y
Then every l-Cauchy sequences in X are l-convergent. Therefore (X, My, *m) is ll-complete fuzzy
q
quast metric space

Remark 2.12. (i) Let < zn, >, be a sequence in a FQMS (X, My, *m). If (zn) be l-convergent to
x and r-convergent to y, then we get x = y.

(i) Let < zp, >n be a sequence in a FQMS (X, My, *m). The sequence {(xy) is l-convergent in
(X, My), if every I-Cauchy sequence (zy) in (X, My) has a l-convergent subsequence in (X, My).

3 Ekland Variational Principle in Complete Fuzzy Quasi
Metric Space

We shall establish Ekeland’s Variational Principle on complete FQMS using an extension theorem
of Brézis-Browder principle [6, 26] on a partial ordered set. This theorem ensures that a partially
ordered set has a minimal (dually maximal) element by choosing a strictly increasing function on
it. So first we recall the Brézis-Browder principle on ordered set.Then we construct a partial order
relation on X and then we apply Brézis-Browder principle to establish the EVP on FQMS.
Let (Z, <) be a partially ordered set. For x € Z, put Sy (z) ={z € Z:xz <z} and S_(z)={z€ Z:
z < x}. Here the notation x < y imples (z < y) A (z # y) and for dual formulation we just reverse
the order of x and y.
Lemma 3.1. [27] Let (Z,<) be a partially ordered set.
(i) Suppose that ¢ : Z — R is a function satisfying the conditions:

(a) the function 1) is strictly increasing;

(b) for each x € Z, (S_(x)) is bounded below;

(c) for any decreasing sequence (xy) in Z there exists y € Z such that y < xn,n € N,

Then for each x € Z there ezists a minimal element z € Z such that z < x.

(#) Dually, let ¢ : Z — R is a function satisfying the conditions:



(a) the function ¢ is strictly increasing;
(b) for each x € Z, $(S+(x)) is bounded above;
(c) for any increasing sequence {(xn) in Z there exists y € Z such that x,, < y,n € N.

Then for each x € Z there exists a mazximal element z € Z such that x < z.

Theorem 3.2. Let (X, My, *m) be a FQMS and a function # : X — R on X. Define a relation on
X by

t<y& 157 (@) +1 - My(z,y,t) < 57 (y).

Then the relation ” <7 is a partial order.

Proof. Reflexive: It is obvious that < x holds,
Anti-symmetric: Let x < y and y < x hold. Then

7 (@) + 1= My(2,y,t/2) < {57 (y) and 157 (y) +1 = My(y,2,t/2) < 757 (x)

hold respectively. From these two relation we get, { My (x,y,t/2)+Mq(y, z,t/2)} <2 = My(z,y,t/2) =
MLZ(yax7t/2) =1 = z= Y.
Transitive: Let x < y and y < z holds. Then

FF(2) + 1= My(2,y,t/2) < {57 (y) and 757 (y) + 1 — Mo(y, 2,t/2) < 757 (2)

T+t 1+t 1+t
holds respectively. Now,
t t
— 1—- M, < —F 1—{M, 2) x M, 2
T @ L Myfant) S T @)+ 1 (Moo, yt/2) « My(y, 2, t/2))
t
< my($)+ 1 7min{MQ(x7y7t/2)7MQ(y7zat/2)}
S P - My t/2) + 1 - My(y, 2, 6/2)
t
< —Z 1-—M t/2
< TP AL My st2)
t
< —F
S 1770
Thus x < z holds. Hence the proof. O

Theorem 3.3. Let (X, My, *m) be a FQMS and consider a function # : X — R on X. Consider
the partial order relation given in the theorem 3.2,

<y My(z,y,t) 21— (75)[F(y) — F(2)]

(i) If X be a ll-complete FQMS and F : X — R is bounded below and lower semi-continuous on
X, then every element x of X is minored by a minimal element z in X.

(i) If X be a rr-complete FQMS and .F : X — R is bounded above and upper semi-continuous on
X ,then every element x of X is majored by a mazimal element z in X.

Proof. (i) From the definition of FQMS we know that if z # y, then My(x,y,t) < 1. Consequently,

z<ye= @Sy A(@Fy) = 1> M(z,y,1) 21— (;5)[F @) - Z(2)].

This shows that .# is strictly increasing, therefore condition (a)(lemma 3.1,(i)) holds.

Since .# is bounded below, therefore (b)(lemma 3.1,(i)) holds.

Now we consider a decreasing sequence (z,) € Nin X. Then . (zn41) < F(2,),¥n € N. Since
Z is bounded below, then (% (x,)) has an infimum, say b and the sequence is convergent.
Consequently it is Cauchy, so that, for given € > 0, there exists ng € N such that

F(Tnyp) — F(zn) < eforallm >ng and p € N.

This implies that Mg(zn, Tn+p,t) > 1= (755)e > 1 — €

This claims that < x,, > is a [-Cauchy sequence. Since X is ll- complete then from the definition
2.10 it is [-converges to some point y € X, i.e. PIIE[) My(y, zn, t) = 1.
—

Again, since Tnik < Zn = My(Tnik, Tn,t) > 1= (75)[F (T0) — F (Tnsr)]-
Now,

Mo(y,zn,t) > min{My(y, Tnir,t — ), Mg(Tntk,Tn,s)}

> My(Tnik, Tn,t)

> 1o (%H)[y(xn) — F(@nst)]

> 1o (%—H)[Q(mn) — liminf Z (zn4s)]
> 14%)[?(%)—9‘(74)1

which shows that y < x,, for all n € N.



(ii) To prove the second assertion, we can apply the first assertion on (X, SMW_L@). Then we get

v S Y = Myeyt) 2 1= ()IF0) - F @)
= My 21 ()P @ - (—F)

= Y<i,-FT

for all z,3y € X. The space (X, M,) and the function — satisfy all the condition of the first
assertion of this theorem. So, for every « € X there exists a minimal element z in (X, SMq,—ff)v
i.e. z is the maximal element in (X, <us, &) and z <ur,, 7 2.

O

Theorem 3.4. (Ekland Variational Principle)
Suppose that (X, Mg, *m) be a ll-Complete FQMS and a mapping .F : X — RU{+o00} is a proper
bounded below and lower semi-continuous function. Given any € € (0,1), let £ € X be such that

F(z) <inf F(X) +e (1)
Then for every A € (0,1 +t), there exists an T = T(e, \) € X such that
(a)(757)7 (3?)+1—§M (7,2,1) < (737) 7 (2)
(0)My(z,2,t) > M1 = ()
(Vz € X\{z}, ({7) 7 (2) + 1 = S Mo(,3,1) > ({15)7 (2).

Proof. Consider aset Y = {y € X : (Ht)ﬂ(y) <1—$My(Z,y,t) + (%H)&?(i)}
The set Y is non empty as £ € Y. Now we have to show that Y is a closed subset of X. Suppose
< Yn >nen be a sequence in Y and that is [-convergent to some y in X i.e. lim My(y,yn,t) =1 for
n—oo

all t > 0. Then we have

t P € N t -
- n) < 1 — —My(Z,yn,t —)F
(T Z ) 1= SMyGE ) + ()7 (@)
€ . . t
< 1= Smin{My (3,5, 9), My, st = 9)} + () F ()
for all n € N. Since .% is lower semi-continuous, then we get

(1+t)°/(y) S m hm (yn) < 1_7M (‘T Y, )+(1+t)f/\( )

This shows that y € Y.

Since X is ll-Complete FQMS and Y is a non-empty closed subset of X, then Y is also ll-Complete
FQMS, i.e. every [-Cauchy sequence in Y is l-convergent in some y € Y.
Now we consider a equivalent FQM M, (z,y,t) = $M,y(z,y,t),z,y € Y,t > 0. Defining an order
relation < on Y by

t

p<y = Myt 21— (4P ) - F@)
= My t) 2 1= (()IF W) - F (@)

forall z,y € Y, it follows that all the hypothesis of theorem 3.3 are satisfied by this FQMS (Y, Mg, *m )
and with ¢ = Z#|y. Consequently, there exists a minimal element Z € Y such that < Z. Since

PEE e SM@E0 21— (1 IFE) - F@)
(L) @) +1- $M,(0,5.0) < (1) F (@)
It follows that Z satisfies the condition (a).
By equation (1) and (a),
(TP @ +1- M50 < (1) F@
< ()t FOO +4
< (TIF@

(e
implies, My(Z,Z,t) > /\# > A1 = (137)), showing (b) holds too.

Now, if we consider a € YN\ {Z}. By the minimality of Z, the inequality < Z does not hold,
so that
(15) 7 () + 1 = s My(2,2,t) > (v45) 7 ()

which shows that (c) is satisfied for such an z. Now, if z € X\\Y, then



()7 (@) > 1= $My(F,2,t) + (135) Z (2).

Now, if possible let condition (c) does not hold, then we have

t t €

- 7> (— _ 7
(1+t)ﬂ(x) > (1+t)y($)+1 3 Ma(2,2,5)
t s € - € _
> (m)J(x)+l—XMq(m,x7t)+1— XMq(a:,myt)
> %ng(;z) 1 - Smin{M, (7, 2,6 — $)My (2, 75)}, for 0< s <1
t - € o
> (m)c/(x)‘f‘l—XMq(%%t)

which contradicts the fact that £ € Y. Consequently, the condition (¢) holds for x € X\Y, as well
as ¢ € X\ {z}. Hence the proof. O

Corollary 3.5. Suppose that (X, Mg, *m) be a rr-Complete FQMS and a mapping # : X — RU
{+0o0} is a proper bounded above and upper semi-continuous function. Given anye € (0,1), letz € X
such that

F(Z) <inf F(X)+e
Then for every X € (0,1 +t), there exists an T = T(e,\) € X such that
(@) (7)) 7 (@) +1 = 5 My(2,7,t) < (5) 7 (3)
() Mqo(2,7,t) > M1~ (7))
(Ve € XN\{z}, (£5)F(2) + 1 = $My(Z,2,t) > (15)F ().
Theorem 3.6. (Ekeland Variational Principle-weak form): Suppose that (X, Mg, *m) be a
ll-Complete FQMS and a mapping F : X — RU {+o0} is a proper bounded below and lower semi-
continuous function. Given any € € (0,1), let £ € X be such that

F(z) <inf Z(X) +e.
Then there exists an T = T(e, \) € X such that

t _ _ . t -

my(ﬂf) +1—eMy(Z,2,t) < 111 7 () (2)

Proof. It can be easily proved by putting A = 1 in Theorem 3.4. O
Next, we are to show that the validity of the weak version of Ekeland variational principle ensures

the completeness of the space.

Example 3.7. Let us consider X = [0,1) b e a non-empty set and My be a fuzzy quasi metric defined
in the example 2.5. Then (X, My, *m) be ll-complete FQMS. Now consider # : X — R defined by

F(x) = 25,2#0
= 0, otherwise
s lower semi-continuous at 0 and bounded below. Then there exists a point T(= 0) € X which
satisfies the EVP.

Let (X, Mg, *m) be FQMS and F : X x X — R be a bifunction. If there exists & € X such that
F(z,y) > 0 for all y € X, then Z is called the solution of the equilibrium problem (EP) [7].

Theorem 3.8. (Equilibrium version of EVP)
Let (X, My, %m) be ll-complete FQMS and F : X x X — R be a bifunction. Asuume that there ezists
a proper bounded below and lower semi-continuous function F : X — RU {400} such that

F(z,y) > Z(y) — F(x) for all z,y € X ()
Then for given any € € (0,1), let & € X be such that inf F(&, ) > —oo and for every A > 1,¢t > 0,
there exists an T = (e, \) € X such that
(a) %H]F(if,.i) + iMQ(Evivt) Z 1
(b) Vz € X\ {z}, sMy(z,z,t) — %HIF(JE,J:) <1

Theorem 3.9. (Converse of EVP): Let (X, My, *m) be a FQMS. If for every lower semi-continuous
function F : X — R and for every e > 0 there exists y. € X such that

Vo € X, ()7 (v) +1 = eMy(ye, 2,1) < ()7 (x)

then the FQMS X is ll-complete.

Proof. Suppose that (z,) is a [-Cauchy sequence in X. Consider a well defined function .# : X — R,
given by

F(x) =1 — lim, sup My(x, zn,t).



First we shall show that the function .# is lower semi-continuous. Let © € X be fixed and 2’ € X
arbitrary. Then as per definition,

Mq(l‘, ZL‘n,t) min{Mq(x, mlvt - s),Mq(:r'7:rn,s)}
min{l — e, M(z', zn, s)}
My(z', xn,8) — €

1— My(z,2n,8) —¢€

vV IV IV IV

= 1 — My(2',xn,t)

holds for every n € N, yields
F(z') > F(x) — ¢

implying the lower semi-continuous of the function .# at the point x.
Now we have to prove that lim,— o0 -7 (2,) = 0.
We have for every € > 0, there exists n. € N such that

My(@n, Tntk,t) > 1 —€,Yn > ne, Vk € N

Now, Z(zn) = 1 — limy, sup Mg (zn, Tnik, t) < e = lim, F(z,) = 0.
Again, from the given condition (LtH)f(y) +1—eMy(y,zn,t) < (133)F (zn), taking lim, sup of
both sides we get

(577 W) +1 -l - F@)] <0
— (Hl%t)ﬂ(y)«q

_ e—1 .
= y(y)<7€+(ﬁ)<

This gives lim,, sup My (y, n,t) > 1—¢, implies that (x,) is I-convergent. Hence X is ll-complete. [

Corollary 3.10. Let (X, M) be a FQMS. If for every upper semi-continuous function # : X — R
and for every e > 0 there exists y. € X such that

(1%%)55(1:) +1—eMy(z,ye,t) < (%H)ﬁ(ye), Ve e X

then the FQMS X is rr-complete.

4 Applications on Optimization Theory

Theorem 4.1. (Takahashi’s minimization theorem): Let (X, Mq,*m) be a ll-complete FQMS
and a mapping .F : X — RU {400} be a proper bounded below and lower semi-continuous function.
Assume that there ezists p > 0 and for each & € X with inf,ex F(z) < F (&), there exists z € X (z #
Z) such that

pMy(2,2,1) > 1 — 15[ (&) — F(2)],

then there exists T € X such that F(z) = infrex F(x).

Proof. On the contrary, suppose infycx #(x) < Z(y) for all y € X, and let & € dom(#). We define
inductively a sequence (z,) in X starting with z1 = #. Suppose that =, € X is known. Put

Spt1={z € X: %Hﬁ(xn) 2 %Hﬁ(m) + 1= pMy(z, 20, 1)},

and choose Tn+1 € Spt1 such that
F(enr) < Hinfocs,y F(2)+ Flan)}.

Now we have to verify that the definition of 2,41 is correct. To do this, let us first show that # (x,) >
infres,,, F(x). Suppose that .F(z,) = infszes,,, #(x). Then hypothesis, .F (zn) > infrex F(z)
such that, by the given condition, there exists y € Sp+1\{zn}, yielding a contradiction

t_ t
1+¢ F(y) < my(mn) —[1 = pMy(y, zn, 1)
t
< ar
= 1+t‘/(x")
= F(y) < Fl(zn)= inf F(z)

z€Sn 41

which contradicts y € Sp+1\{zn}. Consequently, . (z,) > infzcs,,; and F (xnt1) < F(zn).
Therefore we may claim that (z,) is a I-Cauchy sequence. Since zny1 € Sp41 for all n € N, then
we have

t
pMy(zj11,25,t) > 1 — m[y(mﬁl) — F(z;)]; for allj € N (4)



If n > m then using equation (4), we obtain

1— pMg(Tm, xn,t) < 1—min{pMq(Tm, Tm+1,t1),-- ., pPMg(Tn-1,Zn,tn—m)}
S 1_qu(l'm7l'm71,t1),...71_qu(l'n+1,fL'n,tm—n)
t n
< 111 Z [F (zj41) — F (;)]
j=m—1
t
< 1T Em) = F(an)] (5)

Since the sequence (.#(z,)) is decreasing and the function % is bounded below, so (F(z,)) is
convergent in R and hence it is Cauchy. Now given ¢ > 0 there exists N € N such that
| # (xm) — F(an)] < —; for all m,n > N
1+t
Then by equation (5),

L — pMy(@m, Tn,t) < 75 [F (xm) — F(2n)] < € for all n > m > N,

which shows that the sequence (z,) is I-Cauchy.
Since (X, Mg, *m) is ll-complete, then 3 & € X such that x, [-convergent to Z. Since % is lower
semi-continuous, then
lim Mg(Zm,Tn,t) < Mg(Z, zn,t).
n—o0

By taking limit as m — oo in equation (5) and using lower semi-continuity of .%, we obtain

pMy(Z,xn,t) > Um pMy(Tm, Tn,t)

t
to o
> 1= m[f (zn) — F(2)] (6)

On the other hand by the given condition, there exists z € X such that z # Z and we get
PMy(2,5,0) > 1 = ——|F(3) - F(2)] ™)
1+1¢
From the definition of FQMS, we have
My(z,2n,s) > min{My(z,Z,t), Mq(Z,zn,s — ), for 0 <t <s
> My(z,1,1) (8)

From equations (6),(7) and (8), we obtain

t t .

b < S F@E)—[1-pM

CFG) S B - - pMy(e )

t
< mﬁ(xn) —[1 = pMy(z,2n, s)]
Consequently, z € S,41 for all n € N.
Now since
27 (10na) ~ F(ea) < _inf () < F () (9)
ZESp 41

Then as per equations (7) and (9), we have

Lz Lz 1— pM,(z, &
CoFE) < S+ - pMy(a, 3,0
t
< 7@
- 1+t 7(@)
t
< ' lim =z
S T
t .
= 17 Jim {27 (2n41) — F (20)}
t
< —Z
S 7%
which is a contradiction. Therefore, there exists Z € x such that .7 (Z) = 12&9(@ Hence the
theorem. 0

Corollary 4.2. Let (X, My, *m) be a rr-complete FQMS and &% : X — R U {+oo} be an upper
semi-continuous function, proper and bounded above. Assume that there exists p > 0 and for each
Z € X with infyex F(z) < F (&), there exists z € X (z # &) such that

Mqy(2,2,t) > 1 — 757 (2) — F(2)],



then there exists T € X such that F(Z) = infzex F(x).
Remark 4.3. Theorems 3.4 and 4.1 are equivalent.

Proof. First we prove theorem the 3.4 by using the theorem 4.1. Assume that the theorem 4.1
and all the hypothesis of the theorem 3.4 are hold. Let & € X, consider a set ¥ = {y € X :
(75)7 (y) +1 - My(y, &,t) < (%ﬂ)ﬁ(ﬁ:)} Y is non-empty as & € Y and Y is closed (see the proof
of theorem 3.4), hence the statement (a) in theorem 3.4 holds .

Now, for each z € Y, we get

—
\_/
/‘\
&
+
—
|
/&\
®»
=
N
~—
9
—~
ISH
~

IA

implies My(z,&,t) > A(1 — 1it)' Hence the statement (b) in theorem 3.4 holds. If possible let the
statement (c) in theorem 3.4 is not true, therefore there exists y € X (y # z) such that

1<t+t FZ(y) +1— $My(y, z,t) < Z(2).

Now from the definition of FQMS we have,

— 1+t

1- ;Mq(y,iyt) < 1- imin{Mq(%z,t —5), My(z,%,3)}
< 1= SM(y,zt—s)+1— TMy(z,5)
< PO -Fw)+F@) - F )
< THF@ -7

Therefore y € Y. Then by theorem 4.1 there exists Z € X such that . (Z) = inf.cy % (z), which
contradicts the fact that there exists yo € Y with .#(yo) < .Z (7).

Hence the statement (c) in theorem 3.4 is true.

Conversely, we have to prove the theorem 4.1 by using the theorem 3.4. Let the theorem 3.4
holds and consider all the hypothesis of the theorem 4.1. Put A = 1 and € = p in the statement (c)
of the theorem 3.4, then for each T € X we have,

L ) 41— pMy(2,7,8) > —— F(&), with £ & (10)
1+t t 1+1¢
If possible, let #(Z) > infzex #(x). By the hypothesis of theorem 4.1 there exists z € X,z # &
such that we get the following inequality,

t t
1—pMy(z,Z,t) < ——F (). 11
1+ (Z) + P q(z,a:,t) = 1+t‘/(x) ( )
which contradicts equation(10) for p = {. Hence # () = infzex # (). O

Theorem 4.4. (Equlibrium version of TMT)
Let (X, Mg, *m) be a ll-complete FQMS and F : X x X — R be a bifunction. Asuume that there
exists a proper bounded below and lower semi-continuous function & : X — RU {+oo} such that

F(z,y) > F(y) — F(x) for all z,y € X. (12)

Assume that there exists p > 0 and for each & € X with infyex F(x) < F (&), there exists z € X (z #
%) such that

5 F(2,2) + pMy(2,2,t) > 1

then there exists T € X such that F(Z,y) > 0 for ally € X.
Theorem 4.5. (Converse of Takahashi’s Minimization Theorem):
Let (X, My, *m) be FQMS and F : X — RU {0} be a bounded below, lower semi-continuous

function. If for each & € X with infyex F(v) < F(&),there exists z € X(z # &) such that the
following inequality holds:

My (2, 5,8) > 1 — 5[ F(3) — F(2)].
Therefore there exists T € X such that F(Z) = infgex F(x), then (X, My) is ll-complete FQMS.

Proof. Let (zy) be a l-Cauchy sequence in X and consider the function .# : X — R U {oco} defined
by

F(x) =1 — lim, sup My(x, xn,t).

10



Then the theorem 3.9 shows that lim,— e % (z») = 0. This implies infrex Z (z) = 0.
Let us consider & € X with infyex Z(x) = 0 < Z(&), then there exists a n € N such that % (z) <
1F(wn) and 1 — My(&,@n,t) < 55555 F (¥n). Therefore for , # &, the condition of this theorem is

I EE=))
represented by (for p = 1),
157 (&) + 1= My(%,2n,t) < F(zn).
Thus, there exists T € X such that Z#(z) = nf,cex F(z)=0.
This implies . (Z) = 0 = limp—00 My(Z, zn,t) = 1. Therefore, (z,) is l-convergent to Z. Hence
(X, My) is ll-complete. O

5 Applications on Fixed Point Theory

By using the notion of the fuzzy metric space in the sense of Kramosil et al. [10], George and
Veeramani [11] proved the Banach contraction principle (BCP) in fuzzy metric space. However,
Cobzas [6] established another type of fixed point result, named Caristi-Kirk Fixed Point Theorem,
by using EVP in the setting of quasi metric space. Here we shall prove these two fixed point results
on the basis of FQMS by using EVP (Theorem 3.4).

Theorem 5.1. (Banach Contraction Theorem): Let X be a ll-Complete FQMS and T : X — X
be a contraction mapping [28] satisfying
My(Tx, Ty, kt) > My(z,y,t), for allz,y € X,0< r <1, (13)

then T has a unique fized point in X.
Proof. Consider the function .# : X — R U {400} defined by
F(x) = My(z, T (x),t) for all z € X.

Then as per definition, .# is bounded below and lower semi-continuous on X. Now we choose €
(0 < € < M) such that as per theorem 3.4 there exists z € X satisfying

F(2) +1— My(z,2,kt) < 7555 F ().

1+kt*
Now putting z = 7 (z) in the above, we have

Kt € Kt
_£ <
1+Rtﬁ(7’x)+1 )\Mq(Tx,x,/it)_ 1+Kt9(m)
€ Kt
1——M, <

= 1o ) + \ (T, z,t) < To ot (x, Tz, t)
= it M(:rT:vt)+1f£M(T:vmt)< rit (z, Tx,t)

1+ Kt q ’ ’ A q [ Rad] = 1+Klt ’ I
= ;Mq('rx,:mt) >1
= M(Tz,z,t)=1l<=Tax=x

Therefore T has a fixed point. Now we are to show that this fixed point is unique. If possible there
exists another fixed point y(# z) € X such that Ty = y.

1>M( z,Y, ) = MQ(Tx7Tyat)
t t
Z MQ(‘rvy’E):MQ(Tvayvg)
t
Z Mq(l',y,?):,,,
> Mq(x,y,kin)%l, as n — 0o
This implies = y. Hence the proof. O
Theorem 5.2. (Caristi-Kirk Fized Point Theorem): Let (X, Mg, *m) be ll-complete FQMS.
Consider a bounded below, lower semi-continuous function % : X — R and a fuzzy function f : X —
X satisfy the following condition
t t
_ <_' 7
S @)+ 1= My(f(0),5,0) € 1 P @)

then f has a fixed point in X.

Proof. We define an order relation on X for z,y € X as
r<y = My(z,y,t) > 1~ (75)[F(y) — F(2)]
Then the hypothesis of the theorem shows that

f(x) <z forall z € X. (14)

Now from theorem 3.3 we can say that there exists an minimal element z € X. Then from
equation(14), we have f(z) < z, so f(z) = z as z is the minimal element. Hence the theorem.
O
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6 Conclusion

In this paper, Ekeland variational principle is developed by using Brézis-Browder principle on a
partial order set over FQMS under non Archimedean t-norm. Existence of a solution of optimization
problem in the sense of Takahashi’s minimization theorem has been established without compactness
and convexity assumptions. Also an equivalence relation between these two theorems and two types
of equilibrium solutions are established here. Based on EVP, Banach fixed point theorem and Caristi-
Kirk fixed point theorem are employed in this FQMS.

Moreover, these results can further be developed in several optimization theories, game theory,
differential equations and non-linear analysis etc in the setting of fuzzy quasi metric space. Indeed,
this approach can be extended to some other fuzzy environments such as lock fuzzy set, dense fuzzy
set, cloudy fuzzy set, fuzzy reasoning and hesitant fuzzy set also.
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