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This paper studies the algorithmic complexity for computing the pure Nash Equilibrium (PNE) in
Tullock Contests. The (possibly heterogeneous) elasticity parameter r; determines whether a
contestant i’s cost function is convex, concave or neither. Our core finding is that the domains of

r; governs the complexity for solving Tullock contents.

- When no contestant’s r; lies between (1, 2], we can design an efficient algorithm to compute the
pure NE;

- When many r; values fall within (1, 2], we prove that determining NE existence can not be solved in
polynomial time, assuming the Exponential Time Hypothesis (ETH);

- When many r; values fall within (1, 2], we design a Fully Polynomial-Time Approximation Scheme
(FPTAS) to find an e-PNE when an exact PNE exists.

All our algorithms are efficiently implemented for solving large-scale instances, and computational

experiments demonstrate their effectiveness even in complex scenarios.

1. Introduction

The Tullock contest, introduced by Gordon Tullock[l], is a fundamental model in economic theory,
widely used to analyze competitive environments where participants expend resources to increase
their probability of winning a prize. This model has significant implications for decentralized systems,
such as blockchain, where participants (e.g., miners in proof-of-work systems) compete for rewards
by investing computational resources. The competitive nature of blockchain mining and validation

closely aligns with the Tullock contest framework, as both involve strategic decision-making about

resource expenditure to maximize the probability of success21314],

In Bitcoin, for example, miners compete to solve cryptographic puzzles, with the first to do so earning

a block reward. The Tullock contest’s winner-takes-all nature mirrors this dynamic, where each
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participant’s probability of success is proportional to the resources they allocatel3l®l This
competition introduces economic inefficiencies and challenges related to resource allocation and
centralization, which can be rigorously analyzed through the Tullock contest modellZl81 As network
difficulty increases, the marginal gains from additional computational power decrease, leading to

centralization of mining power and higher barriers for smaller participants[2l.

A key feature of the Tullock contest is the elasticity parameter r;, which determines the relationship
between a participant’s resource expenditure and their success probability. Distinct ranges of 7;:
r; < 1,r €[1,2],and r; > 2, correspond to diminishing, moderate, and increasing returns to effort,
respectively. These regimes provide a versatile framework for understanding strategic interactions

across various domains, including blockchain, economic competition, and platform dynamics.

The elasticity parameter captures diverse dynamics: r; < 1 fosters inclusivity by encouraging smaller
investments to yield disproportionately higher returns, a feature relevant for collaborative systems
like public goods provision[!2l or decentralized logisticsl!ll. In contrast, r; > 2 leads to “winner-
takes-all” scenarios, exemplified by resource concentration in decentralized finance or vehicular edge
computingfﬁn—lﬂ. Finally, r; € [1,2] represents balanced dynamics, supporting efficient governance

and equitable resource allocation, as studied in blockchain platforms and renewable energy tradingl4l

sl

1.1. Motivation

The application of the Tullock contest model to blockchain systems is motivated by the need to
understand how decentralized competition impacts network security, efficiency, and centralization.
In proof-of-work blockchains, participants independently decide how much computational power to
expend, creating a competitive environment where resource allocation is critical for securing rewards.

Analyzing these decisions through the Tullock contest framework provides insights into miners’
strategic behavior and the overall functioning of decentralized networks161(2,
One key motivation for applying the Tullock contest to blockchain is the analysis of Nash equilibria in

competitive environments. By modeling miners’ efforts in terms of resource expenditure and reward

probability, the Tullock framework helps to understand how rational agents optimize their strategies
in decentralized systems27). Additionally, the framework sheds light on potential inefficiencies and

externalities, such as energy consumption, that arise in competitive mining processes‘[@‘.
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Furthermore, blockchain systems inherently involve decentralized decision-making, where
participants (miners or validators) operate autonomously. The Tullock contest model allows for the
examination of these independent decisions and how they collectively influence network security and
reward distribution. This approach can be extended to study the implications of technological and

informational asymmetries, where different participants may have varying access to resources or

information, affecting their competitive standingl2l.

In decentralized systems such as Bitcoin, mining can be viewed as a rent-seeking contest, where
participants compete for a fixed reward. The Tullock contest model facilitates understanding of the
trade-offs between resource expenditure and reward probability, providing a theoretical framework
for studying centralization tendencies in mining and other blockchain operations{2l[2. For instance,
research on Bitcoin mining suggests that as network difficulty increases, resource allocation becomes

more inefficient, leading to higher barriers for smaller participants[Z.

The elasticity parameter further enables the analysis of key trade-offs in decentralized systems. For
example, while r; <1 encourages inclusivity, r; > 2 results in centralization tendencies, and
r; € [1,2] strikes a balance between these extremes. Such insights are vital for understanding how
strategic interactions shape resource allocation and reward distribution in blockchain and other

competitive systems.

1.2. Related Work

The study of Tullock contests in economic theory has been extensively developed, particularly in the
context of asymmetric contests, where participants differ in their resources, information, or
technologies. These models are highly relevant to decentralized systems like blockchain, where

miners or validators differ in computational power, risk preferences, or access to market data.

Klunover12! explores the role of asymmetric technologies in Tullock contests, showing that
asymmetries can lead to increased efficiency under certain conditions. This is particularly applicable
to blockchain mining, where technological asymmetries among participants (e.g., hardware

differences) are common and significantly impact mining outcomes.

Cornes and Hartley!17) study the effects of asymmetric information in contests, demonstrating how

differences in resources and information levels influence strategic behavior and outcomes. In
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blockchain systems, such information asymmetries affect miners’ competitive strategies, especially

with regard to network conditions and protocol changes.

Cornes and Hartley[@1 also investigate the impact of risk aversion in asymmetric contests, showing
that differences in participants’ risk preferences alter contest outcomes. This research is relevant for
understanding how varying risk tolerances influence miners’ participation in blockchain systems,

particularly for smaller mining operations with less computational power.

Further, Fu, Lu, and Zhang,le extend the Tullock contest framework to examine optimal contest
designs under conditions of asymmetric entry and information disclosure. Their findings offer
valuable implications for the design of blockchain governance models, where participants’ power and
influence often vary based on their computational resources or staked assets. This research is
particularly relevant for the design of decentralized finance (DeFi) protocols and other blockchain-

based governance systems.

1.3. Our Contributions

This paper makes several key contributions to the understanding of Nash Equilibria in Tullock
contests, particularly in the context of algorithmic game theory and its application to blockchain
systems. These contributions address both theoretical and practical aspects of Tullock contests under

varying conditions of elasticity and effort.

1. Complexity of Computing Nash Equilibria in Tullock Contests: We provide a detailed analysis of
the computational complexity involved in determining pure Nash Equilibria (PNE) in Tullock
contests. Specifically, we identify the role of the elasticity parameter r; in governing the
feasibility of computing a PNE. Our results show that when no contestant’s r; lies in the interval
(1,2], the computation of PNE is efficient and can be achieved via polynomial-time algorithms.
However, when multiple r; values fall within this interval, determining the existence of a PNE
becomes NP-complete. This provides novel insights into the boundary conditions for tractable
and intractable instances of Tullock contests.

2. Development of Approximation Algorithms: For cases where some contestants’ r; values lie
within (1, 2], we design a Fully Polynomial-Time Approximation Scheme (FPTAS) that efficiently
computes an e-approximate Nash Equilibrium when an exact PNE may not be achievable due to
computational complexity. This approximation algorithm expands the range of tractable cases

and demonstrates its effectiveness even in scenarios that are NP-complete.
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3. Practical Algorithmic Implementations: We implement the proposed algorithms and evaluate
their performance in large-scale computational experiments. Our results show that the
algorithms can solve complex Tullock contest instances efficiently, including both small- and
large-scale cases. These implementations contribute to practical applications in fields like
blockchain, where Tullock-like competitive structures are prevalent, such as in mining or

decentralized governance systems.

These contributions collectively enhance the understanding of Tullock contests in both theoretical
and applied contexts, particularly in scenarios where computational complexity poses challenges. Our
findings have implications for the design of efficient algorithms in game-theoretic models and their
application to decentralized networks, highlighting the intersection of algorithmic game theory and

blockchain economics.

2. Preliminaries: Tullock Contests and Their Useful Properties

This paper develops algorithmic results for Tulock contests, an impactful and textbook-style contest

model ofltl, A Tullock contest consists of n contestants (n > 2), competing for a reward amount
R (> 0). The action of each contestant ¢ € [n] is to pick a non-negative effort level z; € R>¢. Each

contestant ¢ is characterized by a production function f;, fully specified by two positive parameters

Ti
i

(ai,ri) € R2>0- Formally, at cost z;, contestant i’s production is fi(z;) = a;z in which
a; > 0 describes i’s production efficiency, and r; (> 0) captures the elasticity of effortlt]. Notably, many
previous works restrict r; to be the same for each contestant, whereas our model here allows
heterogeneous elasticities. As we shall show, this generality would not fundamentally change the
complexity of the contest.

All contestants are assumed to simultaneously move. The Tullock contests models the probability

fi(z)
i filzs)

payoff for each 7 is naturally formulated as follows, where the effort x; is interpreted as effort cost:

p; for contestant ¢ to win as being proportional to i’s production, given by: p; = . Hence the

a; (CCZ)TI

_Y  R_a 1
> ag(zs) @

ui(zi; @) =

A Tullock contest is thus fully specified by 2n + 1 positive numbers, {(a;,r;)}?; U{R}. These
numbers hence are the input to the computational problem of our interest, which looks to output an

equilibrium of the game (as defined below), or asserts no equilibrium exists. To avoid uninteresting
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corner cases, we assume R > 1 throughout the paper; that is, the contest has a non-trivial amount of

reward.!

Definition 1 (Pure-Strategy Nash Equilibrium). An action profile «* = {«},x%,---,z5} is a pure-

strategy Nash Equilibrium if it satisfies

wi(zt,x* ;) > ui(z,x* ) Va; € Rs,Vi € [n].

Regimes of the Elasticity

An important conceptual insight of our complexity-theoretic study is that the elasticity parameter
Afi/fi

Ti/Tg

r; — which can be verified to equal — turns out to govern the complexity of Tullock contests’

equilibria. The following three regimes of elasticity parameter are intrinsic.

Definition 2 (Small/Medium/Large Elasticity). We say r; is (1) small elasticity if r; € (0,1]; (2) medium

elasticity if r; € (1, 2]; (3) large elasticity if r; € (2, 00).

Recall that f;(z;) = a;(z;)". Hence the production function is concave under small elasticity, but
convex under medium and large elasticity. let Z denote the set of all contestants, Z* denote the subset
of contestants with r; < 1, and Z2 denote the subset of contestants with r; > 1. The number of
contestants in these subsets is denoted as n; = [Z'| and ny = |Z?|, respectively, such that
n1 + ng = n, where n is the total number of contestants. These distinctions will aid in analyzing the

properties of the game and the computational complexity associated with different regimes of r;.

Remarks on Tullock Contests

A few remarks are worthwhile to mention. First, a natural question one might have is why the specific
winning probability and utility format in Equation (1) is of particular interest. This question turns out
to have a quite satisfactory answer. Classic works[221123] provided axiomatic justifications and show
that under natural axioms, contestants’ utilities are uniquely characterized by the form of Eq. (1).
These axioms are: (1) contestant 4’s winning probability strictly increases in z; and decreases in z; for
any j # ¢; (2) the choice between two alternatives is independent of an unchosen third alternative
(also widely known as Luce’s Choice Axiom!24) or independence from irrelevant alternatives); (3) if
every contestant simultaneously scale up their effort level by any factor A, each contestant’s winning
probability would not change. Second, Tullock contest is a fundamental model in political economy to

study rent-seeking. For instance,[25] identify conditions under which a variety of rent-seeking
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contests, innovation tournaments, and patent-race games are strategically equivalent to the Tullock
contest. Third, two notable special cases of the contest are the lottery contest (i.e., r; = 1,Vi) and

winner-take-all contest (r; = oo, Vi).
2.1. Equilibrium Properties

A (Useful) Equivalent Contest Re-formulation

For analytical convenience, it turns out to be useful to re-formulate the contest by switching from
strategy variables z; to y; = fi(x;) = a;(z;)", which represents i’s production amount from effort
level ;. Naturally, A = Z;‘Zl y; denote the aggregate production. Since z; = (y; /a;)"/"i, the re-

formulated contestant utility is thus expressed as follows:

"R — (y;/a;)""i.

|

Wi(yi;yfi) =

Note that the two utility functions w,;,w; are different due to their different formats with different
inputs, despite describing the same contestant’s utility. For convenience, we denote

gi(y;) = (y;/a;)"/" which is the inverse of production function f;.

It is not difficult to see that this re-formulation is equivalent to the original game since z; and y; are in
one-to-one correspondence; hence the equilibrium in Definition 1 can be adapted to equilibrium
conditions for y* and we will analyze them interchangeably. The contest re-formulation above leads

to the following two natural concepts that are crucial to later analysis.

Definition 3 (Aggregated Action and Action Share). For any contestant i exerting effort z;, define i's
action y; = f;(x;) = a;(z;)" asi's production amount. Then the total production A = Z;‘Zl y; is called the

aggregated action, whereas g; = % is called contestant ¢'s action share.

The action share ¢; equals the probability that contestant ¢ wins the contest, whereas ¢;4 is i’th

production amount which is also referred to as 7’th action.

Before delving into the formal definitions, it is helpful to think of the action share g; as both the
probability that contestant ¢+ wins the contest and the proportion of the total action A attributed to 1.
Contestants strategically adjust their actions based on their production capabilities and the observed
behavior of others. To formalize this, we introduce the concepts of action share functions under best-

response, which describe contestants’ optimal behaviors under various conditions.
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Definition 4 (Action Share function under Best-Response 171y, The action share functions ki (A;a;) and

k2(A; a;) represent the optimal response of contestant i to a given aggregated action A:

ki1(A;a;) satisfies b1(A4,k1(4;a;);a;) =0,

ri —

ko (A4;a;) > satisfies b2(A4,k2(4;50a:);a;) =0,

T
where best-response b( A, o;; a;) defined as:

(1-0;)R—- gg(a'iA)A, if~p;, <1,

b(A,050;) = {CLiRri(l —o;)i — A, if-r; > 1,

where g;(-) is the cost function, defined as the inverse of f;(-).

For convenience, we denote the best-response for r; < 1asb;(A,o;;a;),and forr; > 1asbs(4,04;5a;).
Remarks

For a contestant i € Z', the action share function k;(4;a;) has a unique solution for any given
aggregate action A. This uniqueness ensures that k; (4;a;) is well-defined and, as we will analyze
later, exhibits monotonic behavior with respect to A, reflecting a consistent relationship between the
aggregate action and the contestant’s optimal response.

For a contestant i € Z2, the equation governing the action share, a;R"ir (1 —o;)io] ' = A,
indicates that o; generally has at least one solution for a given A. By analyzing the utility function, we

observe that when o; = Tr—fl , the corresponding aggregate action A is given by:

rifl
AalR”(ri_l> .
i "

At this specific point, the utility of contestant ¢ equals zero. Hence, any valid value of ks (4; a;) must be

a solution to the equation by(A4,0;;a;) = 0, where the utility of contestant i is strictly positive. As
established in ﬂ7—1, the equation by(A4,0;;a;) = 0 admits exactly one solution that satisfies this
positivity condition. Furthermore, this solution always lies within the interval [TT—_1 ,1], ensuring the

action share is well-bounded.

It is critical to emphasize that the action share functions %;(A4;a;) and ky(4;a;) describe contestant
i’s optimal response to a given aggregate action A. However, these functions do not necessarily
correspond to contestant i’s realized action share in equilibrium. The actual action share o; in
equilibrium is determined by the aggregate actions of all contestants, which inherently depend on the

equilibrium conditions. Notably, A represents the total contributions from all players, which may or
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may not include contestant i’s own participation. Consequently, the relationship between k;, ko, and
the equilibrium value of o; is governed by a broader consistency condition across all contestants’

strategies.

Fact 1. The optimal action share o; depends on r; and the aggregate action A, as follows:

0, if~fi’(0). < oo~and~A > Rf/(0), ifor; < 1,
ki1(A;a;), otherwise,
o; = ko (A, ai), if-A € [07Ai]7
k2 (A;a;)~or-0, if-A € [Ai,l»], if~r; > 1.
0, if-A > A;,
where
T — 1 il — - mi=1
AiEaiRri ( r~) ) i =Ti Ai:aiRn<T2 1)
s T
Key Insights:

For r; <1, the optimal response action share o; is uniquely determined for any aggregate action
A and exhibits explicit monotonicity properties. This case will be rigorously analyzed in Proposition 1,
where we demonstrate the monotonicity properties of k;(A4;a;) and its implications for equilibrium

computation.

When r; > 1, the parameters A, and A; play critical roles in determining contestant ’s participation
thresholds. The upper boundary, A;, marks the point beyond which contestant i ceases to participate.
Specifically, when A > A;, the utility function for contestant i becomes negative, rendering
participation unprofitable. As a result, the best response in this range is o; = 0, reflecting the fact that

any effort exerted would lead to a net loss.

The lower threshold, A, defines the point at which contestant 7 begins to consider abstention. If the
aggregate contribution of all other contestants equals A;, contestant i’s utility is exactly zero,
irrespective of the effort they exert. Consequently, their best response is also o; = 0. For A < 4,,
however, participation becomes advantageous, as the utility derived from contestant ¢’s effort exceeds
the associated cost. In this range, their optimal action share is given by k2 (4; a; ), which satisfies their

best-response condition.

The interval A4 € [AZ.,Z,»] presents a nuanced landscape where contestant ¢ may either participate or

abstain, depending on the aggregate contributions.
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1. Participation by Contestant i: In this scenario, A includes ¢’s contribution. The remaining
aggregate action, A — o; A, reflects the actions of other contestants. Contestant 7 adjusts o; to
balance their contribution optimally with the behavior of others.

2. Non-Participation by Contestant i: Here, A is solely the result of other contestants’ actions.

Contestant i’s best response is to remain inactive, leading to o; = 0.

These dynamics, governed by the thresholds 4, and A;, highlight the interplay between individual
decisions and aggregate outcomes. This behavior underscores the complexity of equilibrium analysis
in contests with r; > 1, where the potential for multiple equilibria emerges within the interval

[szl]

Proposition 1 from (17l characterizes the monotonicity of the optimal response action share, which will

be instrumental for the equilibrium analysis that follows.

Proposition 1 (L17)). Given the best-response b(A, 0;; a;) mentioned above, for any agent i:

LIficTh
a.Ifr; < 1, o; decreases as A increases, with o; — 0 as A — oo.
b.Ifr; = 1, 0; decreases for0 < A < Rf'(0) and becomes o; = 0 for A > Rf’(0).

2.If i € T2, within the interval A € [0, A;]: o; decreases monotonically as A increases.

Figure 1 provides a clear visualization of how the action share o; evolves with the aggregate action
A under different elasticity regimes (r; < 1,7, = 1,r; > 1). The figure highlights the distinct patterns
of behavior for contestants with varying elasticity parameters, demonstrating the critical role of r; in

shaping strategic interactions.
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Figure 1. Action share as a function of aggregate action

Active Players.

A contestant ¢ is said to be active if ¢; > 0 in equilibrium. We now present a general characterization of
Nash equilibrium in terms of the aggregated action A, the set of active contestants 74, and the
corresponding action share profile o* = {Uz‘*}iez*" This comprehensive framework integrates the
activity conditions for contestants with », <1 and r; > 1, ensuring consistency with individual

rationality and best response dynamics. The following proposition formalizes these conditions:

Proposition 2 (2Zl). The triplet {A*,Z4,0*} constitutes a Nash equilibrium if and only if the following

conditions are satisfied:

1. Given A*, it is individually rational for each contestant in T to be active and for each contestant not in
T4 to be inactive. Formally:
o For contestants withr; = 1, aiRigl—A <A <aR; ;4
o For contestants with r; > 1, max,, 4 A, < A" <min,_ A;.
2. Given A* and T4, the action shares o* are consistent with the best response of each active contestant.

Specifically:

bi(A,075a:) =0, Vie{T4nT'},
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by (A*,0%50;) =0, Vie {T4NT?},
where b; and by are the functions corresponding to r; <1 and r; > 1, respectively, as previously
defined.

3. The action shares of all active contestants sumto 1,i.e, . ,10f = 1.

In accordance with the methodology outlined in 171 the identification of pure Nash Equilibria in
Tullock contests necessitates a systematic two-step approach. The initial step involves determining
the aggregate action A, which represents the total effort exerted by all contestants and serves as a
fundamental parameter governing the contest dynamics. Once A is established, the subsequent step
requires the precise identification of the active players Z#, those contestants whose equilibrium
strategies involve non-zero contributions to the aggregate action. A critical condition to ensure the
validity of this equilibrium is that the cumulative action shares of these active players satisfy the
equilibrium constraint: } . 4 0; = 1. This structured approach not only provides a theoretical basis
for equilibrium analysis but also underscores the intricate interplay between individual strategies and

collective outcomes in such contests.

3. Efficiently Solvable Regimes

The computational complexity of finding a Pure-Strategy Nash Equilibrium (PNE) in Tullock contests
varies based on the characteristics of contestants’ production functions, specifically the elasticity
parameter r;. In this section, we identify specific conditions under which the PNE can be computed
efficiently. We focus on three distinct regimes: small elasticity (r; < 1,V%), large elasticity (r; > 2, Vi)

and mixed regimes where both types are present.

3.1. Tullock is a Monotone Game under Small Elasticity (r; < 1, Vi)

The regime in which all contestants have concave production functions constitutes a fundamental
scenario in the theoretical analysis of Tullock contests. Under this setting, the game can be rigorously
classified as a subclass of monotone games [26] specifically as a socially-concave game. This
classification is supported by auxiliary results established in prior research [271(281[29] Leveraging the

properties of monotone games, as outlined in [26] the existence of a pure Nash equilibrium (PNE) in

this regime is formally guaranteed, ensuring the validity of equilibrium solutions in this context.
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From a theoretical perspective, concave production functions ensure that each contestant’s utility
function is strictly quasi-concave with respect to their effort. This property, as established in
Proposition 1, guarantees the monotonicity of contestants’ best-response strategies, where action

shares o; decrease strictly as the aggregate action A increases. As a result, the equilibrium condition:

n
E g; — 1,
i=1

is uniquely satisfied, which means the contest has a ungiue Nash Equilibrium in pure strategy as

demonstrated in 1391 This monotonicity simplifies the computation of equilibria, serving as the

foundation for the algorithmic methods discussed in this section.

Figure 2 illustrates the relationship between the action share ¢; and the aggregate action A for the
case where r; = 1. As shown, o; decreases monotonically as A increases, consistent with the
theoretical result that the best-response strategy exhibits strict monotonicity under concave
production functions. This relationship is fundamental to the equilibrium computation, as it ensures

the existence and uniqueness of a solution satisfying the equilibrium condition Y ; o; = 1.
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Figure 2. Action share as a function of aggregate action when r; = 1. This
highlights the monotonic relationship between A and o; , fundamental to the

computation of equilibria.

The monotonic behavior of ¢; not only simplifies the analysis but also forms the basis for efficient
computational methods, such as the bisection approach, which leverages this property to identify the
equilibrium point with polynomial complexity. Figure 2 visually emphasizes how this monotonicity

constrains the contestants’ strategies, thereby reducing the dimensionality of the problem.

Building on these theoretical insights, we propose two computational methods for efficiently

identifying unique pure Nash Equilibria (PNE) under concave production functions.

Bisection Method for Finding Pure Nash Equilibrium

The bisection method exploits the monotonicity of action shares o; with respect to A. By iteratively
adjusting A within a bounded interval [Apin, Amax], the algorithm identifies the unique equilibrium
point satisfying > ;' o; = 1. This method is particularly effective due to its deterministic

convergence, achieving polynomial complexity in the number of iterations.
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In addition to the bisection method, other polynomial-time algorithms can be employed to find the
unique PNE. One such method is the Multi-agent Mirror Descent (MMD) with perfect gradient

algorithm, which is particularly useful in games with differentiable utility functions.

Multi-Agent Mirror Descent for Finding PNE

The core idea of the MMD with perfect gradient algorithm, as described in the literature (e.g., [311128])
is to iteratively adjust each player’s strategy based on the exact gradient of their utility function. The
algorithm updates the strategies by performing a mirror descent step, which ensures that all players’
strategies converge to the unique pure-NE. The MMD with perfect gradient algorithm is robust and

efficient, providing convergence guarantees under mild regularity conditions on the utility functions.

This approach is well-suited for large-scale contests with differentiable utility functions. Its iterative

nature allows for parallelization, enabling fast convergence even in high-dimensional strategy spaces.

3.2. Tullock Contest under Large Elasticity (r; > 2,V1)

In this regime, the elasticity parameters r; are greater than or equal to 2, leading to convex production
functions that exhibit increasing marginal returns on effort. Unlike the concave regime, where the
equilibrium is distributed among contestants, the convex regime typically results in a “winner-takes-

all” scenario, where only one contestant remains active in the equilibrium.
Proposition 3. A Tullock contest with r; > 2 for all contestants admits no pure Nash equilibrium.

To provide an intuitive explanation, consider the condition r; > 2. For any active contestant ¢, their
action share o; must exceed :—:1 > % This implies that at most one contestant can be active in
equilibrium, as the total action share across all contestants must sum to 1. However, if only one
contestant is active, their action share would necessarily be o; = 1, resulting in an aggregate action
A = 0. In this scenario, all contestants would find it optimal to become active, as the absence of
competition would maximize their utility. This contradiction demonstrates that no configuration
satisfies the equilibrium conditions, confirming the absence of a pure Nash equilibrium under r; > 2.

Full details are provided in Appendix A.

Corollary 1. In a Tullock contest, if a pure Nash Equilibrium exists, there can be at most one active contestant

withr; > 2.
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This corollary, derived directly from Proposition 3, reinforces the “winner-takes-all” dynamic in the
convex regime. The restriction to a single active contestant follows from the requirement that their

action share exceeds % , leaving no room for additional active players with large elasticity.

3.3. Mixed Regimes with no Medium Elasticity: r; € (0,1] U (2, c0)

In real-world scenarios, contestants often exhibit heterogeneous elasticity parameters, resulting in
mixed regimes. These regimes combine contestants with small elasticity (; < 1) and large elasticity (
r; > 2). The interplay between these two types of contestants introduces unique challenges in

equilibrium computation due to the contrasting strategic behaviors.

Analysis of Mixed Regimes

As outlined in Corollary 1, pure Nash equilibrium in mixed regimes manifest under two specific

scenarios:

1. Homogeneous Concave Regime: All active contestants satisfy small elasticity (r; < 1). This case
follows directly from the results established in Section 3.1.
2. Heterogeneous Regime with a Dominant Player: Among the active contestants, exactly one has

large elasticity (r; > 2), while the remaining contestants (if any) satisfy small elasticity (r; < 1).

In the heterogeneous regime, the contestant with large elasticity dominates the equilibrium
dynamics, contributing significantly to the aggregate action. This requires the remaining contestants

to adjust their strategies to satisfy the equilibrium conditions.

Computational Methodology for Mixed Regimes

To compute equilibria in mixed regimes, we propose a hybrid algorithm that integrates the methods
developed for purely concave and super-convex cases. The algorithm consists of two main steps. First,
identify potential active players by evaluating each contestant with ; > 2. This step verifies whether a
contestant can satisfy the equilibrium conditions as the dominant player, while all others remain
inactive. Second, for each identified candidate, compute the equilibrium contributions of the concave
contestants (r; < 1). This is achieved using the bisection method described in Section 3.1, ensuring

that the aggregate action aligns with the equilibrium condition " | o; = 1.

Theorem 1. A polynomial-time algorithm exists to determine the presence of a pure Nash equilibrium in

mixed elasticity regimes, provided no elasticity parameter r; lies within the interval (1,2]. If such an
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equilibrium exists, the algorithm identifies it.

We prove Theorem 1 by constructing a polynomial-time algorithm (Algorithm 2). It combines the
monotonicity properties of concave production functions with the dominance property of large
elasticity contestants. The hybrid nature of this approach ensures polynomial complexity. Full details

are provided in Appendix B.

The analysis demonstrates that hybrid computational methods can efficiently handle mixed elasticity
scenarios. These results apply to contests with heterogeneous resource distributions, such as
economic markets with dominant firms or political campaigns with asymmetrically funded
candidates. Moreover, the hybrid framework offers a foundation for future research into more

complex regimes involving intermediate elasticity parameters (r; € (1,2]).

4. The Challenging Case: Medium Elasticity

While small and large elasticity regimes allow for efficient computation of Pure Nash Equilibrium,
medium elasticity (r; € (1,2]) pose significant computational challenges. These intermediate
elasticity values introduce non-linear payoffs, resulting in complex strategic interactions and non-

monotonic dynamics that fundamentally complicate the equilibrium analysis.

4.1. The Hardness of Determining PNE

This subsection establishes the computationally intractability of determining whether a given Tullock

contest with all 7; € (1, 2) admits a pure NE or not. Formally, our main result is the following.

Theorem 2. If there are polynomial many contestants whose r; € (1, 2], then determining the existence of a
pure Nash equilibrium in a Tullock contest can not be solved in polynomial time, assuming the Exponential

Time Hypothesis (ETH).
Our reduction is from the following variant of the Subset Sum problem.

Definition 5 (Subset Sum with Large Targets (SSLT)). Given a set of positive numbers
Z ={z,...,2z,} and a target z satisfying z > 2max,cz z, determine whether there exists a subset

S C Zsuchthat), ¢z =Z.

The proof has two major steps. First, we establish a reduction from Tullock contests to SSLT (Lemma

1). Second, we show that SSLT is intractable, assuming the Exponential Time Hypothesis (ETH).
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We now establish a relationship between this problem and the PNE problem in Tullock contests under
medium elasticity. Specifically, we construct a Tullock contest such that the existence of a PNE

corresponds directly to a solution of the Subset Sum with Bounded Maximum problem.

Lemma 1. For any instance of SSLT, there exists a corresponding Tullock contest under medium elasticity
(Vi,m; € (1,2]). SSLT has a solution if and only if the corresponding Tullock contest has a Nash equilibrium,

with the equilibrium directly corresponding to the solution of the SSLT.

The proof demonstrates that the PNE problem in Tullock contests with »; € (1,2] exactly mirrors the
combinatorial structure of the SSLT. Specifically, each contestant’s action share corresponds directly
to a subset element, and the equilibrium condition aligns with satisfying the target sum in the subset
sum framework. This one-to-one correspondence ensures that solving the equilibrium problem is as

computationally hard as solving the SSLT. Full details are provided in Appendix D.
Lemma 2. SSLT can not be solved in polynomial time, assuming the Exponential Time Hypothesis (ETH).

The Subset Sum with Bounded Maximum problem inherits the hardness of the original Subset Sum
Problem due to its combinatorial nature. The bounded condition z > 2max,cz z ensures that any
feasible subset must collectively satisfy the target while being constrained by an upper limit on
individual elements. This additional constraint refines the solution space but does not reduce the
exponential number of subset combinations that must be evaluated. A quasi-polynomial time
reduction from the Subset Sum Problem to the bounded variant confirms that the latter retains the
complexity of computation. Detailed steps of the reduction and its validation are provided in

Appendix C.

This complexity is not confined to cases where all elasticity parameters lie within (1, 2]. Even in mixed
cases, where only polynomial many contestants has medium elasticity, the computational challenge
persists. The presence of many contestant with 7, € (1,2] introduces the same combinatorial

hardness. The detailed proof is provided in Appendix E.

Collectively, these findings underscore the intrinsic computational difficulty of Tullock contests
involving medium elasticity values. The stark contrast between this regime and the more analytically
tractable concave and super-convex cases highlights the unique challenges associated with non-
monotonic payoff structures. From a practical standpoint, the hardness of the problem indicates that
exact equilibrium computation is infeasible for large-scale contests, necessitating the exploration of

approximate or heuristic methods.
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4.2. Approximate Algorithms for Finding a PNE

Given the NP-completeness of finding an exact PNE in this regime, it is clear that exact computation is
not feasible for large instances. As a result, alternative solution concepts, such as e-approximate
solutions, become relevant. These approximations allow for a bounded deviation from the exact
equilibrium, making it possible to achieve computationally efficient solutions while still capturing the

strategic essence of the contest.

The concept of an e-approximate solution provides a useful starting point for this approach. An e-
approximate solution maintains the core structure of a Nash Equilibrium but allows for a small
deviation in terms of the sum of action shares, enabling more flexible computation without
compromising strategic fidelity. This notion serves as a foundation for further analysis, where we will

investigate its relationship with e-Nash Equilibria and assess the gap between the two.

Definition 6 (e-approximate solution). The triplet {A*,T 4 o*} constitutes a e-approximate solution if

and only if the following conditions are satisfied.

1. Given A*, it is individually rational for each contestant in Z* to be active and for each contestant
not in Z* to be inactive. Formally:
« For contestants with r; > 1, max,

gl’A Az S A* § miniGIA Al

* For contestants withr; = 1, Rf/(0),,,4 < A" < Rf{(0), ;4.
2.Given A* and Z#, the action shares ¢* are consistent with the best response of each active
contestant. Specifically:
o bi(A*0550)=0, Vie{ITANI'},
o by(A*,0550,)=0, Vie{IT*NI?},

3. The action shares of all active players falls into a € neighborhood of 1, i.e., > . ;1 07 € (1 —€,1+¢).

4.2.1. FPTAS for e-Nash Equilibrium

The main idea for circumventing the computational challenge for finding an exact Nash equilibrium in
this game is to use an FPTAS algorithm for computing the subset sum problem that verifies whether
there exists an action share profile that constitutes an e-approximate solution. With this, we now have
an FPTAS to find an e-approximate solution. And we will show that the e-approximate solution we

found can be converted into an e-Nash equilibrium. Let
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)

A { <‘ Ok (4;a;)
p= max max
1.j€T?

a;,i€T,AC€[4,4; 0A

)}

where recall k1 (A4;a;), k2(A4;a;) is the solution such that b (4, k(4;a;);a;) = 0, ba(A4,k(A4;a;);a;) = 0.
Note that when A € [4,, 4;], the solution ki (4;t;), k2(A4;t;) is continuous and twice differentiable in

A, and hence

30' i
0A

> 0.

p exists and is finite (detail calculation see L; and L, in proposition 9). By treating p as a constant, we

show that our algorithm only has a polynomial dependence on the number of contestants.

Remarks

Let A = min, ;2 4, and A= max; 72 A;. Based on the participation behavior of contestants, the space
of aggregate actions R is divided into three distinct intervals: (0, 4], (4, 4], and (4, 0). In the
interval (0, A], all contestants, including those in 7 2 participate with certainty. Since the set of active
players is fixed in this interval, a PNE can be efficiently identified using binary search, which also
satisfies the conditions for an e-approximate solution. For the interval (Z,oo), no contestant in
Z? participates, and the set of active players in Z' is determinable. Binary search can again be
employed to find a PNE in this range, ensuring an e-approximate solution. The interval
(4, Z} presents additional challenges, as at least one contestant in Z> may or may not participate.
While the active set of players in Z! can still be determined, the main complexity lies in verifying the

existence of an e-approximate solution within this range.

For the challenging interval (A,Z], we construct a set of candidate nodes, A4, to identify e-

approximate solutions. This set comprises:

e A;: Nodes evenly spaced across (A4, Z] with a spacing of § > 0, formally defined as:
Al ={A|[A=A+ ks, A< A ke N}

e A,:Points {4,, A; }icz2, Where the best-response correspondence is discontinuous.

The combined set is: A = sorted(A; U A), and the total number of nodes is bounded by:

A| = 2ny + 22,

Lemma 3 ensures that it’s sufficient to only verify the existence of e-approximate solution at the

selected nodes.
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Lemma 3. For any € > 0, let § < % If there exists an e-approximate solution in an interval [4;, A2,
where A; and A, are two adjacent nodes in A, then at least one of these nodes, A; or A, constitutes an e-

approximate solution.

The construction of A and the result of Lemma 3 provide the theoretical foundation for efficiently
searching for e-approximate solutions. By restricting the verification process to the nodes in 4, the
algorithm significantly reduces the computational overhead, as it eliminates the need to explore the

entire range of aggregate actions A.

We now leverage these insights to establish the existence of a polynomial-time algorithm that outputs

an e-approximate solution whenever a pure Nash equilibrium exists.

Theorem 3. There exists a poly(%,p,n) time algorithm that is guaranteed to output an e-solution

whenever a pure Nash equilibrium exists.

Here, we construct the algorithm J based on the interval analysis discussed above. For the intervals

(0, A] and [A, c0), the computation is straightforward due to the fixed or easily determinable active
player sets. The primary computational challenge lies within the interval [4, _], where the active
player set is not fixed. To address this, we focus on the candidate nodes A constructed within this

interval.

At each selected node A; € A, the algorithm first computes the action shares of active players in Z'.
Subsequently, it evaluates the participation status of the remaining contestants in Z2. For these
contestants, verifying an e-approximate solution reduces to solving a subset selection problem. This
subset selection problem is efficiently addressed using the Approximate Subset Sum Algorithm [32]

which operates with a computational complexity of O(%).

By combining these steps, the algorithm ensures a total runtime complexity of O(’Z—j), where
|Al = O(%) and each verification step has a complexity of O(Z). The detailed proof of this

construction is provided in Appendix G.

With the FPTAS framework established, we now examine its relationship with e-Nash equilibrium.
The algorithm efficiently computes an approximate solution within polynomial time, as
demonstrated. However, to ensure that this solution qualifies as an e-Nash equilibrium, it is essential
to establish certain continuity and stability properties of the contestants’ strategies and utilities.
These properties are formally captured in Lemma 3, which provides the necessary theoretical

underpinning for connecting the algorithm’s output to the e-NE concept.
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Lemma 4. Let A 2 min,_;» A; and A £ max;_;» A;. The following continuity properties hold:

1. For a contestant i, the action share o; is Lipschitz continuous with respect to the aggregate action A.
Specifically:

e Ifi € T? o, is Lipschitz continuous on the interval A € [A, A;) U (A;, Al.
2.Ifi € I*, o; is Lipschitz continuous on the interval A € [A, A].

1. The utility function is Lipschitz continuous with respect to the aggregate action A. Specifically:

o Ifi € T the utility function is Lipschitz continuous on the interval A € [4,4;) U (4;, A].

o Ifi € ', the utility function is Lipschitz continuous on the interval A € [A,Z].

The Lipschitz continuity properties in Lemma 4 ensure that small variations in the aggregate action
A result in bounded changes in action shares o; and utility functions. This property is crucial for
establishing the stability and approximation guarantees of the proposed algorithm. The full proof of

Lemma 4, detailing the derivation of the Lipschitz constants, is provided in Appendix H.

Proposition 4. If a pure Nash equilibrium exists, there is at least one of the e-approximate solutions

obtained through Algorithm 3 constitute an (Le)-Nash equilibrium.

We begin by considering the aggregate action A under PNE. If A corresponds to any contestant’s
boundary, our solution will identify it directly, as the algorithm systematically enumerates all
boundary points. If A does not coincide with any contestant’s boundary, as detailed in Appendix I,
there must exist an e-approximate solution sufficiently close to A. Leveraging the Lipschitz continuity
properties, we demonstrate that the deviation from a contestant’s best-response utility is bounded by

Le, ensuring the e-approximate solution is an Le-NE.

The result highlights that the proposed algorithm efficiently computes approximate equilibria with a
controllable accuracy parameter e. From a theoretical perspective, this result bridges the gap between
exact equilibrium computation, which is often computationally prohibitive. The focus on (Le)-Nash
equilibria offers a flexible and computationally feasible framework for addressing complex strategic
interactions in Tullock contests, particularly in settings where elasticity parameters r; € (1,2] lead to
non-linear payoff dynamics. This approach not only extends the tractability of Tullock contests to
challenging regimes but also provides a foundation for future research into scalable solutions for real-

world strategic decision-making problems.
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5. Implementation of the Algorithm

To support the practical application of our proposed algorithm for computing e-Nash Equilibria (e-
NE) in Tullock contests, we have developed a Python module. This implementation integrates all core
components of the algorithm, emphasizing computational efficiency and scalability across diverse

contest configurations.

The module has been thoroughly tested for performance and correctness, demonstrating its
adaptability to both theoretical analysis and real-world simulations. Detailed documentation and

usage examples are provided to facilitate reproducibility and further research.

The Python module is publicly available on GitHub: https://github.com/1653133307/Tullock.
6. Discussion

Summary of Findings

This paper explores the computational complexity of computing Pure Nash Equilibria (PNE) in Tullock

contests under various elasticity conditions. The primary contributions include:

» Complexity Classification: We demonstrated that the computational complexity for determining a
PNE hinges critically on the elasticity parameter r;. When all r; values are outside the interval (1, 2],
efficient polynomial-time algorithms exist. However, when multiple r; values fall within (1, 2], the
problem becomes intractable.

+ Approximation Framework: To address the hardness in the challenging case, we propose an
approximation framework to tackle the challenges in the hard case, demonstrating that the e-
approximate solutions produced by our algorithm guarantee at least one valid (Le)-Nash
equilibrium, provided a PNE exists. This provides a computationally feasible approach for
obtaining approximate solutions while preserving the equilibrium properties.

+ Practical Implementation: A Python module was implemented to compute the e-Nash equilibrium,
making the theoretical findings accessible for practical scenarios. This module can handle diverse

Tullock contest configurations, enabling efficient analysis and solution generation.
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Implications

The results have both theoretical and practical significance. Theoretically, this work advances the
understanding of how elasticity conditions influence the tractability of Tullock contests. The
intractable result highlights the intrinsic difficulty of certain cases, emphasizing the need for
approximation techniques. Practically, the proposed algorithms and their implementation provide a
valuable tool for analyzing strategic interactions in decentralized systems, including blockchain

applications.

These findings also shed light on the broader relationship between game theory and computational
complexity. The results illustrate how structural properties of the game—such as the nature of the
production function—can dramatically affect the feasibility of equilibrium computation. This
underscores the importance of tailoring algorithmic solutions to the specific characteristics of the

problem at hand.

Open Question

An important open question remains: when a single contestant or a constant number of contestants
have elasticity parameters r; € (1,2], is it possible to compute a pure Nash equilibrium in polynomial
time? While our results establish the hardness of the general case with many contestants in this range,
the scenario with only one or a constant number of such r; values may represent a tractable special
case. Resolving this question could illuminate the precise boundary between computational feasibility

and infeasibility in Tullock contests.

Appendix A. Proof of Proposition 3

Consider a contestant 7 with r; > 2. If contestant 7 is an active player in the equilibrium, then its action
share o; must satisfy o; > T"T—fl, as k(A;;a;) = "r—_l Given that 7«17_—1 > % for r; > 2, it follows that the

action share o; for any active contestant ¢ would exceed %

Since the sum of the action shares for all active contestants must equal 1 in a pure Nash Equilibrium, it
is impossible for more than one contestant to have an action share o; > —; Because the number of the
contestant n > 2, if a pure Nash Equilibrium exists, it must be the case that exactly one contestant is
active, with this contestant holding an action share of 1, while all other contestants have an action

share of 0.
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However, the optimal action share of 1 leads to aggregation action A = 0. Since A > 0, all other

contestants also have an active action shareof 1on A = 0.

Hence, a Tullock contest with r; > 2 for all contestants admits no pure Nash equilibrium.

Appendix B. Proof of Theorem 1

The proof is structured based on the classification of contestants into two categories: those with small
elasticity (r; € (0,1]) and those with large elasticity (r; € (2,00)). The assumption that no r; lies

within (1, 2] simplifies the problem into three distinct subcases, which we address as follows:

Case 1: All active contestants satisfy r; € (0,1]. This case has been fully analyzed in Section 3.1. The
monotonicity of action shares ensures the existence and uniqueness of a pure Nash equilibrium, which

can be efficiently computed using the bisection method with polynomial complexity.
Case 2: Active contestants are mixed with r; € (0,1] andr; > 2.

In this case, according to Corollary 1, exactly one contestant satisfies r; > 2, while others satisfy
r; € (0,1]. The algorithm proceeds as follows: For each contestant j with r; > 2, define the active
player set to include j and all contestants with »; € (0,1]. A binary search is then performed over the
feasible interval [ﬁ ,Xj], where the total contributions of the active players,
S(A) = > icactiveset 7i(A), are evaluated. If S(A) =1 for some A*, an equilibrium is identified.
Otherwise, the next contestant with r; > 2 is considered. If no equilibrium is found after exhausting

all candidates, it implies that no pure Nash equilibrium exists.

Case 3: No equilibrium exists. If none of the above cases yield a valid equilibrium, the exclusion of

r; € (1,2] ensures that no feasible pure Nash equilibrium configuration exists.

The overall complexity of the algorithm is dominated by the enumeration of r; > 2 contestants and
the binary search within each case, resulting in a total complexity of O(n?log(Amax)), Which is

polynomial.

Appendix C. Proof of Lemma 2

To prove that Subset Sum with Bounded Maximum (SSLT) can not be solved in polynomial time,
assuming the ETH, we show that SSLT is intractable via a quasi-polynomial time reduction from the

classic Subset Sum problem.

Subset Sum is defined as follows:
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Definition 7. Given a set of integers Z = {z, 22, . .., 2, } and a target T', determine whether there exists a

subset S C Zsuchthaty ., ¢z =T.

We construct a reduction that uses a hypothetical polynomial-time oracle for SSLT to solve Subset

Sum.

The reduction works by recursively breaking the Subset Sum instance into smaller problems and
invoking the SSLT oracle when certain conditions are met. Specifically, the algorithm operates as

follows:

1 Function SubsetSum(Z’,T")
2 if 7" < 0 or Z' is empty then

3 return False
4 if T == 0 then
5 return True

¢ mazx_element < max(Z’)

7 if T' > 2 - mazx_element then

8 return SSLT(Z’,T") {Call SSLT oracle}

o Partition Z' into Z;, = {2 € Z' |2 <T'/2} and Zy ={z € Z' | 2 > T'/2}
10 for zp in Zy U {None} do

1 if 2z;, == None then

12 if Call SubsetSum(Z,T’) then

13 return True

14 else

15 new_target < T' — z,

16 if Call SubsetSum(Zy,, new_target) then
17 return True

18 return False

Algorithm 1. Subset Sum Recursive Algorithm

The reduction relies on the following observations. When T’ > 2max,y 2, the condition for SSLT is
satisfied, and the oracle can directly solve the problem. When T’ < 2max, 5 2, the set Z’ is split into
two subsets: large elements (z > T'/2) and small elements (z < T'/2). Since at most one large
element can be included in a valid subset summing to 7", we enumerate the possibilities for including
or excluding each large element. The recursive calls then focus on the small elements, progressively

reducing the target T".

At each recursive step, T decreases by at least half, ensuring logarithmic recursion depth. For each
level of recursion, at most |Z’'| subsets are considered. Thus, the total complexity of the algorithm,

assuming a polynomial-time SSLT oracle, is O(n!°¢ ), which is quasi-polynomial.
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This reduction implies that if SSLT were solvable in polynomial time, Subset Sum could be solved in
quasi-polynomial time. Under the ETH, no 2°() -time algorithm exists for NP-complete problems like
Subset Sum. Hence, the existence of a quasi-polynomial time algorithm for SSLT would contradict

ETH. This establishes that SSLT can not be solved in polynomial time.

Therefore SSLT can not be solved in polynomial time, assuming the Exponential Time Hypothesis.

Appendix D. Proof of Lemma 1

Consider an instance of the Subset Sum with Bounded Maximum problem defined by a set of positive
integers Z = {z,...,2,} where max,czz < %2, and a target sum z. Let 2’ = min;cgy 3 2. We
construct a corresponding Tullock contest with n 4 1 contestants, where the contest parameters are

defined as follows:

ry = —— for-ic {1,...,n}

T = for-i =n+1

Given that max,ez z < %E,it follows thatr; € (1,2] foralli € {1,...,n+1}.

The corresponding production function parameters are defined as:

+ri—l fOI"*?: € {1,,77,}

—= — for~i=n+1
(et
Ri.— 2

We begin by considering the constructed Tullock contest, where the goal is to show that this contest
corresponds to an instance of the Subset Sum with Bounded Maximum problem. Specifically, we aim
to prove that there is a Nash Equilibrium (NE) in the Tullock contest if and only if the Subset Sum

problem has a solution.
First, consider the case where the Subset Sum with Bounded Maximum problem has no solution. In

the corresponding Tullock contest, let us examine the instance we have constructed.

A =R - (i—fﬁ”’l -a; =2z for-i € {1,...,n}
A (ri-1)ri!

A, ,=R". ca; =z for-i=n+1
Let A* represent the aggregate action of all contestants.
We establish that if A* # z, there cannot be a Nash Equilibrium.

If A* < z:
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In this case, the action share of contestant n + 1, denoted by 11, satisfies 0,41 = k(A*; an1). Since

the function k(A;a;) is decreasing on the interval [0,4,.;], it follows that

I -1 : I -1 ! /
k(A*;an+1)>k(An+1;an+1)_%. Given that %:1—2—2+6>1—%, we have

Ont1 € [1_ z_; +671)'

For the other contestants i € {1,...,n}, the action share o; is either k(A*;a;) or 0. Since

k(A% 0;) > k(A ;) = Tl};l =

| &

!
> £, The sum of action shares either exceeds one or equals
z

k(A*;a,+1), but never equals one. This implies that no Nash equilibrium can exist when A* < z.
IfA* > z:
Here, o; = Oforall: € {1,...,n}, meaning only contestant n + 1 could potentially be active. Since this

scenario implies ) ;. ;1 0; < 1, no equilibrium exists when 4* > z.

By construction, the aggregate action A* must equal z for an equilibrium to exist. This is because any
deviation from z would result in either an excess or deficit in the total action shares o;, which would

violate the condition )}, ;1 0; = 1.

Next, we focus on the case where A* = z. In this scenario, if there is a Nash Equilibrium, we must
show that contestant n + 1 cannot be an active participant. Given the construction, contestant
n+ 1 has a 0,41 value that satisfies 0,1 > 1 — min;c,, o; . If contestant n + 1 were to participate,
their o would exceed the allowable action share, thereby preventing the existence of an NE. Thus,

contestant n + 1 must be inactive in any equilibrium.

With contestant n + 1 excluded, the problem reduces to determining whether the remaining
n contestants can collectively form an equilibrium with A = z. Each of the remaining n contestants
has the option to set their o; value to either k(A*;a;) or 0, which directly corresponds to the choice of
including or excluding an element in the Subset Sum problem. Therefore, finding an equilibrium
among these n contestants is equivalent to solving the Subset Sum problem: determining whether a

subset S C Zexistssuchthat ), ¢z =z.

Consequently, the existence of a Nash Equilibrium in the Tullock contest corresponds exactly to the
existence of a solution to the Subset Sum with Bounded Maximum problem. If the Subset Sum problem
has a solution, the corresponding Tullock contest will have a Nash Equilibrium, and if no solution

exists, no such equilibrium will be found in the contest.

Therefore, we have shown that the Tullock contest instance has a Nash Equilibrium if and only if the

corresponding Subset Sum with Bounded Maximum problem has a solution.
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Appendix E. Proof of Theorem 2

To prove Theorem 2, we show that determining the existence of a pure Nash equilibrium (PNE) in a
Tullock contest with medium elasticity r; remains hardness even when additional contestants with

small or large elasticity r; are introduced.

Consider a known hard instance of the PNE problem where all 7; € (1,2]. We construct a new Tullock
contest by adding contestants with r; < 1 and r; > 2, assigning their production parameters a; and
a;, arbitrarily small values (a;, a;, — 0). This ensures these new contestants have negligible impact on
the contest outcome, effectively excluding them from the equilibrium computation.

In this modified contest, the equilibrium conditions remain governed by the original contestants with
r; € (1,2], as the contributions from the newly added contestants are negligible. Consequently,
solving for a PNE in the modified contest reduces directly to solving the original hard problem. Thus,

the problem of determining the existence of a PNE in this generalized setting is also hardness.

Appendix F. Proof of Lemma 3

Because ¢; and A are one-to-one mappings on the interval (vg,v,,;] for all ¢ € I, we rewrite

ba(A,0i5t;) = 0as g; = (A4, t;) for notation convenience.

Let {A*,14,0*} be the e-Nash equilibrium, and let the two nodes next to A* be A; and A,. Then

Al < A* < A,

By the definition of the e-Nash equilibrium,

D o(A ) € (1—€1+e).

i€ly

Because o(+) is decreasing in A4,

ZU(A2,tz‘) < ZU(A*ati) < ZU(Alati)'

i€y i€y i€y

We show that either 4; or As constitutes an e-Nash equilibrium by contradiction. If neither A; nor

A, constitutes an e-Nash equilibrium, then

Y o(Agt) <1—€ > o(Arti) >1+e

SN S

which implies
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ZU(A17ti) - ZO'(A27ti) Z 2€.

i€y i€y

On the other hand,

ZO’(Al,ti) — Z (A, t;) < Z op < ndp < e.

IS i€ly i€ly

This is a contradiction.

Appendix G. Proof of Theorem 3

We prove Theorem 3 by constructing a polynomial-time algorithm (Algorithm 3) to compute an e-
approximate solution. The algorithm systematically partitions the range of aggregate actions A and
verifies potential solutions within each interval. Let A and A be as defined earlier. The algorithm

examines the three distinct intervals of A:

Interval (0, A]: In this interval, all contestants, including those in Z?, participate. Since the active
player set is fixed, a PNE can be efficiently identified using binary search, which also guarantees an e-

approximate solution with polynomial time.

Interval (fi,oo): In this interval, no contestant in Z? participates. The active player set in Z! is
determinable, and binary search can again be employed to find a PNE, ensuring an e-approximate

solution with polynomial time.

Interval (A4, fi]: To address this, a set of candidate nodes is constructed for verification. This set,
denoted as A, consists of two subsets. The first subset, 4;, comprises nodes that are evenly spaced
across (4, fi] with a spacing of § > 0, formally defined as 4; = {A|A = A+ kj§, A < Ak e N*}. The
second subset, Ay, includes points {4,, /L-}iezz, where the best response correspondence is
discontinuous. Incorporating these points ensures that no potential e-approximate solution is missed
due to such discontinuities. The combined set A is the union of A; and Aj, sorted in ascending order:

A = sorted(A; U Ay). The total number of nodes in A is bounded by |A| = 2ny + %.

By Lemma 3, if there exists an e-approximate solution in the interval, then at least one of its
neighboring nodes constitutes an e-approximate solution. So that it’s enough to only verify the
selected nodes to determine the existence of e-approximate solution. This is because if we choose
4 cleverly, how much the sum of the action shares can descend between two adjacent nodes won’t

exceed €.
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Lastly, we explain the process of verifying an e-approximate solution at each selected node A4; in
polynomial time. For illustration, consider a node A4; € (AQ,ZJ. We begin by computing the action
shares of the active players from contestants in Z!, as well as the action shares of active players from

T2, These active players’ action shares are denoted collectively as the set S.

Next, we analyze the remaining contestants in 7 2. For these contestants, we can exclude those who
are guaranteed not to be active players based on their properties. For the remaining k contestants in
T2, each can either participate (¢; > 0) or not (o; = 0), leading to 2* possible combinations of action
shares. Since this exponential growth is computationally infeasible for large k, a direct enumeration of

all combinations is impractical.

To compute an e-approximate solution in polynomial time, we instead consider the scenario where
all k remaining players participate. Specifically, let S = {o;,---,0;} denote the set of their action
shares, where each share satisfies by (A4,04;a;) =0, -,b2(4, 0j;a;) = 0. The problem then reduces to
determining whether there exists a subset of S such that the total sum of its elements, combined with

So, falls within the range (1 — ¢,1 + €).

To solve this subset selection problem, we use the Approximate Subset Sum Algorithm, a well-
established algorithm in the literature (e.g., [321), which solves this problem efficiently in time O(n /e).
The key idea of this algorithm is to dynamically construct multiple subsets while systematically
discarding intermediate subsets whose current sums are very close to one another. This pruning
strategy ensures that the algorithm maintains computational feasibility by keeping the number of

subsets manageable.

By applying this algorithm, we efficiently verify whether a given node A; admits an e-approximate
solution, thereby making the computation of approximate solutions feasible within polynomial time.
This method leverages the special structure of the Tullock contest and provides a practical approach

for handling otherwise computationally intractable scenarios.

Algorithm 4 describes the verification of e-approximate solution. One thing to notice is, at a given
aggregated action A, there can be active players, non-active players, and uncertain players. So that the
initial subset should include all participating players, and the selection happens among uncertain

players.

In summary, if there exists an (exact) Nash equilibrium, our algorithm will output at least one e-

approximate solution, and it’s enough to only verify a set of selected nodes in the order of O(n/e).
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Moreover, the time for each verification is in O(n/¢), so that our algorithm runs in time O(n?/€?).

Appendix H. Proof of Lemma 4

We prove that the action share o; and the utility function w; are Lipschitz continuous with respect to

the aggregate action A, considering contestants inboth Z% and Z*.

Lipschitz continuity of o; with respect to A

First, we trying to prove that the action share function o; = k(4;a;) for players in Z? is Lipschitz
continuous with respect to A when A € [A, 4;) U (A;, A]. For A € (4;, A], o = 0 is a constant. And for
Ae€A, Zi), the action share o¢; is defined implicitly by the equation:
ky(A,0;) = a;R"ir;' (1 — ai)”Uirrl —A=0.

To show Lipschitz continuity, we need to establish that there exists a constant L > 0 such that for any

A, Ay € [A, Zi) , the following inequality holds:
05,4, — 0i.a,| < L|A; — Ay|.

The Implicit Function Theorem ensures that o; is differentiable with respect to A if ky(A4,0;) is

continuously differentiable and % # 0. Differentiating k; (A, o;) = 0 with respect to A, we obtain:
8k2
doy __ox
dA ok
o
The partial derivatives are:
Ok g e - Ok
=GR [—n(l— o) el - ) - o) el ], SR =
1
Thus, the derivative of o; with respect to A is:
do; _ 1
dA O’
do;
Analysis of |%|z The behavior of % depends on o; € [”T—fl,a}, where o; is the value of

. T oky . ; . doy . .

o; corresponding to A = A. Within this interval, T: is strictly negative, ensuring d;;f is well-defined
o . Ok .

and the value of it first decreases and then increases. Therefore, we evaluate | 67?| at the endpoints of

this interval to determine its minimum absolute value.

i1 o 1, Ok
At o; = Z=: Substituting o; = ~-— into —=, we have:
i L Oo;
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7‘1'71 L 7‘1’72
aﬁ — aiR”T? —p r}*h‘ (T‘z 1) 4 (7'2' _ 1) ) ’I";Ti (T‘Z 1) ] .
Oo; T Ti
Simplifying further:
o _qyit 2/3
Oky g iU ok |3 (2L
0o Ty Oo; 5 3

2/3
Letc; = % . <§) -a; R

_ s . k:
At o; = g;: Substituting o; = ¢; into Z—; , We get:

BﬁA( —7; +ri_1>A_ri+?i_2riFi_1‘

doi ~\1-3; o 1)

_ —1 . _ .
The numerator equals zero when g; = ;;j Given A < A,, 05 > 0}, 45 When A = A,, solving the

implicit equation for o; yields:

(r;=1) In(r;=1)=2r; Inr;
1+1\1—4e 7§

gi

Let Fy(r;) and Fy(r;) denote:

(r;=1) In(r;—1)—2r; Inr;
1+1\1—4e mi

Fi(ry) = 5 , Fa(ri) =

’I"i—l
or; —1°

Both Fy(r;) and F,(r;) are increasing functions. For r; > 1, Fi(r;) approaches 1, and

F,(r;) approaches % asr; — oo. Thus, there exist constants ¢, € [0, —;) and ¢; such that:

Ok

T

5> i1
YT o -1

+ ca, and ’ >A-c3,

Since A = min,_;» A,, and using bounds for ;, we can show:

‘8k2 24'637

BO'i

where c3 > 0 is a constant dependent on r;.

Oky
do, i

Oky
do, i

Minimum of ‘

: The minimum of ‘

—1 . .
overg; € {”T’Ui] is given by:
2

C = min(cl,A . 63).

Since Zﬁ

T

> C > 0, the Lipschitz constant for ¢; with respect to A is:

1 1 1
Li==, L= ——.
1 C 1 max(q 4-03)
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Forany A4;, A; € [A7Zi),we have:
loi,a, — 0i,a,| < Li|A1 — Asl.

Thus, o; is Lipschitz continuous with respect to A on [4, 4;) U (4;, A] with constant L;.

Next, we trying to prove that the action share function o; = k;(4;a;) for players in Z" is Lipschitz

continuous with respect to Awhen A € [4, Z] , 0; satisfies:

1
—-1
kz(o’i,A):(l—Ui)R— 4 (JZA> ! =0.

Ti Qg a;

Similarly, using the implicit function theorem, we compute:

r—1
2 1-— i R (1 - l_)R

Ok — _p_ A ﬂa-ﬁ_lng, Bﬁ:( ;) < P
80'1' 7’1‘0,22 ' 0A A’I’i ﬁ

The magnitude of ‘;’“71_ remains bounded below by a positive constant due to the bounded range of o;.

Hence:

1
= A’r‘27

‘ do;
dA

where r = min,_;1 r; > 0. Thus, o; is Lipschitz continuous with constant L, = A—12 onA e [A,Z].
- Ar

Lipschitz continuity of the utility function with respect to A. The utility function is given by:

oiA A )1/7‘1'

a;

U4 = 04 R — (

Using the triangle inequality:
|wi g, = Wiay| < |oia, — 0i g, | R+

(Ui,Al A )1/n - (O'i,AzAz )1/Ti
a; a; ‘

For the first term, since o; 4 is Lipschitz continuous, there exists a constant L, = max(L;, L) such

that:
loi,a, — 0i,a,| < Lg|A1 — Az| = |03.4, — 0i4,|R < Lo R| A1 — Ay

For the second term, consider p(z) = z'/"i. Its derivative is:

1
pl(z) = —a!/n L,
r;
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oid ﬁ} , the derivative is bounded. Let L, > 0 denote the bound of p'(z). Using

ai’ai

Over the range x € [

the mean value theorem:

(Ui,Al Ay )1/” _ (Ui,AZ Ay )1/”
a; a;

o4 A1 T4 A2

= Lp
a; a;

Substituting:

1
;lai,AlAl — 04, A2| < oy a, || A1 — Aa| + |As|oia, — 0ia,

(2

Since o; 4 and A are bounded, let i0; 4% < &; and 147 < A.

o A1 oia, A < 1
a; a; g

(5: + AL,)| A — Ay,

where g; and A are bounds on 0;,4 and A, respectively. Combining these results, we obtain:

]_ -
i, — tia| < LoR| A1 — Ao| + Ly - —(5i + AL;)| A1 — Az|.

(2

Define the Lipschitz constant for u; 4 as:

L= LR+ Ly ~(5:+AL,).

a;

Thus:
[ui,a, — wig,| < LulAr — Az,

Therefore, the utility function is Lipschitz continuous on A.

Appendix I. Proof of Proposition 4

We prove Proposition 4 by analyzing the aggregate action A* corresponding to a PNE and
demonstrating that the e-solution identified by Algorithm 3 constitutes an ( Le¢)-Nash equilibrium.
Case1: A* < Aor A* > A

In this scenario, Algorithm 3 directly computes the PNE. By definition, an exact PNE trivially satisfies

the conditions of an ( Le)-Nash equilibrium, thus establishing the proposition in this case.

Case2: A* € [4, A]

When A* lies within the range [A, fi] , we split the proof into two subcases.

geios.com doi.org/10.32388/WPJBOT 35


https://www.qeios.com/
https://doi.org/10.32388/WPJBOT

Subcase 2.1: A* is on the boundary of some contestant ; € 7> (A* = é or A* = A;). Since Algorithm
3 enumerates all the boundaries of contestant i € Z?, any A* that falls exactly on one of these
boundaries will be directly found as an output by the algorithm. In this case, the equilibrium is trivially

an Le-Nash equilibrium.

Subcase 2.2: A* is not on the boundary of any contestant i € 72> (A* # Ay A" # A;). In this scenario,
we aim to show that there exists an A’ close to A*, where A’ serves as an e-approximate solution. By
Lemma 3, A’ will be covered within the set of candidate nodes examined by Algorithm 3. Furthermore,
according to Lemma 4, the action share for each contestant is Lipschitz continuous with respect to A,
and we know that the action share function of the active players is monotonic. Therefore, there exists

an A’ € (A* — ==, A* + =) such that the active players under A’ are the same as those under A*,

Lon’? Lon

and the sum of action shares satisfies } 3,0, y € (1 —¢,1 +€).

By Lemma 4, the utility function is Lipschitz continuous with respect to A, and thus the deviation in

utilities between A* and A’ is bounded by:

€

U g0 — Uj g+ < LA — A" < L, = Le.

o

In such case, the approximate solution A’ found by the algorithm is an (Le)-Nash equilibrium.

Above all, we have shown that if a pure Nash equilibrium exists, at least one of the e-approximate

solutions identified through Algorithm 3 constitutes an (Le)-Nash equilibrium.
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Appendix J. Algorithms

11

12

13

14

15

16

17

Input: Number of players n, reward R, a vector of efficiency a, a vector of elasticity r.
Output: A pure Nash equilibrium list Y if it exists, or a statement that no PNE exists.

Y <« nil // initialize an empty list to store outputs
T4 < T'. // Define the active player set in case 2.
Perform binary seach for Ax over [max A;, Amaz|:
while A* not found do
Compute S(A*) = > ,c74 0i.
if S(A*) =1 then
Append the PNE solution to Y.
for each contestant j € Z? do
T4 < 7' U {j}. // Define the active player set in case 2.
Perform binary search for A* over [A;, A;]:
while A* not found do
Compute S(A*) = > ;.74 0i.
if S(A*) =1 then
Append the PNE solution to Y.
if There exists solution in Y then
return Y as the equilibrium solution.
return No PNE exists.

Algorithm 2. Identifying PNE in Mix Regime

Input: A vector of production efficiency a, number of players n, reward R, a vector of elasticity
r, € magnitude and discretization distance §.
Output: A list of e-approximate solutions Y.
Compute {A;, A;}icr2, and let Ay = J;er2{As, Ai}s
{Aq@ys -, A(2n2)} < sorted(A1) // sort A; in ascending order
Ag {A(l) +ké|ke N+,A(1) + k6 < A(an)}.
A+ A1 U As // the set of nodes to be verified
Y < nil // initialize an empty list to store outputs
Binary search for e-approximate solutions in (0, A()], [A(2n,), 00] and append to Y if they exist
for each node in A do

Run APPROX-SUBSET-SUM to verify if this node constitutes an approximate solution

if TRUE then

Append the approximate solution to Y

return Y

Algorithm 3. SEARCH-e-NE(qa, n, R, 1, €)
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10

11

Input: Sp: the sum of the action shares of players who participate for sure; o: a vector of
action shares of uncertain players if they participate; e: approximation parameter.
Output: If there are subsets of o that together with Sy sum up to between (1 —€,1 + €), then
return at least one of them; otherwise, return nothing.
n « |o|
X() «— [S()]
Yo « [So]
for i + 1ton do
X; + MergeList(Xi_l, X1+ 0'7;)
X; + TRIM-FROM-BELOW(X;, )
Y; + MergeList(Y;_1,Y;—1 + 0;)
Y + TRIM—FROM—ABOVE(YZ‘, i)
return all elements in X, and Y,, that are in (1 —¢,1+€)

Algorithm 4. APPROX-SUBSET-SUM(S,, o, €)

n <+ |L|

L + sorted(L) // sort L in ascending order

last < y1 // y1 is the first element in L

L' [y]

for i < 2 ton do

if y; > (14 6) - last then

Append y; onto the end of L'.
last < y;

return L/

Algorithm 5. TRIM-FROM-BELOW(L, 5)

n «+ |Lj
L <+ sorted(L) // sort L in descending order
last < y1 // y1 is the first element in L
L' [y]
for i <+ 2 ton do
if y; < last- (1 — ) then
Append y; onto the end of L'.
last < y;
return L'

Algorithm 6. TRIM-FROM-ABOVE(L, 5)
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Footnotes

1 This is mainly to avoid uninteresting corner cases when R” — 0 for large r;; other than this case, all

our techniques and insights carry through.
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